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Chapter three 

Derivatives 

Rule of Derivatives: Let  and  are constant, ,  and ware differentiable 

function of : 

1.   

2.  

3.  

4.  

5.   and    

6.   where  

EXAMPLE 1: Find for the following function. 

1.  

Sol:     

  

  

2.  

Sol: 
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H.W  Ex 3:  

H.W  Ex 4:  

H.W  Ex 5: 

 

EXAMPLE 6: 

 
Sol:  

  

EXAMPLE 7: 

 

             

 

The chain rule 

1. Suppose that  is the composite of the differentiable functions 

 and , then  is a differentiable function of   whose 

derivative at each value of is 

 

EXAMPLE 1: Find  if  

 
,  

Sol: 
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2. If  is a differentiable function of   and  is a differentiable function of  

,then  is a differentiable of  : 

 

       

EXAMPLE 1: Use the chain rule to express  in terms of and   

               
  

,   

 
Sol: 
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EXAMPLE 2: Use the chain rule to express  in terms of and   

               ,  

Sol: 
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Higher derivative 

If a function  possesses a derivative at every point of some interval. We 

may   form the function  and take about its derivate if it has one. 

 

This derivative is called the second derivative of with respect to . In some 

manner we may define third and higher derivatives using similar notations.   

 

EXAMPLE 1: Find all derivatives of the following function.  

               

Sol: 

  

  

  

  

EXAMPLE 2: 

        

Sol: 
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Implicit derivative  

If the formula of  is an algebraic combination of power of  and .To calculate 

the derivative of the implicitly defined functions. We simply differentiable both 

sides of the defining equation with respect to . 

 EXAMPLE 1: Find for the following function. 

1.  

Sol: 

 
 

 
 

 
 

 
 

2.  

Sol: 
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EXAMPLE 2: write an equation for the tangent line at  of the curve 

 
Sol: 

 Equation of tangent line  

 

 

 The slope of 
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Trigonometric function 

1.       

2.       

3.       

4.       

5.       

6.       

EXAMPLE 1: Prove that  

Sol: 

   

   

   

   

EXAMPLE 2: Prove that  

Sol: 
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EXAMPLE 3: Find  for the following function 

1.  

Sol: 

  

2.  

Sol: 

  

  

Hint: 

1.      

2.      

3.      

4.      

5.      

6.      

EXAMPLE 1: Find for the following function. 
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1.  

 
 

 

 

 

 

2.  

 

 

 

3.  
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Transcendental function derivative 

1- Logarithm function   الذالة الوغبرتيمية  

(1) If     

EXAMPLE:   

          

(2)  

EXAMPLE:    

(3) If  

 

EXAMPLE 1:  

      

EXAMPLE 2: Find   for the following function: 

1.  

Sol:  
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2.  

Sol: 

  

  

3.  

Sol: 
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EXAMPLE 6: If   

Sol: 

 

 

 

 

 

 ملاحظة يمكن استخذام الذالة الوغبرتيمية في ايجبد مشتقة الذوال المعقذة او الذوال الاسية

EXAMPLE 7:  Find   for the following function: 

1.  

Sol: 

 
 

 

 

2.  
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3.  

Sol: 

  

 

 

 

 

4.  

Sol: 

 

 

 

 

 

xxy lntanln 

xx
x

xy
y

lnsec
1

tan
1 2

)lnsec
tan

( 2 xx
x

x
yy 

xxxxxy cotseccostansin

)cotseccostanln(sinln xxxxxy 

xxxxxy cotlnseclncoslntanlnsinlnln 

x

x

x

xx

x

x

x

x

x

x
y

y cot

csc

sec

tansec

cos

sin

tan

sec

sin

cos1 22 





)
cot

csc
tantan

tan

sec
(cot

22

x

x
xx

x

x
xyy 

)tancsccotsec(cot 22 xxxxxyy 

3/1

2
3

2 )1()1(

sin

)1()1(

sin















xx

xx
y

xx

xx
y

)1()1(

sin
ln

3

1
ln

2 


xx

xx
y

))]1ln()1(ln(sinln[ln
3

1
ln 2  xxxxy

]
)1(

2

)1(

1

sin

cos1
[

3

11
2 





x

x

xx

x

x
y

y

)
)1(

2

)1(

1
cot

1
(

3 2 





x

x

x
x

x

y
y



Dr. Mazin 
 

15 
 

 

 

 

 

 

2- Exponential function If is  any differentiable function of  then: 

1)  

2)  

EXAMPLE 7:  Find   for the following function: 

1.  

 

2.  

 

3.  
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7.  
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Inverse function 

1. Trigonometric function 

(1)   

(2)   

(3)   

(4)   

(5)   

(6)   

 

EXAMPLE 1: Prove that 

 
Proof: 

Let  
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EXAMPLE 2: Prove that 

 
Proof: 

Let  

 

 

 

 

  

  

  
 

EXAMPLE 3: If  find  

Sol: 
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Sol: 

  

 

EXAMPLE 5:  find     

Sol: 

 

 

EXAMPLE 6:   

Sol: 

  

EXAMPLE 7: If    

Sol: 
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EXAMPLE 9: If find  

Sol: 

 
 

 

 

 

EXAMPLE 10: If   find  

Sol: 

 

 
 

EXAMPLE 11:   

Sol: 

 
 

 

Hyperbolic function 

If is any differentiable function of  
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4.  

5.  

6.  

 

EXAMPLE 1:  Find   for the following function: 

1.  

Sol: 

 
 

2.  

Sol: 

 
 

3.  

Sol: 

 
 

  

4.  
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5.  

Sol: 

  

  

 

 

6.  

Sol: 

 
 

 

EXAMPLE 2: Prove that 
 

Sol: 

 
 

 
 

 

 

EXAMPLE 3: Prove that 
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EXAMPLE 4: Show that the functions  

   

Taken together, satisfy the differential equation 

I.     

II.  

Proof:  I 
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The Inverse hyperbolic function If is  any differentiable function of  then: 

1.   

2.  

3.  

4.   

5.   

6.  

EXAMPLE 1: Find for the following function. 

1.  

Sol: 

u x

dx

du

u
u

x

d

2

1

1

1
sinh




dx

du

u
u

x

d

1

1
cosh

2

1




1
1

1
tanh

2

1 


 u
dx

du

u
u

x

d

1
1

1
coth

2

1 


 u
dx

du

u
u

x

d

dx

du

uu
u

x

d

2

1

1

1
hsec






dx

du

uu
u

x

d

2

1

1

1
hcsc






dx

dy

)(sechcos 1 xy 
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2.  

Sol: 

 

 

3.  

Sol: 

 

4.  

Sol: 

 

 
 

EXAMPLE 2: Verify the following formulas: 

1.  

Sol: 

 Let 

 

 

 

 

 

x

xx

x

xx
y

22 tan

tansec

1)(sec

tansec





0tanwheresec
tan
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 xx
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xx
y

)(coshtan 1 xy 

x
x

x

x

x
y csc
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22










)(sechcot 1 xy 

x
x

xx

x

xx
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tansec
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22









)2(sinhsec 1 xy 
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2sin12sin
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2






 xx
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x
y

dx

du

u
u
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d

1

1
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uy 1cosh

yu cosh
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dx

du
sinh
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du
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1
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2.  

Sol: 

Let 

 

 

 

 

 

 

 

 

 

 

 

 

 

1sinh 2  uy

dx

du

udx
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1

2

dx

du

u
u

x

d
2

1

1

1
tanh




uy 1tanh

yu tanh

dx

dy
y

dx

du 2hsec

dx

du

ydx

dy
2hsec

1
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dx

du

udx
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du
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u

x

d
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1
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1
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 مراجعة

 ((اسئلة اضبفية))

EXAMPLE 1: Find  for the following function. 

1.  

Sol: 

  

2.  

Sol: 

  

3.  

Sol: 

 

 

4.  

Sol: 

 
 

EXAMPLE 2: Find the value of the derivative. 

dx

dy

bmxy 

my 

x
y

1


2

1

x
y




1


x

x
y

22 )1(

1

)1(

)1()1()1(
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y

xy 

x
xyxy

2

1

2

1 2/12/1  
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1.  if    

Sol: 

    

 

 

2.        

Sol: 

  

     

3.    if     

Sol: 

  

  

EXAMPLE 3: Find the derivative of 
 

Sol: 

 
 

 

1tdt

ds 231 ts 

t
dt

ds
60  6)1(6

1


tdt

ds

3xdx

dy

x
y

1
1

11  xy

)()1(0 2 x
dx
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2

1

xdx
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3

1

)3(

1
2

3


xdx
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0d

dr




4

2
r

2/1)4(2  r

)1()4()2(
2

1 2/3  
d

dr

8
4

1
2/3

0


d

dr

1

1
2
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t

t
y

22
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)1(

)2()1()2()1(






t

tttt

dt

dy

22 )1(

4




t

t

dt

dy
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EXAMPLE 4: Find an equation for the tangent to the curve 

 

at the point 

  

Sol: 

  

The slope at 

 

 

 

 
The line through with slope  

 

 

 
EXAMPLE 5: Find higher derivatives 

 
Sol: 

 First   

Second  

Third    

Fourth  

EXAMPLE 6: Find  for the following Trigonometric function. 

1.  

Sol: 

 

 

x
xy

2


)3,1(

2

2
1

xdt

dy 


1x

121
]

2
1[ 


xx x
y

121 

1m

)3,1( 1m

)1()1(3  xy

31 xy

4 xy

23 23  xxy

xxy 63 2 

66  xy

6y

0y

dx

dy

x

x
y

sin


22

sincos)1(sincos

x

xxx

x

xxx
y
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2.  

Sol: 

 

 

3.  

Sol: 

  

  

 

4.  

Sol: 

  

  

  

5. If  find  

Sol: 

  

  

 

6. Find the slope of the line tangent to the curve 

 

at point where  

  

Sol: 

 

 

xxy sin2

xxxxy sin2cos2 

xxy cossin

xxxxy coscos)sin(sin 

xxy 22 sincos 

x

x
y

sin1

cos




2)sin1(

)cos(cos)sin()sin1(

x

xxxx
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)sin1(

cossinsin

x

x

x

xxx
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xsin1
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xy 2sec y 

xxy tansec

xxxxxy tantansecsecsec 2 

xxxy 23 tansecsec 

xy 5sin

3/x

xx
dt

dy
cossin5 4
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7. If and  Find the value of  at   

Sol: 

 

  

 

8. Find  if   

Sol: 

  

  

9. Find the slope of circle at the point  

Sol: 

  

  

  

10.  Find  if  

Sol: 

  

  

  

32

45

2

1
)

2

3
(5 4

3/


xdx

dy

2/33/sin

2/13/cos
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dtdx
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xy 2

12 yy
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2522  yx )4,3( 

022  yyx
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x
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x
y 




2

2

4

3

4

3
)4,3(







y

dx

dy
xyxy sin22 

)(cos22 yyxxyxyy 

xyyxyyxxyy coscos22 

xyyxxyyxyy cos2cos2 

Hint: Note that we are also able to find as a function of  
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11.  Find   

Sol: 

 
 

  

12.  Find  

Sol: 

  

13. Find  

Sol: 

  

 

14. Find  

Sol: 

  

  

15. Find if  

Sol: we take natural logarithm of the both side 

xyyxxyxyy cos2)cos2( 

xyxy

xyyx
y

cos2

cos2






5/1)(cos x
dx

d
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16.  Find if   1)   2)   3)  

Sol: 

1)  

2)  

3)  

17. Find if   1)   2)  

Sol: 

1)  

2)  

 
 

18.  Find if   1)   2)   3)   

Sol: 

1)  

2)  

3)  

1

)3()1(
lnln

2/12






x

xx
y

)1ln()3ln()1ln(ln 2/12  xxxy
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2
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2
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dy xey 5
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xy x cos)3(ln3sin
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19.  Find if    

Sol: 

  

 

  

  

 

Or write  as a power of  

 

 

 

 

 

20.  Find  

Sol: 

 
 

  

  

21.  If 

 

find
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0 xxy x
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xxy lnln 
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x
y

y




)ln1( xyy 
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dy xx
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Sol: 

 

 

 
 

22.  Find  

Sol: 

 
 

  

  

Hint: 

1)  

2)  

3)  

23.  Find or   

Sol: 

 
 

  

 
 

2

)1()1(
sinh




uu ee
u

dx

d

2

uu ee 
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dt
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2/1222 )1(1hsec t
dt
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24. 
 
Show for  that   

Sol: 

  

  

  

  

  

 
 

25. Show that  satisfies  

Sol: 
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H.W Derivative 

 

1) Find for the following function 

1.      ans:  

2.       ans:   

3.       ans:   

4.       ans:  

5.       ans:  

6.        ans:  

7.      ans:  

8.       ans:  

9.      ans:  

10.        ans:  

)33035(20)60140(2)60420()1( 24322  xxxxxxx

606007001202806042060420 2424242  xxxxxxx

0606070028042060012060420 4442222  xxxxxxx

dx

dy

xy 5csc 3/2
x

x

x 5csc

5cot

53

5
3/2



)1()3( xxy  x24

x

bax
y




2x

b


)ln(cos xy  xtan

xxy sintan xxx sectansin 

32
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2

cossin

x

xxx 

)tan(sec xy  xxx tansec)(secsec2 

xxy sin2 xxxx sin2cos2 
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11.       ans:  

12.                     ans:  

13.      ans:  

14.       ans:  

15.       ans:  

16.      ans:  

17.     ans:  

18.      ans:  

19.       ans:  

20.       ans:  

21.      ans:  

22.       ans:  

23.       ans:  

24.              ans:  

25.      ans:  

)5(sin 21 xy 
4251
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)
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1
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1
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1
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26.       ans:  

27.       ans:  

28.        ans:  

29.      ans:  

30.      ans:  

31.        ans:  

32.        ans:  

33.          ans:  

34.      ans:  

35.       ans:  

2) Verify the following derivative 

1.  

2.  

3) Find the derivative of with respect to in the following function: 

1.  and     ans:   

xy sinlog4
4ln

cot x

)( 52 xexey  )(5 52
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xxey tan2
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2.  and     ans:   

4) Find the second derivative for the following function 

1.        ans:  

2.      ans:  

3.      ans:  

5) Find the third derivative of the function   ans:  

6) Show that 
 
that  

7) Show that  satisfies  

8) Find  for the following implicit function: 

1.       ans:  

2.       ans:  

3.     ans:  

4.      ans:  

5.    ans:  

uuy 2 32  xu x
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6.     ans:   

7.     ans:  

 

 

 

 

 

9) Prove the following function 

1.  

2.  

3.  

4.   

5.   

6.  

7.  
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2
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8.  
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