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Chapter six

Methods of integration
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d(uv) =udv-+vdu

udv=d(uv)—vdu

Iudv=uv—jvdu

Laaaa) e ) el A5 3a8 e U5 38l (3l Jall e oS o 131 28y plall 038 ) Lsls
O gk gl Iudv=uv—jvdu slo diand o) oy GBS B a5 Jalsill Ll
sl & V) JalSill dapa (e ol (55
dv, u L) Al i

e ssing Jlsadl SN A ALY 1

1. Ln
2. invers

dalSy UAL‘S\) Ll & In U U5 ladic 3 8 gla pe d3idall g

invers

Find the integration
Evaluate

EXAMPLE 1: jxlnxdx

u=Inx du:ldx dv = xdx v:_[xdx=x—
X 2

judv:uv—jvdu

2 2
=X Inx—jx—ldx
2 2 X
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2
_ X Inx—l_[xdx
2 2

X2

== Inx—lx2+c
2 4

EXAMPLE 2: jlnxdx
u=1Inx du:% dv =dx V=X
X

Iudv=uv—jvdu
dx
=xlIn x—J'x i~

=xInx—x+c

EXAMPLE 3: jxcosxdx
u=x du =dx dv = cos xdx v=jcosxdx=sinx

Iudv=uv—jvdu
jxcosxdx: xsinx—Jsinxdx

= XSINX+COSX+C

EXAMPLE 4: jsin—lxdx

u=sintx du = dv=dx v=x

judv:uv—jvdu

Isin‘lxdx:xsin‘lx—jx ;
1-x

= xsin™ x—jx 1-x?*)"2dx



Dr. Mazin

) 1
=XSIn" X+—|—-2x (1-
2] -2

X2)—1/2 dX

1 (1_ X2)l/2 e

= xsintx+=
2 1/2
EXAMPLE 5: Itan’lxdx
u=tan*x du = dX2 dv=dx v=x
1+x

Iudv=uv—jvdu

dx
1+ X

:xtan‘lx—.[x S

=xtan™ x—lln‘1+ x2‘+c
2

SV et ) Gy Bad LBLELED &5 13) il Al lias s gSaa Al )| e Alall (g gins A1 1312

EXAMPLE 1: Ixexzdx =%ex2 +C

EXAMPLE 1: J'xexdx
u=x du =dx
Iudv:uv—jvdu
:xex—jexdx
=xe*—e*+c

HW

1. sze‘xdx — X% ¥ _2xe ¥ —2e +cC

3

dv ¢f SWl Wy & el

dv=e*dx v=e
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2. jxsinzxdx

‘:Sl CBEEY) (e 22e I Zlas Al elllia 5 jnverss In e s sisd

AR PORTE I A

Sl I Joi
EXAMPLE 1: jxcosxdx
L Sidl syl | Sidl Jelal
Ixcosxdx=xsinx+cosx+c X | COSX
1. sinx
0] ™ _cosx
EXAMPLE 2: j x3e* dx
u dv
_v3 AX 2.X X X X3- eX
=X"e"-3xe" +6xe"—-6e” +c
I >
6x L S X
6L X
O \ex
EXAMPLE 3: jx3 2x
u dv
_ 132X _ 322X 6 ~X X3 e2x
Lx’e™ —3x%e™ +8 6x e?X _6eX ¢
16 2 2
3x? N 2 1e?
6X | \lezx
4
2
6 \%e X
0 \lezx
16
EXAMPLE 4: jxex dx
u dv
X o
=xe" —e*+¢ 1] ~
0 T~ e’
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EXAMPLE 1:

EXAMPLE 2:

A i)
I sec® xdx = J‘sec2 X sec xdx

U =secx du =secxtan x dx dv = sec? x dx v =tanx
Iudv:uv—jvdu

Isec3 x dx = secx tan x—jtan xsecx tan x dx
=secxtan x—jtan2 xsec x dx

=secxtan X—J'(sec2 x—1) secxdx

=secxtan x— [ (sec’ x— secx) dx

:jsec?’ x dx = secx tan x—jsec?’ xdx—jsecxdx
= ['sec® xdx+ [ sec’ xdx = secxtan x— [ secxdx
= 2J'sec3 xdx =secxtan x—In\secx+tan x\+c
[sec? xdx =4secxtan x—Injsecx +tan x|+ ¢
Iex cosx dx

u=e* du =e” dx dv=cosxdx v=sinx
judv:uv—jvdu

Iexcosxdx=exsinx—jsin x e dx
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EXAMPLE 3:

Sol:

To find Jsinxex dx

u=e du =e* dx dv =sinxdx V =—CO0SX

udv:—excosx+jcosxexdx

e* cosxdx =e*sinx—[-e* cosx+_[ e* cosxdx]+c

eXcosxdx:eXsinx+eXcosx—j e*cosxdx+c

Zjexcosxdx:exsinx+excosx+c

< e*sinx e*cosx
je cosxdx = +e e
1 X Al X
=E(e sinx+e” cosx)+c
I X dx
X+1
u dv
X\ @™
IX(X+1)_1/2dX 1 \N (1+x)"2
N
1/2
1/2 3/2 \
=2X(x+1)" -5 (x+1)* " +c 0| N1+ x)*2
(3/2)(1/2)
u dv
X (1_X)—1/2
N
1 \ (1_X)1/2
N 172
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EXAMPLE 4:

EXAMPLE 5:

EXAMPLES®G:

0 (1_X)3/2
3/2)1/2)
X
dx = [ x(x=1)7'? dx
j x-1 I( )
=2x(x-1)"? -4 (x-1*?
jxseczxdx
u=x du=dx dv=sec®xdx v=tanx
Iudv:uv—jvdu
jxseczxdx:xtanx—jtanxdx
= xtan X + In|cos x| + ¢
Isin‘laxdx
u=sin‘ax du:a—dx dv=dx v=x

V1-a?x?
Iudv:uv—jvdu

adx
V1-a?x?

=xsintax—[ax (1-ax*) ™% dx

J‘sin‘1 ax dx = xsin™? x — Jx

. 1 (1_ a‘2)(2)1/2
=XSIn "aX+————+¢C
2a  1/2

7
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EXAMPLE 7:

EXAMPLE 8:

. 1
=xsin tax+= (1-a?x?)"? +¢
a

Ieaxsinbx dx

u=e* du=ae®™dx  dv=sinbxdx v:_C(E)SbX
judv:uv—jvdu

[e™sinbx dx=e (- CZSbX) - |- CSSX ae™ dx

[e*sinbx dx=e(~ COSIDX) + %J'cosbxeaxdx

u=e* du=ae®dx dv=cosbxdx v= sinbbx

sin bx Isin bx

[e® cosbx dx = e®( - ) — a e*dx

ax

(¥ sin bx dx = — —e® cosbx + E[l e®*sin bx — Ejsin bxe® dx]
. b bb b

S 1 a . a’ ;.
e®sinbx dx =—=e*coshx + — eaxsmbx——jsmbxeaX dx
/ b b2 b®

2
@+ S—b)jeaxsinbx dx = —%eax coshx + t;iz e®sinbx

_feaxsin bx dx = —%eax coshx + %Lmsz ¥
a a
ijexzdx

X2

u=x2 du=2xdx dv=xeXdx v=Le

N
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Iudv:uv—jvdu

2 2 2
[x?xeX =x?1eX —[1e* 2xdx

_ 21 xz_l x2
=X";e8" —3e" +cC

EXAMPLE 9: szcosxdx

u=x> du=2xdx dv=cosxdx v=sinx

judv:uv—jvdu
Ixzcosxdx: xzsinx—jsinx 2x dx
sz cosxdx = xzsinx—zjsinxxdx

jxsinx dx:uv—jvdu

u=x du =dx dv=sinxdx Vv=-CcoSx

jxsin xdx:—xcosx—j—cosx dx

=—XCOSX+SIiNX+C

[ x? cosxdx = x?sinx — 2[-xcosx +sinx] +¢

= X2 SinX+2XCOSX —2sinx+c¢

Or

= X?SinX + 2XCOSX —2SinX+cC

u dv
52 COSX
2X Tsinx
2 [T _cosx

0] S_sinx

EXAMPLE 10:  [sin™*(2x) dx
2dx

J1-(2x)?

u=sin"(2x) du=
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Iudv:uv—jvdu

jsin‘1(2x) dx = xsin*(2x) —jx#dx

J1-(2x)?
= xsin™(2x) - [ 2x(1—4x?) ™2 dx

Ay2y1/2
= xsin(2x) +1&+c
4 1/2

= xsin}(2x) +%(1— 4x*)? +¢

(1) Trigonometric substitution integration — 4dLiall Jigall aladialy (ay gail)

If we have
a’?—u? Special case a=1 1-u?
a’+u®  Special case a=1 1+u?
u?—a? Special case a=1 u?-1
Case 1 LU eall Al g2 —y? S A Al
a. a’-u?
b. Va?-u?
C. (a2_u2)n
Let u=asind Y sing 9=sin‘1§ du=acosfdé
a
And used 1-sin®@=cos? @
X a®—u? a=1 —
EXAMPLE:  [——dx 6 =sin " x
1-x 1-x° u? = x?
Let X=asing dx =cosd do
X=sin@

10
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_ - SIN 6’_cc;sed0
“1-sin“@
-Sin @cosd

=540
7 cos“ @

_ -S|n<9d9
Y cosd

=—In|cosé| +c

—In‘cos(sin‘1 x)‘ +C

EXAMPLE:  [—— dx=—%j—ZX(1—X2)‘”2dX

V1-x?
_l (1_ X2)l/2 .\
2 1/2

C

or
Let x:a_sme dx=cos@ do 0 =sin"'x
X=sind

_( sin@cosé 4o

*J1-sin?0

_ - SN ecosedg
Y cosd

— [sin@ d@ =cosd +c

=cos(sin " X) +¢

dx

V1- X2

Let Xx=asin® dx =cosd do 0 =sin 1 x

X=sin@

=sin?x+c¢

EXAMPLE: |

11
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_ cosé 4o

* J1-sin?0

_ -cos@dg
Y cosé

—[do=6+c

=sintx+c¢

-1 X

sin -2 +¢C

Prove J—dx =
Ja? —x?2
Let x=asingd = 2=sing dx=acosé d@

- a cosd
= do
* Ja? —a%sin? 6

_( a cosd 40
* Ja2(l-sin?6)

_ 'Losgde:jde:mc

" Ja?cos? )

EXAMPEL: I\/l— x2 dx

Let Xx=sind dx =cosé d@ @ =sin"

=I\/1—sin20 cosfdo

:jcose cos@deg

12

1

X

@ =sin"

X<
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:jcos2 0 do
=j(1+1c0320) do
2 2
:£49+1 sin26 +c¢
2 4

“Lgintxsd sin2(sin? x)+c¢
2 4

EXAMPLE 1: jx sin~t xdx

u=sin?x du = dx dv=xdx v=x?%/2
1-x
Iudv:uv—jvdu
:X—Zsin‘lx—jx—2 dx
2 2 \J1-x°
2
:X—sin‘lx—lj‘x2 dx
2 2 1-x?
2
I X" dx — x=asind a=1 sin*x=6
1—x2
dx =cos@dé

_ Isin2 0 cosfdo
\J1-sin?6

1yt sin(2sin™ x) +¢
2 4

:_.'sin2 0 do

[xsin™ xdx = = x2sin x—l[lsin‘1 x—+ sin(2sin™ x)]+c
2 22 4

13
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Case (2) Al Al
a. u?-a?
b. VJu?-a?
c. (U2-a?)"
Let u=asecd 0 =sectl du=asecd tan @ do
And used sec’9—-1=tan’ @

dx 1
EXAMPLE 1: j —coshtx+c¢

x? -1
(2) Let X=asecl a=1
X =secd 0 =sec ! x dx =secd tan 6 d@
secOtan@do =jsec6?d6?
sec?9 -1

=Injsec+tan 6|+ ¢

= In‘sec(sec‘1 X) + tan(sec ™ x)‘ +C

14
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EXAMPLE 2: j dt =j at

V25t2 -9 ° /(5t)2 - (3)?

Let u? =25t? a’ =(3)*
u=>5t=asecd a=3
5t =3secd
-1
t=3seco 0 =sec™ 2t
dt =3secd tan 0 do

J 3secd tan 0 d6 J-3sec¢9 tan @ d@

V9sec? 6 -9 3+/sec? -1

jésec@d@ :%In\seceﬂan o+c

- % In‘sec(sec‘1 (3t))+ tan(sec™ (%t))‘ +C

Case (3) AENE Al

a. a’+u’

b. Va?+u?

c. (@%+u?)"
Let u=atané O=tan 'Y du = asec’ 9dé

And used 1+tan? @ =sec? 6
dx gy
EXAMPLE 1: | _ —cosh™%+c
V44X

(2) Let X=atan o a=2

X =2tan @ 0 =tan! dx =2sec® @ do
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f 2sec29d9 f 2sec’0do

V4 +4tan? 2+1+tan? 6

—jw—Jsecede

=Injsecd+tan 6|+ ¢

= In‘sec(tan‘1 X)+tan(tan ™ ) +c

2
EXAMPLE 1: | z°dz

Let

V1+ 22

Z=atan @ a=1

Z=tan® 0=tan"'z dz =sec? 0 do

jtan2 fsec’ 6do _jtan2 0 sec’ 0do

V1+tan? @ sece

= [tan® 0 secodd = [ (sec* 6 -1) sec6do

- 'sec39d9—jsec9d9

= [sec® 9d6—Injsecd + tan 6] + ¢
= Isec3 0do = J'sec2 fsecodo

u=secd du =secftanddé@ dv=sec’> 9do v=tan@
1 1
:Esecetane—iln\sece+ tan |+ c

J‘ 2dZ 1

V1+ 72

— In‘sec(tan‘1 z) +tan(tan ™ z)‘ +C

sec(tan z) tan(tan z)—%ln ‘sec(tan z) + tan(tan )‘

16
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us =9y u=3y=atané 3y=4tan @
4 1,3 4
=—tan@ 0 =tan " (— dy=—sec @ d@
y=3 (4y) y=3
gseczﬁ gseczé?
dé = do
jx/16+16tan29 J‘4f\/1+tan2€
1j'secé’dé’:
3
1 13 13
=_Injsec(tan " —y) + tan(tan " —y)|+C
3 ( 4y) ( 4y)

17

3
—y=tand
4y
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3. Partial fractions integration Aiy Jad) ) gl Jalsil)
¥y .1
m
ﬁ#éﬁdx if m>n
V7 (x)
C(x)

V™(x) UM

Used S o
o

jwdx=j(c:(x)+i)dx

V" (x) V (X)
e xdx .
EXAMPLE 1: —
‘14X l+x -
-1 FxFl
(L+-—=)dx
1+ X —1
dx — i
1+Xx

x—Infl+x+c

18
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EXAMPLE 2:

EXAMPLE 3:

EXAMPLE 4:

3
li—dx
I x-1

3 2

Kx2+x+1+—3;0dx
. x—-1

Z—+§—+x+ln\x—u+c
3 2

jan4xdx

U=tan*x = du=

dv=xdx =—=v=

Iudv:uv—jvdu

dx

1+ x?

2

2
X
:IXMn4xdx:ETMn4x—

=1XZMH4X—1I
2 2

:EXZMn4x—lj
2 2

X2

1+ x?

a+

dx

-1

1+ X

2

:X%R+dex+jdx+jf¥i

zi dx
2 1+ %2

) dx

1y tan‘lx—l(x—tan‘1 X) +C
2 2

c3X+ 2
7 3x-1

dx

3
3x-1

3
3x-1

:a+

) dx

dx

:dx+J

19

1+x° -

3x-1] 3542

Fixtl

[
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X+ In[3x-1+c

J‘de
V(x)

IfV(x)=(x+a)(x+b(x+c)(x+E)........

U(x) _ U (x)
V(X) (x+a)(x+b)(x+c)(x+E)

u)__ A B C D
V(X)) (x+a) (x+b) (x+¢) (x+E)

If V (x) = (x? + @) (X2 +b) (x? +C).......

U(x) _ U (x) _
V(X) (x2+a)(x>+b)(x®+c)

U(x)_Ax+B+Cx+D+Ex+f
V(X)) (x*+a) (x2+b) (x*+c)

If V(x)=(x+a)"

u) __ A B Z

= + +
(x+a)" (x+a) (x+a) (x+a)"

20
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And last step must be find the values of A,B,C------ and etc.

Evaluate
1 J2)2(+9 :J- 2X+9 dx:j( A N B ) dx
X“—9 (x=3)(x+3) (x-3) (x+3)
2x+9 A B

o=t
X“-=9 (x=3) (x+3)

2x+9  A(x+3)+B(x-3)
(x+3)(x-3)  (x=3)(x+3)

2X+9= Ax+3A+Bx—-3B
2X+9= Ax+Bx+3A-3B
2x=(A+B)x
9=3(A-B)

A+B=2

A-B=3

21
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A B
:I((x—3)+(x+3))dx

(612 (-1/2)
_I((x—3)+ x13)

=g|n\(x—3)\ —%In\(x+3)\ e

dx A B
2'Jx“—lzj(x—l)dx+j(x+1)dx+

J‘CX+D

dx
x2 +1

(x* =8 =(x-D(x+1)(x* +1)

1 A B Cx+D
44 + T2
Xx"—=1 x-1 x+1 x°+1

1 AKX+ (X +D) +B(x =1 (X* +D) + (Cx+ D) ((x =D (x+1)
(X-D(x+D)(x® +1) (X =1 (x+1)(x* +1)
1=A(X+1)(x* +1) + B(x—1)(x* +1) + (Cx + D) (x —1) (x + 1)

1= A + AX + Ax® + A+ Bx® —Bx—B—Bx* +Cx®* —Cx+Dx?* —-D
x> A+B+C=0
x> A-B+D=0
X A-B-C=0
il A-B-D=1

Al i A al) i s

22
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From —liczx:l
x—1

AX+1)(x? +1) =1 — AQ+D(@A+D)=1 4A=1

A=
4

—— =x=-1
B(x-1(x*+1) =1
B(-1-)(+1)=1 = B:—%

CYaleall A B, A (g

——-—+C=0
4 4
C=0
And
11 pa
4 4
p-1i_,-_1
2 2
f ?(dx:J A dx+j B cm+jC€+Ddx
X" -1 (x-1) (x+1) X +1
J- 1/4 J-—1/4 dx+J_21/2 dx
(x — D (x+1) X< +1
J- 1/4 +J-—1/4 dx+j_21/2 dx
(x — D (x+1) X< +1

:%mV—ﬂ—%mv+ﬂ—%wn4x+c

23
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7) A&y 4k
L e )50 J1 e o) sind Alla b Ay Sl o3 205

Let sin X =

1+ 72
(1-2%)%+(22)? = (1+2?)?
1-22% + 7% + 47 =1+22% + 7*
1+472 -272 + 2% =1+22% + 74

1+22%2 + 7% =1+272% +7*

. 1-7°2 1 1+ 72
sin X = 5 COSX = > SeCX =—— Secx = 5
1+7z 1+z COS X 1-z
1+ 27 27 1-2°
CSCX = tan x = 5 cotx =
22 1-z 27
X
z=tan—
2
tantz=2
2dz
dx = 5
1+z

24
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EXAMPLE 1:

EXAMPLE 2:

2dz
J dx :j 1+ 2°
1+sinx 14 222
1+z2

2
_J- 27/1+12 dz

1+ 2%+ 2z
1+ z°
:J- 2dz :J 2dz
1+2%+2z “72°+2z+1

_J‘ 2dz _I 2dz
@+ (z+) (2412

2dz )
:-[(z+1)(z+1) =[2(z+1)?dz
=2[ (z+1)?dz

(z+1)™
-1

2 +C

tan X +1)71
2—( 21) +

C

dx )
- sin X =
1+ sin X+ CcoSX 1+7z

—_—

2dz

:I 1+7°
2z 1-7°
1+ 5>+ 5
1+z 1+7z

25
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- 22/1+ 2°
1+ 2% +2z+(1-2%)
1+ z?)
2711+ 72
:j > 5 dz
1+z°+2z2+1-2°)
1+ 2%)
—I 2dz =In2+2z|+¢c
2+22
=In‘2+2tan§‘+c
2dz
dx 14 72
EXAMPLE3: | = [5=t2
' sinX + tan x 22 27
+
1+2%2 1-7°
2dz
:.[ 1+2°

22(1-2%) +2z(1+ %)
A+ z%)(1-2%)

2dz

:I 1+7
27 -22° +27+ 278
1+ z%)(1-2%)

—I 2dZ I(l Z)d

1- 72

26
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2

1 1z
==Inlz|-=—+c
2 22
1
:Eln‘tan X - (tan %)% +¢
1-2z% 2dz
. cosxdx _ r14+721+7°
EXAMPLE 4: jl_cosx = -
1- 2
1+z2
2(1-z%)dz ?)dz
I (l+z) J- 2(1- z)
1+2%-1+7° 27° (1+z)

1+ z%)

)dz

=IidZ=I(Az+B+Cz+d

22 (1+12°%) z? 1+2°

27
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EXAMPLE :

EXAMPLE:

A dl) 48 )

e A1 Sy ALl (3l S Jal s A 13)

J‘ dx

X @+ x)
_[_2ydy _  2dy
_Iy(1+y) I1+y

=2
Jl+y
=2Infl+y|+c

=2mp+Jﬂ+c

X dx
J'1+x/_

y*2ydy
I 1+y

_ [ 2y’dy
_I1+y

=j(2y2——2y4—2+ _Zdy)dy
1+y

2y° 2y
=— +2 2Inl+vy/+c
3~ o T2y—2inf+yl

28

o o
y=~x

x=y’
dx=2ydy

O o

I+ |

B3 pa |k

L IR
L

I+

[

—

=t
+I1
(2]
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3
2(5) —x+2&—2|n\1+&\+c

EXAMPLE: [ [ -
y“+5y+4 " (y-4(y-1)

A B
. d
j(y_4+y+l) y

i a5 Jal AL

xdx I xdx .[ A B

EXAMPLE: j - - +
X2 +4x+3 Y (X+D(x+3) Y x+1 x+3

) dx

i al g Jall AL

29
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foal) Jlas) 48y b
x% =1 Jalae ax? + bx + ¢ Addad ¢Say J) sl (S 13)
(3)2 ol z sl 7 iy Chual a(X2+EX+E)
2a T2 a a
dx
EXAMPLE1: [—————
X+ 2X+2
J dx :J- dx
X2 +2x+1-1+2 Y (x+D%+1
=tan " (x+1)+cC
EXAMPLE2:  [—— % [
2X°+2x+1 T 2(x°+x+3)

_J‘ dx
20X +x+1-1+1)

30
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EXAMPLE 3:

EXAMPLE 4:

EXAMPLE 5:

X+ 1 1
:l%tan‘l( . 2)+c =—tan
22 % a

J‘ dx _ J‘ dx
Vx2—2x-8 x*—2x+1-1-8
_ J- dx

Jx2 —2x+1-9

:j dX
Jx-1)% - (3)°

=cosh™® (XT_l) +C

J' dx :J' dx

U2 42x+2 X2+ 2x+1-1+2

:J' dx :J‘ dx
JE+2x+1 —1+2 7 (x+1)? +1

du )
=I =sinhtu+c
u? +

5

=sinh*(x+1) +c¢

el Iy el v e

31

U
1= +c

a
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EXAMPLE 6:

dx

:JJ—QZ—2X+L4):JJ—KX—DZ—Q

=sin*(x-1)+c

:JL
J1-(x=1)?

cos x dx cos x dx

J.\/4—c032x I\/4 (1-sin® x)
J cosxdx (w)
V3+sin® x

32

u’ =sin’ x
u=sinx

du=cosxdx



