Dr. Mazin

Chapter five

Integration
Integration is the reversal of differentiation hence functions can be integrated by
indentifying the anti-derivative.

Terminology

Indefinite and Definite integrals

There are two types of integrals: Indefinite and Definite.

Indefinite integrals are those with no limits and definite integrals have limits.
When dealing with indefinite integrals you need to add a constant of integration.
For example, if integrating the function f(x) with respect to x:

[f() dx=g(x)+C

where g(x) is the integrated function.

C is an arbitrary constant called the constant of integration.

dx indicates the variable with respect to which we are integrating, in this case, X.
The function being integrated, f(x), is called the integrand.

The Rule
1) Constant Rule jadx =ax+c where a is constant
EXAMPLE: 1. [3dx=3x+c
2. j4dy:4y+c
3. j%dz =£z+c
2) Sum Rule [(fxg)dx=[f dx+[gdx

EXAMPLE: 1. [3dx+4dy=[3dx+ [4dy=3x+4y+c
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3) The Power Rule n=-1 [ax"du=a X

EXAMPLE:

n+1

+C

n+1

5 x° 2 6
1. I4x dx:4€+c:§x +C

4
_[10 xSdx =102 + ¢ = > x4 +c
“4 2

N

4) The Substitution Rule

If u=g(x)is adifferentiable function whose range is an interval | and f is

continuous on I, then

EXAMPLES:

[ f(g00)g’(x)dx = [ f(u)du

1.

o

:%I(x2+2x+3)7(2x+2)dx:%

J'(x+1)3dx=%+c

2 5
j(xz +1)* oxax =D ¢

3 8
'f(x3 —4)" 3x? dx -4

X2 —2x—4)" (2x -2 dx:(xz_zx_4)8+c
( )" (2x-2)

J.(x2 +2)° xdx:%j(x2 +2)° 2xdx

2 6
1+
2 6

[(x® +2x+3)" (x+1)dx:%j(x2 +2X+3)7 2(x +1) dx

(x* +2x+3)°
8
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Root function integral

EXAMPLES: 1. [2xyx?—3dx=[(x* —3)"? 2xdx

(X2 _3)3/2
3/2

+C

%(x2 -3)¥? 4¢

2. jx\/3x2+1dx:%j(3x2+1)1’26x dx

_g (3X2 +1)3/2

+c=1(3x2 +1)%%4+¢
3 6 9

x—1 1
— =~ dx==|(x*-2x-3)?(2x—-2)dx
J\/x2—2x—3 ZI
_E(XZ _2X_3)1/2 N
2 1/2

C

=J(x?—2x-3)+c¢
4, j(xs—l)zxdx:j(x6—2x3+1)xdx
= [(x" —2x* +x) dx
x2 2

X 2
8 5 2

5. J‘(\/;T;l)zdx

:j(&)zgﬁﬂdx

x A Ax 1
:j(&—2&+&)dx
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=j(&—2+%)dx

:J‘(xl’2 dx—jde+Ix‘1’2dx

X3/2 X1/2

=——2x+—+c:gx3’2—2x+2x1’2+c
3/2 1/2 3

or IMT;DZdX:ZJ(&—l)Z%dX:Z(\&T_D?)+C
6. Jé\/xz —x3 dx

:J‘% x%(1— x) dx

:Jéq/(l—x) dx
= [J(1—x) dx

=—[-@-x)"?dx

3/2
=—%+c=—§(l—x)3’2 +C

dx
7. dx
I (4x? —12x +9)*'?

= [(4x? —12x+9) "% dx
= [((2x—3)*)% dx

= [(2x—3)~ dx
:%j(2x—3)‘32dx

2
:EM+C:—1(2X_3)_2+C
2 -2 4
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H.W Evaluate

1. :I\/xz —x* dx

2. [(x* +1)%(x+2)dx

3..[ 2x—4 dx

Vx? —4x +1

Trigonometric function integral sinu, cosu

1. sinu

jcosudu —sinu+c

2. cosu

Isinudu — _COSU+C

EXAMPLES: 1.

d . du
—sinu =cosu—
X dx

d . du
—COSU =—-Sinu—
X dx

sin 3x
+cC

_[cosBx dx =

_[sin 7x dx= —CO87X | ¢

'fsin(3x—1) dx = 3

—cos(3x—-1) i

A AN ) gl Jalss
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A0l ) g8l addiies Laie B8 gia L gll) AN Al g A A)al) cuils 1)

sa N+
1. _[sin "au cosaudu _sihad +C
(n+Da
i . —cos" au
2. jcos ausinaudu=————
(n+1a
. sin®3x
EXAMPLE: 1, _[sm 3x cos3x dx = +c
8)(3)
4
2. fsin 2x cos® 2xdx = — 205 2% | ¢
4) (2)
. . sin? x
3. [sinx cosxdx=[(sin* x) cosxdx = +c
2a

hbe 2 5 8 gl e ARl g Ayl A1) Cils 1)

280 NS ) (S 58 8 gha pd ALl g dpad A calS 1Y L]

cos? x:l+1c032x
2 2

sin? x=l—l0052x
2 2

. 1 1
EXAMPLES: 1. sinx dx = | (= — =cos2x) dx
J JG—5c0s2%)

=I%dx—%ICOSZXdX

1 1sin2x
—= +C

2 2 2
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2. [cos?3x dx:j(%+%c032(3x)) dx

:j%dx+%jcos6x dx

1 lsin 6X

+
2 2 6

GOSN a2l (50 8 dae (W) CuilS 1) 2
sin® x +cos® x =1
sin® x =1— cos? x
cos? x =1—sin? x

EXAMPLE 1 jsin3xdx:jsin2xsinxdx
=J‘(1—cos2 X) sinxdx

= [ (sinx — cos® x sinx) dx

:Jsinxdx—jcos2 X sin xdx

3

COS™ X
=—COSX + +C

EXAMPLE 2 j'cos3 2xdx = J‘cos2 2x cos2xdx

= [ (1-sin’ 2x) cos2xdx
= [ (cos2x —sin? 2x cos2x) dx
= [ cos2xdx — [sin? 2x cos2xdx

_sin2x _sin®2x
2 3(2)
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EXAMPLE 3:

EXAMPLE 4:

fsin“x dx:J'(sin2 x)% dx
=J'(l—10052x)2dx
2 2
:'[(l—£20052x+£00522x)dx
4 4 4

:I%dx—%jcoszmx+%jc032 2x dx

:lx—lsmzx+1J(E+lcos4x)dx
4 2 2 4°°2 2
1 1sin2x 11 1 1sin4x
=—X—-= +-X+== +C
4 2 2 42 42 4

1 sin4x

1 1.
=_X—=SIN2X+ =X+
4 4 8

J'cos4 3x dx= j(cos2 3x)? dx
(& +Lcos6x)? dx
2 2

(& +Leosox + 2 cos? 6x)dx
4 2 4

- 'ldx+ljcos6xdx+1jc0326x dx
14775 4

1 lsin6x

+
4 2 6

+lj(l+lcoslzx)dx
4°°2 2
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1 1 . 1,1 1sinl2x
== X+-—SIN6X+=(=X+=
4 12 4°2 2 12

)+¢C

EXAMPLE5:  [sin® xdx = [ (sin® x)?sinxdx

= [ (1—cos? x)? sinxdx
= [ (1—2cos® x+cos* x) sinx dx
= [ (sinx —2cos? x sinx + cos* x sinx) dx

2cos®x  cos® X
5

=—COSX+

ALY oyl g8 s Wie (il s Juala Jf gedd) S 13
A0 AN ¢l g8 Gaen (o g A8 e JBY) (g2 AN () S i dah eI Y1 LT
EXAMPLE : Isin3xcos5x dx:jsinzxsinxcos5xdx
= [ (1—cos? ) sinxcos® xdx
= [ (sinxcos® x - cos” x sinx) dx
= [cos® sinx — [ cos’ x sinxdx

cos® x  cos® x
_ 4 +C
6 8

433 Al 0l 981 Gaia (53,81 () S Wadie a9 LAY 538 ) A S 1Y 2

EXAMPLE : [sin® xcos? x dx = [ (sin? x)* sinxcos® xdx
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= [ (1—cos? x)? sinxcos’ xdx

= '[(1—20032 x+cos? x) sinx cos? x dx

:jsin X C0S2 X dx—jZCos4 xsinxdx+J'cos6 xsinx dx

cosx . cos®x cos’ x
— + 2 — +C
3 5 7

AN 0y Bl addiie L die ABNIAL Ll g 30 9 (il G puda Juala Jligead) (S 1)
[sinmxsinnx dx [sinmxcosnx dx [ cosmxcosnx dx
1 i 1 1
1. sinmxsin nx =3 cos(m —n) X —3cos(m + n) X
: o 1
2. sinmxcosnx = 3sin(m —n) X+ ssin(m +n) x
3. cosmxcosnx = 3cos(m—n)X++cos(m+ n)x

Evaluate

1. Isin?xcosx dx

:j%(sinemsinsx) dx

1 cos6x 1 cos8x
—= +C

2 6 2 8

= —iCOSGX —icos8x +C
12 16

2. jsin?xcosSxdx
= I%sin(?—?;) xdx+_[%sin(7+3) X dx
= J'%sin4xdx+j%sin10xdx

10



Dr. Mazin

1 cos4x 1 (—cosl0x)
=—= += +C
2 4 2 10

:—Ecos4x—icoslox+c
8 20
3. jcost cos3xdx
:I%(cos(3—2)x+cos(3+ 2) x) dx
:lj‘ cosxdx+1j‘ cos5 X dx
2 2

1. 1sin5x
=_Sinx+=
2 2

Clalss Ll

Integral tanx, cotx, secxand cscx
Bdile LI Y -

1. If y=tanu — y’:seczud—u
dx

J'sec2 udu =tanu +c

2. If y=cotu — y':—csczud—u
dx

Icsczudu=—cotu+c

3. If y=secu —>y':secutanug—u
X

Isecu tanu du =secu+c

4. If y=cscu — y'=-cscu cotuflj—u
X

ICSCU cotu du=-cscu+c

11
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4,00y 98l addiies e 3 8 gle Alidiall dpad A)A) il 1)) LSG -

n+1

tan """ au

_[tan” ausec’audu=—"14¢
(n+1)a

n+1

cot " au

jcot” aucsc?audu =— +c
(n+1a

n+1

) sec™ au
Isec ausecautanaudu=>-—""1¢

(n+1a

n+1

csC "au

jcsc” aucscaucotaudu=————""4¢
(n+)a

EXAMPLES:

Find the following integral
tan? x
+C

1) [tanxsec? xdx =

tan® x
+c

2) [tan?xsec? xdx =

- tan® x
3) |tan” xsec® xdx =

Jtanx —1 (tan x —1)*'2
k=
cos? x cos? x

= [ (tan x —1)*'% sec? xdx

+C

4) | dx

12
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_ (tanx—-1)¥?x
3/2

+C

A0l 5 68N addiies Ladic 3 gia e AR Al A4 S )Y EIG -
sec’ x —tan? x =1
tan? x =sec® x —1
sec? x =1+ tan? x
csc? x —cot®> x =1
csc? x =1+ cot? x
cot?’x=csc? x—1
EXAMPLE 1:  [tan®xdx = [(sec? x—1)dx

:jseczxdx—jdx

=tfanxXx—X+cC

EXAMPLE 2: j sec” xdx = j sec? xsec? xdx
= [ (1+tan? x)sec? xdx

- jsec2 xdx+J‘tan2 X sec? x dx

tan® x
=tan X +

13
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Transcendental Function Inteqgral

Logarithm exponential invers
(1) If y=Inu :>y’=OL—u
y=Inx = dy = 1du
dx udx

du
.[—:In\u\+c
u

Inaliall  sa JalSill (8 aliall = Jacs) Akidia ) sinay

EXAMPLE 1: jd—;‘ =In|x +c

2xdx )
2. =In|x“+1+c
J-x2+1 ‘ q
3. j 9+Ddx:¥£(%X+adlemhz+2x+j+c
X°+2X+3 2 Xx°+2x+3

4 Ixzdx_g X% dx
' 1-x® 371-x°

2
_ 13X SX:_—lln‘l—x3‘+c
3 1-X 3
5, ISInXdX =—Infl—cosx|+c

1-cosx

14
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2
X dx
6. J'len\3+tanx\+c
3+ tan x
X —2)dx 2X—4 X _
7. I( )dx _ I( )d In‘x —4x — 3‘+c
—4X — 3 2
8. Ilen\1+sin x\+c
1+sinx
9 J’Sin 2xdx :In‘sinz X‘+C Sol: let u =sin’® x , du = 2sinxcosxdx
' =2
sin— X sin2x = 2sinxcosx
sin x cos x = +sin(x — x)+ 3sin(x + x)
= 5sin(2x)
. du =12sin(2x)=sin 2x
di i
j—uzln‘u‘+c:ln‘51n2x‘+c
u
Theorem
sin x
1. jtanx=j—dx:—ln\cosx\+c
COSX
2. J'cotx j@dx Inlsinx|+c
sinx
Sec X + tan x
3. jsecx:jsecx— dx
Sec X + tan x

dx

_ISGCZ X +secxtan x
secx + tan x
=In\secx + tan x\ +c

CSCX + Cot x
4., J'cscx :J'cscx— dx
CSCX + Cot x

_.[CSCZ X + CSCXCOt X
CSCX + COt X

dx

15
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—csc? x —cscxcot X
:—I dx
CSCX + Ccot X

=—Injcscx + cot x|+ ¢

Evaluate

e InXx (Inx)

1. =_—d —j(lnx) dx =
(Inx) (Inx)4

2. = dx Inx +C
. = [( ) .

-1

3. = dx :J(X) dx=1InlInx|+c
7 xInx Inx

4. :j V1= Inx dx:j(l—mx)“?ldx

X X

_ (1-1Inx)*? ‘e
3/2

Exponential function

1. If y=¢" —>y’:e“d—u
dx

'[e“du - +¢

U /U, AU
2. y=a —y=aha—
dx

u

a
ja“du=
Ina

+C

EXAMPLE 1: j dx——jse (1+3e*) " dx

1+ 3e*

16
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I(1+3e )

EXAMPLE2: | 3x3e 2" dx = —g [-8x° e~ dx

3 .
=—"e? 1c
8

EXAMPLE3:  [2™dx= —% [27(~4dx)

__lywe g
4 In2

tanx

EXAMPLE 4: je dx = [ sec? xdx

2

COS™ X
:etanx +C
X
EXAMPLE 5: j dx = +c
1+e*
X _ X
EXAMPLE6: [~ ——dx= l+¢
e” +e

EXAMPLE7: | ox | dx e‘X:Ie—de

1+ e* 1+e*e™ 1+e™*
:In‘1+e‘X +C
2X 2x —X X —X
e”” -1 -1.e e’ —e
EXAMPLE 6: dx = X= dx
J.(ez’(Jrl) I( e2X 41 " J.ex+e‘X
I+¢

17
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Invers function

1. If y=sinu

2. y=tan'u

3. y=sectu

%

—>

%

y

!

y=—_
V1—u? dx
du N
j =sinx+c¢
1—u?
J. du sin X +c¢
Vva?-u? |-costX+c
1
1+u? dx
J' ~du=tan " x+c
1+u
Liantu
1 a a
Iz ~du =
a - +u 1
——cot™y
a
1 du

18
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du

I#
uu®-1

=sec|u[+¢

I;
u-u? —a?

; {%secl\%\
u=
—qosc

xdx
EXAMPLES 1:
J‘\/l x4
Sol:
I 2xdx I
V1—x4 2
:lsin‘1x2+c
2
X2
2: dx
I 3—x°
Sol:

‘[\/3 x®
37 J3-u®

-1

-+ +cC

1
-—gsm e

1 . _1X3
—gmn 7§+C

2X

X 1
3: dx ==
j1+x4 2

1
= “tanix%+c¢
2

X
4: dx==(=tan
I4+x4 2(2

19

1+ x4

1 )+c_1tan
4

u =X

2
U=Xx

1. 4 du = 2x dx
=—SIn “"u+¢

5 i
U =)Cb
u=x

du =3x% dx

dx

2
X 4c



Dr. Mazin

X
5 dx
J.7-|-X8 uZ:x8
3
:l 4X8dx u:x4
4°7+Xx du = 4x° dx
1, du
47 7+u
11 1 1 4
—tantL +c=—"—tan T X +¢
VNG AN V7
6
J.1+e I1+(e) u’ =(e")’
= duzztan‘1u+c u=e’
1+u du =e" dx

=tan*(e*)+¢

1: Ld = Ld
Ve e
=sin~'(e*) +c

8- J~ dx :J- X tdx

' x(L+Inx) ? @+Inx)
_I 1/ xdx

(1+Inx)

=In(1+Inx)+c

dx o1
[———5=[@+hx) ;dx

X(1+In x)?
_@+Inx)™
-1
J- dx _J- 1/ xdx
2y 2
X(L+(nx)°) “1+(Inx) u? = (In x)*
u=Inx
20 du :ldx
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11:

12:

13:

14:

15:

16:

17:

18:

19:

20:

=tan'(Inx)* +c

J- sec? x

VJ1-tan? x

dx =sin*(tan x) + ¢

I 2 dx =sect(2x) +¢
2x+/(2x)% -1

2 U 2xdx
J.\/;(1+ X) dx-4j.1+(\/;)2

—4tantx +c¢

2] cosx dx

—— dx=2tan " (sin x) +c
1+ (sin x)

dx (tan™x)?
= +C
1+ X 2

:J'tan‘lx

:J‘esinflx dX _ sintx
1—x?

:I sin? xdx _ (sin"! x)?
V1-x2 2

Cctant(x)dx _ (tant(x))?
_J‘ = +C
1+ x? 2

=e +C

:J‘etan’lx dx __tantx
1+ x?

dx
:J‘ dx _ XV X2 -1
xsect(x)Vx2 -1 ° sec(x)

21
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= In‘sec‘1 x‘ +c

21:

1-x 1 X
S SN - ) dx
I\/1—x2 '[ Vi-x?  J1-x2
:sin‘lx—%_[Zx(l—xz)‘”2 dx

2\1/2
=sin‘lx+1&+c
2 1/2

1+ X 1 X
22: dx = + dx
I1+ G I(1+ x? 1+ x2)

=tan x+%lnp+ x2‘+c

. In(tan’lx) dx
23: e v

dx
1+X

Itan 1x S

-1 2
_ (tan™ x) Lo

Hyperbolic Functions i
1) If y=sinhu y’:coshug—i
y =coshu y’:sinhuz—i
y =tanh u y':sechzug—i

1. Isinh xdx = coshX + ¢

2. jcoshxdx:sinhu +c

22
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3. jsechzxdx=tanh X +C

AN () Bl addiiead 3 A gia L) Alidia CuilS 1)

iqh N+l
(2) [sinh" axcoshax dx = sinh ™,
a(n+1)
n+1
(3) [ cosh" axsinh ax dx = cosh ™ .
a(n+1)
(4)If [sinh" x dx or [ cosh" x dx

280 NS ) (S 58 8 gha b ALl g dpad AL cls 1Y

cosh2x+1 _cosh2x -1

2

Case 1: if n is even, we use identity cosh®x = . sinh?® x

8 e ) S g B 8 gia s AL g A ADNAl) cuils 1)

Case 2: if nis odd, we use identity cosh® x =sinh? x+1, sinh? x =cosh? x —1

A 3 JIgal) u gSaa

1 du

V1+u? dx

G) If y=sinh™*u — y'=

du o
[-—==—=-=sih?¢+c
2 2 a

va?+u

=cosh™ 4 +c

J- du
Ju? —a?

23
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,_ 1 du
1—u? dx

6) If y=tanhu —vy

I 21 2du:itanh‘lu+c
a’—u a

EXAMPLES: IsinhSde

= J'sinhzx sinh x dx
= [ (cosh?x—1) sinh x dx

:jcosh2 xsinh xdx—jsinh X dx

cosh® x
= —coshx+c
HW Ex1: Icosh42xdx
x dx
HW Ex 2:
I1—x4
xdx
HW Ex 3:
ij4—1
2
xX“dx
HW Ex4:
J.\/1+x6
EXAMPLE: jexsinh 2x dx
Sol:

2x 42X
:Iex(g——ig——)dx

:Ie3x ;e—x dX

24
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EXAMPLE:

Sol:

EXAMPLE:

EXAMPLE:

:%je” dx—%je‘X dx

1c1 5
==|Ze

1k
1.1 5

=>-[Ze* +e]+c
23

1
3dx+5je (—dx)

jcosh(lncos X) dx

Incosx —Incosx

e +e
I

dx

[ . Incosx —Incosx

€ +€

°(cosx+i) dx
COS X

[ (cosx +secx) dx

NI, N, NP, N

1
:—smx+§ln\secx+tan x\+c

jcosh(lnx)% =sinh(Inx) +c¢
X

[sinh(2x+1) dx=%jsinh(2x +1) 2dx

25
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= %cosh(Zx +1)+cC

chapter (5) 4 siia dlin)

EXAMPLES:

|

. J'(x2 ~1)(4-x%) dx=I(4x2 —x* =4+ x?) dx

5x° 1
=" —Zx°—4x+c
3 5

J'exsineX dx = —cose* +c¢

N

w

. J'tan(3x +5)dx = % I tan(3x +5) 3dx = —% Injcos(3x +5)|+ ¢

4 J-cot(ln X)

" dx = Injsin(Inx)|+c

Ism X+COSXd

jsm X J-COSX
COSX

COSX COSX

—Injcosx)|+ x +¢

26
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6. _[ dx dx
1-cosx
Sol:
dx 1-cosx 1-cosx
I _[—2 dx
1-cosx 1-cosx 1-cos” X
_Il cosxOI :.[ | dx—J' (?os;x dx
sin? x sin“ x sin“ x
—jcsc X dx — I@de——cotwrcscxm
sinx sinx
7. [cot(2x+1)csc? (2x+1) dx
—% [ oot(2x+1) (-2csc2(2x + 1) dx
2
_Leot"(2x+1) (2X+1)+c=—£cot2(2x+1)+c
2 2 4
dx du N
8. | ———dx ———=s5in " Y+¢
I\/1—9x2 J a? —u? ]
Sol: .
u® =9x?
—j ——sm '(3x)+c¢ u=3x
A1— (3x du =3dx
9. J'\/idx sint X +¢
10. jezx coshe?” dx
u=e"
du = 2e** dx

:ljcoshudu
2

27
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:lsinhu +c :lsinh e +¢
2 2

11. _[es"‘x cosxdx =e*"* +¢

12, j X = e dx = —% [(-3e)dx ==

9 [ oo

1.eM .
E.‘.Ze\/; _j‘xllzdx
1/2

:le&+x—+c:leﬁ+2\/§+c
2 1/2 2

14. [ x(a+bv/3x)dx = [ xadx+ [ xby/3x dx
=Ixadx+J‘b\/§x3’2 dx

X2 b\/§X5/2
+C

2 5/2
dx —dx dx
15. dx = dx =— dx
j— x?2 J.1+x2 '[ + X2
——tan tx+c
16. jcosécie :j 1 2c03<9d49
1+sin“@ “1+(sinf)

du _
:>I > =tan lu+c
1+u

=tan"*(sind) +c

28

—3X

+C
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400130 ) gal) Jalss

1. [sinhxdx =coshx+c
2. [coshxdx =sinh x+c

3. [sech?xdx =tanh x+c¢

4. [csch?xdx=—cothx+c

5. Isechx tanh xdx = —sechx +¢

D

. Icschx coth xdx = —cschx +¢
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1.J' ! dx =sinh™* x +c¢

N1+ %2

Z.I 1 dx=coshx+c

Vx? -1

1 tanh ' +c if |x<1
3. I ~ dx =
1-x coth™ +c¢ if  [x|>1
1, 1+X
="In/——
2 1-X
4, I# dx = —sech™*x+c
X~/1— x>
5 Xx=—csch™x+c

1
| —d
J‘x\/1+x2
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