Dr. Mazin

Chapter three

Derivatives

Rule of Derivatives: Let ¢ and n are constant, u, v and ware differentiable

function of x:

1 ic:O
dx
2. dyn gyt
dx dx
d 1 1 du
3 —(N)=-—_""
dx(u) u? dx
4 icu=cd—u
dx dx
5. i(u-v)=u-y+v-d—u and i(u-v-w)=u-vd—W+u-wﬂ+v-wd—u
dx dx dx dx dx dx dx
du _ qdv
6. i(E):VO'X—ZudX where v#0

dx v v

EXAMPLE 1: Find j—yfor the following function.
X

1. y=(¢+1)°
Sol:  y=(x*+1)°
y =5(x? +1)*(2x)
y =10x(x? +1)*

2

X -1
2. =
y X2 +x—2
Sol:

,2X(X2+x—2)— (2x+1) (x> -1)
= (x? +x—2)?
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;2 25— Ax =2+ 2x—x*+1 x*—2x+1

(x? +x—2)? (X2 +x-2)?
HW Ex3: y:E—inri4
X x* X

HW Ex4: y=(2x3-3x?+6x)

2
X =1
HW Ex5 y=—F——
Y 2
2
EXAMPLE 6 y =X —1
X+1
Sol:

, (X)) - (=) 2x*+2x—x"+1  x*+2x+1
(x +1)? (x +1)? (x +1)?

EXAMPLE 7: y=3x* = y=x*7

’ 2 -1/3
=—X
y 3

The chain rule

1. Suppose that h=g-f is the composite of the differentiable functions
y=g(t) and x= f(t), then h is a differentiable function of x whose

derivative at each value of xis

dy dy  dx

dx dt dt

EXAMPLE 1: Find d_y if y= 21 X=A/4t+1
dx t“+1

Sol:
y=(t2+1)", x=+4t+1
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dy _dy dx _ G(t*+1)*
dx dt dt 4 (4t+1)"?

(P +DER) -2t P+
Lt+n™%.4  2(4t+1)72

-t (t*+D?
(4t +1)7"2
2. If y is adifferentiable function of t and t is a differentiable function of x

,then vy is a differentiable of x:

y=g(t) and t="f(x)

dy _dy dt
dx dt dx
EXAMPLE 1: Use the chain rule to express% in terms of xandy
X
2
y:t; n , t=+/2x+1=(2x+1)"?
+

Sol:

dy dy dt _(t*+1)2t—t*(2t) .1(2“1)_1,2(2)
2

dx dt dx  (t?+1)?
3 943
2 tm ft.Qx+D4m
(t°+1)
2t 1
= sub t
(t* +1)% J2x+1
24/2x +1 1 2

T(2x+1+1)? J2x+1  (2x+2)
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EXAMPLE 2: Use the chain rule to expressﬂ in terms of xandy

Sol:

y—(gjz X—i_l
t+1) ' P

dy dy dt

dx dt dx

dy _ dy/a y:(uf
dx dx/dt t+1
yzz(t—lj t+1—(t-1)

dt t+1) (t+1)3

dy 4(t-1)

dt  (t+2)°

_4(2-))
e (2+2)°

dy
dt

=4/27

1
X:t—z—l
dx

dt

=_t—32=—1/4

t=2

y_dy.dx

dx

at t=2

2L 2R 427+ (-1/4) =-16/27

dx dt dt
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Higher derivative

If a function y = f(x) possesses a derivative at every point of some interval. We

may form the function f’(x) and take about its derivate if it has one.

d’y_d

dx®> dx dx

This derivative is called the second derivative of ywith respect to x. In some

d ’
)= T

manner we may define third and higher derivatives using similar notations.

EXAMPLE 1: Find all derivatives of the following function.
y=3x>—4x*+7x+10

Sol:
y' =9x% —8x+7
y"=18x -8
y"’:l8
yH”:O
EXAMPLE 2:
y=21 U@ Sy=xtex?
X
Sol:
' 1 3 1/2
=—— +=X
y x? 2
" 3 -1/2
=—+=X
Ve e
m:_i §X—3/2
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6 3

X' gJx®

Implicit derivative

If the formula of f is an algebraic combination of power of x and y.To calculate

the derivative of the implicitly defined functions. We simply differentiable both

sides of the defining equation with respect to x .

EXAMPLE 1: Find %for the following function.
X

1. x*y? =x?+y?
Sol:
X22yy' +2xy? =2X+2y Y

X22yy' —2yy =2x—2xy?

2

Y (2x%y —2y) = 2x — 2xy

,2x=2xy®  x—xy®
2x’y -2y  X’y-y

2. X°Y o
X—2Yy

Sol:
2X—4y=x-y
2—-4y' =1-y
2-1=-y'+4y'
1=3y’
y'=1/3

3. Xy+2x-5y=2 at (3,2)

Sol:
Xy'+y+2-5y'=0

y'(x=5)=-y-2
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,_;%y+2X:—Q+2):—4_2

y_(x—5) (3-5) -2

EXAMPLE 2: write an equation for the tangent line at x=3 of the curve

f() =
N2X+3
Sol:
Equation of tangent line y—y, =m (x—x))
y= L at x=3 = y—i_l
V2X+3 J9 3
P (3,1/3)
The slope of y’ — QZE(ZXH%)?M
dx dx

y =-1/2(2x+3)'? (2)
' -1 ' -1 1

== at x=3 = =
Ty (23)+3)2 9%
ot 1 1
y = 323/2_ 33_ 27
Y=

27

(y—-1/3) =(-1/27) (x—3) Equation of tangent
y—-1/3=-1/27x+1/9
y=-1/27x+1/9+1/3

y=-1/27x+4/9

y+1/27x-4/9=0
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Trigonometric function

i d . du
1. sinu —SInU = CcosU—
X dx
d . du
2. COSu —COSU =-SInu—
X dx
d du
3. tanu “tanu =sec’u—
X dx
d du
4. cotu ~ cotu =—csc’u—
X dx
d du
5. secu —Secu =secutanu—
X dx
d du
6. cscu —CSCU = —cscucotu—
X dx

d du
EXAMPLE 1: Prove that ;tan u=sec’u W

Sol:

d oy - dsinu

X X cosu
__cosucosu —sinu(-sinu) du
- cos?u dx
_cos’u+sin’u du

~ cos?u  dx

1 du , du

=——5——=SeC°U —
cos“ u dx dx

EXAMPLE 2: Prove that %secu =secutan ug—u

Sol:
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d d 1 1 . du
—secu=— =————(=sinu)—
X dx cosu cos“u dx
_sinu 1 du

~ cosu cosu dx

du
=secutanu—
dx

EXAMPLE 3: Find g—i for the following function

1. y=tan(3x?)
Sol:
dy _ 2 2 _ 2 2
&—sec (3x7) (6x) = 6xsec”(3x~)

2. y=(cscx +cotx)?

Sol:
dy 2
vl 2(cscx + cot x) (—cscxcot X —csc” x)
X
= —2csex (CseX + cotx)?
Hint:
- du
1. y=sin"u "=nsin""u cosu—
y y dx
2. y=cos"u y’:ncos”‘lu(—sinu)(cjljl—u
X
3. y=tan"u y' =ntan""u seczy
dx
4 _ n r_ n-1 .6 2 d_U
. y=cot'u y'=ncot" " u(-csc u)dx
5 _ n r_ n-1 d_u
. y=sec'u y'=nsec’ ~u(secutanu) ™
6. y=csc'u y’:ncsc”‘lu(—cscucotu)j—u
X

EXAMPLE 1: Find j—yfor the following function.
X
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1. y=tan®(cosx)
y' = 2tan(cosx)sec?(cosx) (—sinx)
y' =—2sinxtan(cos x)sec’ (cosx)

y =sec’ x —tan* x
y' = 4sec® xsecxtan x —4tan® xsec? x
= 4sec” x tan x — 4tan® xsec? x
=sec? x (4sec? x tan x —4tan® x)
2. =2tan(x/2)—x
y' =2sec’(x/2)-(1/2)-1
=sec’(x/2)-1
y' =tan?(x/2)
3. y=cot’x
y' =3cot? x(—csc? x)-1
y' =—3cot® x csc? x
4., x+tan(xy)=0
1+sec’(xy) (xy'+Y)
sec?(xy) xy'+sec?(xy)y =—1
xy’ sec’(xy) = —(1+ ysec’(xy))

, _ —(L+ysec®(xy))
xsec? (xy)

5. y= 2sin — xcos~
2 2

x 1 . X, 1 X
'=2c0s— - = —(X(—sin=)-=+cos—
y 5 5 (X(Esing)-2 5)

10
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X X . X X X . X
=CO0S—+_—SIN-—CO0S— =—_SIN—
2 2 2 2 2 2

Transcendental function derivative

1- Logarithm function 4w & gt dlial)

d 1 du
= = —lnu==—
(DIf y=Inx ™ i
EXAMPLE: y=Inx
, 1
y =—-
X
d d ,Inu 1 1du
—log.u=—(—)=—"-—
(2) dx Ja dx(lna) Ina u dx
EXAMPLE: y =log, x = "X — y-t1
Ina Ina x
Inx 11
If y=logx=—— r__—- =
@)ty g In10 =Y In10 x
d 1 1 du
—logu==—~—-—
dx u In10 dx

EXAMPLE 1: y =In(sin X —secXx)

, _ COSX —secxtanx
sinX —secx

EXAMPLE 2: Find g—y for the following function:
X

1. y=log,,e”
Sol:

y=xlog,e = y'=log,e

11
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2. y=logs(x+1)?

Sol:
y=2logs(x+1) = yzzw
In5
1
T (x+DIn5

3. y=log,(3x*+1)°

Sol:
2
y :3|092(3X2 +1) =y :3M
In2
; 6X 18)(

=3 N
Bx*+)Ih2 (Bx*+1)In2

y

4. y+Inx+hy=1 find y’
Sol:

5. sin(Iny) = In(x* —3x +1)
Sol:

12
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Cos(|ny).£y’ —ﬂ
y~o x2-3x+1
; y(2X_3)
cos(In ==
(Iny)y X% —3x+1

r_ y(ZX—B)
cos(In y) (x* —3x +1)
EXAMPLE 6: If y =In(t) t=In(x* -1)
Sol:

dy _dy dt
dx dt dx

dyd

oL Ol In(x 1)

L) J) gl g Baimal) ) gal) Abidia M) (B dpasi & ) ANl aladina) (e A3aDla

EXAMPLE 7: Find % for the following function:
X

1. y=x*
Sol:
Iny =Inx*
Iny =xlInx
1y’:xl+lnx =y =y@l+Inx)
y X
2. y:Xtanx
Sol:

13
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Sol:

Sol:

Iny =tan xIn x

1 ’ 1 2
—y'=tanx —+sec” xInx
y X

tan x
v =y (X, sec? xInx)
X

y =sin Xtan xcos XxSec xcot x

In y =In(sin xtan xcosxsec xcotx)

In y =Insin x+In tan X+ In cosx + In sec x + In cot x

1 , cosx sec’x —sinx secxtanx —csc?x
= + + + +

_y_ -

y sinx tanx  CcosX secx cotx
sec’ X csc? X

y' =y(cotx+ —tanx+tanx — )
tan x cotx

y' = y(cotx +sec’ xcotx — csc’ xtan x)

. Xsin x N 3 Xxsin X e
= cned+n -y e +1)

1 Xsin x
Iny==In >
3 (x=-1)(x*+1)

Iny :%[Inx+ Insinx — (In(x —1) + In(x* +1))]

1 , 1.1 cosx 1 2X
Sy = o ]
y 3'x sinx (x=1) (x*+1
y’:i(1+cotx— 1 _ 22X

3 X (x=1) (x“+1)

14
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2- Exponential function If is u any differentiable function of x then:

1) i:a“ =a" Inad—u
dx dx

2) d_ e'! =g du
dx dx

EXAMPLE 7: Find % for the following function:
X

1. y=2%

y' =2%*3In2

2. y=(2¥)? = y=2*
y' =2%1n2(2) =22 In2

3. y= x2%°
y' =x2 In2(2x) + 2° = 2% (2x%In 2 +1)

V1-5x* _ e(1—5x2)1’2

4. y=e
a5y 1 2\-1/2 _@-sx2)¥2 DX
y =¢ -—(1-5x7)"""(10x) =e 2
2 V1-5x2
5. y:e7x
yI:7e7X
6. y:etanx

15
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’ tanx

y' =e™sec? x

7. y — 3tanx

y' =1n3 3" sec? x

8. y= x 2"
y' =xIn2 ¢’ (2x) + ¢’

9. e =n(x? + y?)+sinx+tan x

e (1 yy) = 2X+2Y Y cosx+sec? X
2 2
X2 +y

, 2X 2yy'
ely) gty = oYy >+ COS X + Sec” X

X2 +y% X4y

., 2yy 2X
gy - VY X cosx+sec? x — eV

X2 +y? XP+y

2 2X
y' (€% — — y 5)=—5 5 +COSX +sec’ x —e* V)
x2+y2" X4y

2X
=% +cosx+sec’ x—eY)

, X4y
y:

(e(x+y)_ 2y )

X2 + y?
10. y*=x’

Iny*=Inx’
xIny=ylnx
xl+lny:yl+lnxy’

X

16
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5y'—y’Inx:X—Iny
y X

v =) =Y —Iny
y X

i—lny

y:x
~——Inx
y

Inverse function

1. Trigonometric function

(1) dginty-_ 1 du
X V1—u? dx
d 1 d
) ;coslu:—ﬂd_z
d._ 1 d
(3) ;tan 1uz1+u2d_l>J<
d 1 d
(4) ;COt 1U :—1+u2d_i
d__ - 1 d
(5) ;Secluz‘u‘uﬁd—z u>1
d 1 d
(6) ;CSClUZ—md—i u>1

EXAMPLE 1: Prove that 9sin Ly =
X 1—x?

Proof:
Let y=sin"x

X=siny
ix:g(siny)
dx X

17
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4 sin” y+cos” y =1
cos’y=1-sin’y

%:—1 - cos y =+/1—sin’y
” :

dy 1 cosy = 1-x?
dx -
) d, 1
EXAMPLE 2: Prove that —tan " x = 5
X 1+X

Proof:
Let y=tan'x
X=tany

a X = 9(tan )
dx X

1=sec’ yﬂ

dx
dy 1
dx  secy
dy 1
dx l+tanly
dy 1
dx  1+x2

1+tan2y:seczy

EXAMPLE 3: If y=tan!(x? — x) find g_y
X

Sol:
yo 1 21
1+u? 1+ (x*—x)?

EXAMPLE 4: If y=sinIn(x) find y’

18
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Sol:
, 1 1/ x

AN J1-(Inx)?

EXAMPLE5: y=e® 9 find y’
Sol:

r_ etan*1(3x) 3

y 1+ (3x)?

EXAMPLE 6: y=In(e™" * —tanx)
Sol:

esin’lx 1 _ 1
, Ji—x? 1+%°

y o sin x

e —tantx

EXAMPLE 7: If y=cot™'2/x+tan""x/2
Sol:
,_—(—2/x2)+ 1/2
1+(2/%x)*  1+(x/2)*
/= 2/ x? L L2
1+4/x% 1+ (x/2)?

y

EXAMPLE 8: If y =sin?(X=1) find y’
X+1

Sol:
x+D)@D)-(x-1)@) x+1-x+1
y' = (X +1)?2 _ (x+D)°
X—=1.» X—=1.»
\/1_(x+1) \/1_(x+1)
. 2/(x+1)?

- X—=1,5
W/l_(ﬁ)

19
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EXAMPLE 9: If y=sec*(5x)find y’

Sol:
, 5

y -
5x+/25%% —1

EXAMPLE 10: If y=x-Insec*x find g—i
Sol:
_ 1
' \ X2 -1 -1
y' = X" +In(sec x)
sec ™ X
' 1 -1
+ In(sec ~ x)

X2 -1 sectx

EXAMPLE 11: y=3" @ = find y’
Sol:
2

y¢ —In3 3sin ’1(2x)
V1-4x?

Hyperbolic function
If uis any differentiable function of x

1. 9sinhu = coshud—u
X dx

2. 9coshu :sinhud—u
X dx

3. 9tanh u= sechzud—u
X dx

20
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4, 9cothu =—csch? du
X dx

5. 9sechu =—sechutanhu du
X dx

6. chchu =—cschucothu du
X dx

EXAMPLE 1: Find % for the following function:
X

1. y=coth(tan x)
Sol:
y' =—csch?(tan x)sec? x

2. y=sin*(tanh x)
Sol:

, sech?x sech?x
= = =sech X

Ji—tanh?x  +Jsech?x

3. y=Intanh x/2

Sol:
1
,_sech®J2-(U2) 1 cosh2x/2
~ tanhx/2 2 sinhx/2
coshx/2

, 1

y' = — = — = cschx
2sinh x/2-coshx/2 sinh x

4. y=xsinh 2x — Zcosh2x

Sol:
y' = xcosh2x- 2 +sinh 2x — £sinh 2x- 2

y' = 2xcosh2x

21
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5.y =sech®x
Sol:
y' =3sech’x (—sechx -tanh x)

y' =—3sech®x tanh x)

6. y=cschx
Sol:
y' =2cschx(—cschxcoth x)

y' =—2csch?xcoth x

d du
EXAMPLE 2: Prove that ;tanh u =sec:h2ua

Sol:

9tanh u :g(smhu
X X coshu

coshu coshu%—sinhusinhu%

cosh?u

2 H 2 du
(cosh®u —sinh“u) & 1 du
cosh?u cosh?u dx

9tanh u= sechzud—u

X dx
d du
EXAMPLE 3: Prove that ;sechu = —sechutanh u&
Sol:
d 1 1 ) du
=— =— s—sinh u—
dx coshu cosh“u dx

22
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=—sechutanhu d_u
dx

EXAMPLE 4: Show that the functions

2
x_—ﬁsmh(t/\/g) y= \/_smh(t/\/§)+cosh(t/x/§)

Taken together, satisfy the differential equation

l. —+2—+x=0

Proof: |

dx
" f sh(t/\/§\/—

dy 1
o \/§COSh(t/\/§\/—+Slnh(t/\/§\/—

] ?Zcosh(t/@)m3cosh(t/f)+ﬁsmh(t/ﬁ)+@s.nh(t/ﬁ)zo

2
1 ?cosh(t/\@)——cosh(t/\@ \/_smh(t/\/§)+\/§smh(t/\/§)+cosh(t/\/§)=0

23
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The Inverse hyperbolic function If is u any differentiable function of x then:

1. 9smh 1 du
T ieu? dx
d 1 du
2. —cosh
1/u — dX
3. —tanhtu= 1 zd_u u<1
X —u‘ dx
4. —cothtu= 1 zd_u u>1
X —u” dx
d -1 du
5. —sech T [ —
ur1—u? dx
6. 9csch‘lu=— du

-1
X uv1+u? dx
EXAMPLE 1: Find OI—yfor the following function.

dx
1. y=cosh™?(secx)

Sol:

24
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Sol:

Sol:

y = secxtanx  secxtanx
\/(secx)z—l Jtan? x

, __secxtanx

y == ———— =secx where tanx >0

tan x

. y=tanh*(cosx)

,  —sinXx —sin X

— 5—=——5—=—CSCX
1-cos“x sSInN“Xx

.y =coth™(secx)

, _secxtanx _secxtan X

= > — = >— = —CSCX
1-sec” x —tan“ x
y =sech*(sin2x)
, 2C0S2X —2C0S2X

y =- =—
sin 2x\/1—sin2 2%  SIN 2XC0S2X

EXAMPLE 2: Verify the following formulas:

1.
Sol:

9cosh‘lu 1__du

X :1/u2—1&

Let y=cosh™u

u=coshy

du =sinh yﬂ

dx dx

y’—ﬂ— 1 d_U
dx sinhy dx

cosh’y—sinh?y=1 = u®-—sinh?y

25

=—-2CSC2X

=1

where 2x >0
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= sinhy=+u?-1
dy 1 du

dx qluz_]_ &

2. Ytanhty= 1 2d_u

X 1-u” dx
Sol:

Let y=tanhtu
u=tanhy
d—uzsechzyﬂ
dx dx
dy 1 du

dx  sechy dx

sech’y +tanh’y =1 = sech’y=1—tanh’y=1-u?

dy_ 1 du

dx 1-u? dx

=N gtanh‘lu: 12%
X 1—-u” dx

26
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dax)

(L))

EXAMPLE 1: Find g_y for the following function.
X

1. y=mx+Db
Sol:

Sol:

Sol:

, (x-DO-x@ -1
o (x=) (x=1)

4.y =/x
Sol:

1/2 ' 1 -1/2 l
=x"" => y="x""=—"+
y =3 24/x

EXAMPLE 2: Find the value of the derivative.

27
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1. ds if s=1-3t
dtj
Sol:
95 _o_et 91 _g1=6
d dt|,_,
2. W y:1—1 = y=1-x"
dx|,_s3 X
Sol:
d _
=0 (D)
X
ﬂ_iz _ gy 1 1
dx  x dxx NE] (\/§) 3
dr . 2
3. if r=—— = r=2(4-0)"?
dol,_, ey (4-0)
Sol:
dr 1 _3/2
e 3 | ) I )
40 2( )(4-60)7" (-1
dr| 1
de‘g 0 43/2
. I t? -1
EXAMPLE 3: Find the derivative of y = 71
+
Sol:
dy (t*+1)(2t) - (t*-1)(2t)
dt (t% +1)?
dy 4t
dt  (t* +1)°

28
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EXAMPLE 4: Find an equation for the tangent to the curve y = x+g at the point
X

1.3
Sol:

ﬂ:1+__2

dt X2
The slope at x=1

, 2
y ‘X:l = [1_ F]X:l

The line through (1, 3) with slope m=-1

y-3=(-D(x-1
y=—X+1+3
y=—X+4

EXAMPLE 5: Find higher derivatives y = x® —3x* + 2

Sol:
First y' =3x* —6x
Second y"'=6Xx-6
Third y" =6
Fourth y"' =0
EXAMPLE 6: Find g—i for the following Trigonometric function.
1. y= w
X
Sol:
,  Xcosx—sinx(l) Xxcosx-—sinx
V= X2 - G

29
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2. y=x°sinx
Sol:
y' = X2 COSX + 2XSinx

3. y=sin xcosx

Sol:
y' =sinXx(—sinXx) + COSXCOS X
y' =c0s? X —sin? X
4, y= COS_X
1-sinx
Sol:
y' = (—sin x) (—sin x) —cos x(—cosx)
(1—sin x)?
,_—sinx+sin®x+cos’x _ 1-sin X
(1—sin x)? (1—sin x)?
1
1-sinXx

5. If y=sec’x find y”
Sol:
y' =sec xtan x

y" =secxsec® X +Secx tan xtan x
y" =sec® X +secx tan? x

6. Find the slope of the line tangent to the curve y=sin>x at point where
Xx=7rl3
Sol:

dy _ 5sin® X cosx
dt

30
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dy V3,1 45 cosz/3=1/2
dX|y_r /3 2’ 2 32 sinz/3=+/3/2

7. If x=2t+3and y=t?—1 Find the value of dy at t=6

dx
Sol: dy
dy dy/dt 2t Hint: Note that we are also able to find d—as a function of x
—_— = = — = x
dx dx/dt 2 x=2f+3 y=1-1
dx
x—3
=
g 2
8. Find &Y if y?=x
dx
Sol:
2yy' =1
y’—i
2y

9. Find the slope of circle x* + y? = 25at the point (3,—4)

Sol:
2X+2yy' =0
,  —2X =y =X
2y
, 3 3
Yie-=""7=2

10. Find j—y if y2=x?+sinxy
X

Sol:
2y y' =2x+cosxy(Xy' +Y)

2y y' =2X+ XYy COSXY + Yy COSXy

2y Yy —Xy'cosxy = 2X + yCOSXy
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y' (2y— XCOSXy) = 2X + Yy COSXY

,  2X+Yycosxy
2y — XCOSXy

11. Find i(cosx)—l’5
dx

Sol:

6/5

— % (cosx)""°(-=sinx)

%sin x(cosx)®’®

12. Find iIn2x
dx

Sol:
1d 1 1
=~ (2X)=—-2="=
y 2xdx( ) 2X X

13.Find 9 In(x2 + 3)
dx

Sol:
1 2X

.2X:
X2 +1 (2%) X2 +1

!

y:

14.Find L inx"
dx

Sol:

yr:ir_rxr—l
X

y’:irrxrx’lzL
X X

2 1/2
15.Find Yif y o DO+ =y

dx x-1

Sol: we take natural logarithm of the both side
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In (x* +1)(x +3)?

Iny =
y x-1

Iny =In(x? +1) + In(x + 3)"2 = In(x —1)
Iny =In(x* +1) +1In(x+3) - In(x—1)

y_ 2x 1.1 1
y (x>+1) 2(x+3) (x-1)

2X 1 1
_|_

y :y(x2+1 2X+6 x—1

)

16. Find j—yif 1) y =5¢* 2) y =g 3) y =™
X
Sol:
1) y'=5¢"
2) y=—e"

3) y' =e’"*cosx
17.Find %if 1) y=x" 2) y = (2+5in3x)°
X
Sol:
1) y' =2x¥21

2) y' =m(2+sin3x)” *(cos3x)-3
y' =37 (2+sin3x)" ' (cos3x)

18. Find g—yif 1) y=3" 2) y =3 3) y=3
X
Sol:
1) y'=3*In3
2) y'=—3In3

3) y' =3""*(In3)cosx
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19Fmdgxﬁ y=x" x>0

dx
Sol:

Iny = Inx*
Iny=xInx
Y _xXimx
y X
y' =y (@+Inx)
y' =x* (1+Inx)

Or write x* as a power of e

y=XX :exlnx
ﬂ:iexlnx

dx dx

W _ e 9 ynx
dx dx
gxzxx(x1+1n@
dx X

=x* @+Inx)

.. d
20. Find e log,,(3x+1)

Sol:

fim (3x+1)

ax Jio

d In(3x+1)

dx Inl0
1 3

InN10 3x+1

21, If sinhu=5_—% ﬁndé%ﬂnhu
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Sol:
9 sinhu = eM-e’ (D
dx 2
_elte™
2
= coshu

22. Find %tanh 1+t
Sol:
=sech?1+t? %(Lttz)“2

1 1
=sech?+1+t% = 2t
2\1+t2

=sech?+/1+12 ¢
V1+t2

Hint:
1) sech™x=cosh™(1/x)
2) csch™*x=sinh™(1/x)
3) coth™*x=tanh™(1/x)

23. Find y'or g—i sin(xy) =cos ™ (x—Y)
Sol:
+y _ —QA-Y)
VI-(09)° 1= (x—y)?
Xy’ y -1 y'

+ = +
V=092 VI-(9)?  1-(x=y)?  J1-(x-Y)?
X 1 1 y

Y[ - I=- -
VI-(9)? l-(x=y)2 1-(x=y)?  1-(xy)?
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_ 1 _ y
/= V1-(x=y)* 1= (xy)?
X B 1
VI-(xy)? 1-(x—y)?
— 1= (xy)? = yy1- (x—y)’
v V1= (x—y)? y1-(xy)?

X (x— ) = 1= (xy)?
V1= (xy)? \1-(x—y)?

1= (xy)? =y 1= (x—y)?
y 2 2
Xy/L— (X = y)? =1 (xy)

, V(VU"—UV")—2V'(VU'-UV")
_ e

24. Show for yzg that vy

Sol:

y:v

, VU '—UV’

=T

, VZVU"+VU'-UV"-UV")—(VU' -UV")2vV’
y = V4

VZ(VU"+VU' -UV"-UV)-2V' (VU -UVWV')
VIV(VU"-UV") -2V’ (VU' -UV")]

VVU"-UV") -2V'(VU' -UVV")

25.Show that y=35x* —30x? + 3 satisfies (1—x?)y"—2xy’+20y=0
Sol:

y'=140x° — 60x y" = 420x* — 60
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(1— x?) (420x? — 60) — 2x (140x> — 60x) + 20(35x* —30x? +3)

420x? — 60— 420x* + 60x2 — 280x* +120x? + 700x* —600x> + 60

420x° + 60x?% +120x2 —600x? — 420x* — 280x* +700x* —60+60=0

H.W Derivative

1) Find ﬂfor the following function

dx
1. y=csc?/?5x

2. y=(x=3)(1-x)

3. :ax+b
X
4. y=In(cos x)

5. y=tan xsin x

6. :3x—4
2X—3
7 y=( -y
Jx
8. :COSX
X

9. y=tan(sec x)

10. y =x*sinx

37

5 cot~/5x
3/5x csc?®/5x

ans: 4—2x

ans:

ans: ——

ans: —tanx
ans: sin x+tan x sec x

1

ans: ————
(2x+3)

3(x° -1
ans: (x4 )

— X-SINn X + COS X
ns:

X2

ans: sec’(secx)secx- tan x

ans: x> cosX + 2X-sinx
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11. y=sin'(5x%) ans;lo—x
V1-25x*
1
12. —‘30'[3(—)(Jr ) ans: 0 > cot (X+1)cs (x_+1)
(x-1)°
13. y =sin(In x) +cos(In x) ans: 2cos(In x)
14. y =cot” (1+—X) ans: — 5
1+x
Vax® 6x°
15. y=tan "~+/4x" -2 anS'—
1)\/4x —
16.y =sec'(3x* +1)° ans: 18x
(3x% +1)/(3x% +1)° -1
-1 i -1
17.y =sin™*2xcos ' 2x ans: 2(C0S ~2X—sin " 2x)
V1-4x?
-1 - 1
18.y =tan—"Inx ans:

X (L+ (In x)?)

_ Jx .Y
19. y =(cosx) ans: ——(Incosx — 2xtan x
5 &( )
20. y =(sinx)@" ans: y(1+sec® xInsinx)
21 y:\/2x2+cosh2(5x) ans: 2x+5cosh(5x)-sinh(5x)
J2x2 + cosh? (5x)
22. y =sinh(cos 2x) ans: —2sin 2xcosh(cos2x)
23. y =csc/x) ans: iz-csc(ll X)-cot(1/ x)
X
24.y = x?-tanh?/x ans: x - tanh /x(v/x sech?+/x + 2 tanh v/x)
sin xcosx + tan® x cos? x —sin? x + 3tan? x 1
25. y=In ans: —
Jx sin xcosx +tan®x 2
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cotx
26. y=1log,sinx ans:——
y =100 In4
27, y=e® " ans: (2x —5¢%) e ")
28, y =" @ ans: (x2sec? x + 2x tan x)e* @
29, y = 70503 — 7°50V2%3 |n 7csc/2x + 3 cot+/2x + 3
' ' J2x+3
30. y =[In(x* +2)*]cosx s: 4X2COSX —2In(x* + 2)sin x
X +2
31. y =sinh™(tan x) ans: Secx
32. y =41+ (Inx)* ans: Inx
Xy/1+ (Inx)>?
X X
33 © ans: LX_ZD
Inx X (In x)
34. x*log, (3-2x) ans: 2x°log (3—2x)—2—x3
' 2 ' ? (3-2x)In2
2
35. y:ZCosh‘15+5\/x2—4 ans: ——
2 2 X2 —4
2) Verify the following derivative
1
1. —[5x+ \/_+ -—
[ (x \/_ X2
2 i[\/§ +(ax? +bx +c)] = L(5ax2 +3bx +C)
" dx 2+/x
3) Find the derivative of y with respect to xin the following function:

2

u 2\,2
y=——— and u=3x*-2 ans: XY

u+1 T (3x3-2)°

39



Dr. Mazin

2.

4)

5)

6)
7)

8)

y=~u+2u and u=x*-3 ans: ——— +4x
x> -3
Find the second derivative for the following function
y:(x+1)3 ans: 6x+%+%
X x> X
242 1
:\/54'— at x=2 ans: —
y I ;
y=x"-2xy+y"~16x=0 ans: +x %'
: _ _ _ 3
Find the third derivative of the function y = /x® ans: — 8y
U 14 _ ” _ ’ ,_ '
Show that y = that yr= Y VUT-UV )V32V VU’ -UV")

Show that y=35x* —30x? + 3 satisfies (1—x?)y"—2xy’+20y =0

Find 3—2(/ for the following implicit function:

: y
+1= ans: ————
Jxy +1=y N
. ) _ 2tan x-sec® x
sinhy =tan” x ans:
coshy
5 3x2 +5v2x2 4 4
x> + 4x y—SL:B ans: : Y +4yy
X 10x y—(2x/\/§)

3/2

323 +yd -2y

2x—3y2/x3 +y3

3xy = (X +y?) ans:

ns- YL—(X—¥)% +1-(xy)

sin"!(xy) =cos *(x—Y) a

VL= ()2 = xyfL— (x— y)?
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2, 3
6. y®sin(xy) = tan x ans; — >0 XY CSS(W)
2ysin(xy) + xy“ cos(xy)

2 2 -1
ans: A+y7)(Bx“+tan""y)

7. xX>+xtanty=y i
1+y°—X

9) Prove the following function

1. 9cotu = —Csc? ud—u
X dx

d du
2. —CSCu =-cscucotu—
X dx

3. 9coshflu: 1 du

X C1-u? dx

4, Esech‘lu = 1 du

X \MVuz—la;
5. 9sin hu = coshuj—u

X X

6. 9cschu = —cschucothu g_u
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8.

d _
“sech™u
X

=1 du

Cunou? dx

42



