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Chapter six 

Methods of integration  

 طرق انتكبمم 

1. Integration by parts       انتكبمم ببنتجزئة  

  ذثُى هزِ انطشٌقح عهى قاعذج يشرقح حاصم ضشب دانرٍٍ

 

 

 

احدهما  نلجا الى هذه الطرٌقة اذا لم نتمكن من الحل بالطرق السابقة وتمكنا من تجزئة السؤال الى جزئٌن

الذي ٌفترض ان  قابل للتكامل والاخر قابل للاشتقاق. حٌث ٌجب ان نحصل على 

 ٌكون ابسط من صٌغة التكامل الاول فً السؤال.

  كيفية يتم اختيار 

   : اذا كان السؤال ٌحتوي على الحالة الاولى .1

1. Ln 

2. invers 

 ثم نشتقها والباقً ٌكامل والمشتقة غٌر متوفرة عندها نختار 

Find the integration  

Evaluate  

EXAMPLE 1:  
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EXAMPLE 2:  

 

 

 

 

EXAMPLE 3:  

 

 

 

 

EXAMPLE 4:  

 

 

 

 

 dxxx
x

2

1
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2

cxx
x

 2
2
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2
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x

dx
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 dxxxcos
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  vduvuudv

  dxxxxdxxx sinsincos

cxxx  cossin


 dxx1sin
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x
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duxu 


 

2

1

1
sin
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


 

2

11

1
sinsin

x

dx
xxxdxx


  dxxxxx 2/121 )1(sin
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EXAMPLE 5:  

 

 

 

 

 

او دانح يعكىسح َخراسانذانح انرً ارا ذى اشرقاقها نعذج يشاخ انى اٌ ذصم انى  ارا نى ذحرىي انذانح عهى 2. 

 ايا انثاقً فهً   انصفش هً 

EXAMPLE 1:  

EXAMPLE 1:  

 

 

 

 

H.W  

1.  


  dxxxxx 2/121 )1(2

2

1
sin

c
x

xx 


 

2/1

)1(

2

1
sin

2/12
1


 dxx1tan
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x
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
 

2

1

1
tan
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


 

2

1

1
tan

x

dx
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cxxx   21 1ln
2

1
tan
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udv

cedxex xx 
22

2

1

 dxex x

xx evdxedvdxduxu 

  vduvuudv

 dxeex xx

ceex xx 

ceexexdxex xxxx  

 2222
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2.  

وهُانك دانح ذحراج انى عذد يٍ الاشرقاقاخ نكً  invers و طشٌقح انجذول: ارا نى ذحرىي عهى  .3

 ذصم انى انصفش

EXAMPLE 1:  

    

 

EXAMPLE 2:  

    

 

 

 

EXAMPLE 3:    

   

 

 

 

EXAMPLE 4:  

 

 dxxx 2sin

ln

dxxx cos

cxxxdxxx  cossincos

dxex x


3

ceexexex xxxx  663 23

dxex x


23

ceexexex xxxx 
16
62

8
622

4
323

2
1

dxxex



ceex xx 

 انركايم انًركشس  الاشرقاق انًركشس

  

1  

0  

   

  

  

  

  

  

   

  

  

  

  

0  
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u dv
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x6 xe
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0 xe
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3x xe2

23x
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2
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4
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8
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16
1

u dv

x xe

1 xe
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 امثهة اخرى

 

EXAMPLE 1:  

 

  

 

 

 

 

 

 

 

 

EXAMPLE 2:  

 

 

 

xdxxdxx secsecsec 23

 

xvdxxdvdxxxduxu tansectansecsec 2 

  vduvuudv

  dxxxxxxdxx tansectantansecsec3

 dxxxxx sectantansec 2

  dxxxxx sec)1(sectansec 2

  dxxxxx )sec(sectansec 3

   dxxdxxxxdxx secsectansecsec 33

  dxxxxdxxdxx sectansecsecsec 33

cxxxxdxx   tanseclntansecsec2 3

cxxxxdxx  tanseclntansecsec
2
1

2
13

dxxex

 cos

xvdxxdvdxedueu xx sincos 

  vduvuudv

  dxexxedxxe xxx sinsincos



Dr. Mazin 

6 
 

To find  

 

 

 

 

 

 

 

EXAMPLE 3: 
 

Sol: 

    

 

 

 dxex xsin

xvdxxdvdxedueu xx cossin 

  dxexxedvu xx coscos

cdxxexexedxxe xxxx   ]coscos[sincos

cdxxexexedxxe xxxx   coscossincos
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c
xexe

dxxe
xx

x  2

cos

2

sin
cos

cxexe xx  )cossin(
2

1

dx
x

x


1

dxxx
 2/1)1(

cxxx  2/3

3
42/1 )1()1(2

   

 
 

 

1 
 

0 
 

   

 
 

 

1 
 

u dv

x 2/1)1(  x

2/1

)1( 2/1x

)2/1()2/3(

)1( 2/3x

u dv

x 2/1)1(  x

2/1

)1( 2/1x
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EXAMPLE 4: 
 

 

 

 

 

 

EXAMPLE 5:  

 

 

 

 

EXAMPLE6:  
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x
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
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
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3
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EXAMPLE 7:  

 

 

 

 

 

 

 

 

 

 

EXAMPLE 8:  
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a
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1
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EXAMPLE 9:  

 

 

 

 

 

 

 

 

 

 
 

 Or  

  

 

 

 

EXAMPLE 10:  

 

  vduvuudv

  dxxeexexx xxx 2
222

2
1

2
122

ceex xx 
22

2
1

2
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xvdxxdvdxxduxu sincos22 

  vduvuudv

  dxxxxxdxxx 2sinsincos 22

  dxxxxxdxxx sin2sincos 22

  duvuvdxxxsin

xvdxxdvdxduxu cossin 

  dxxxxdxxx coscossin

cxxx  sincos

cxxxxxdxxx  ]sincos[2sincos 22

cxxxxx  sin2cos2sin2

cxxxxx  sin2cos2sin2


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x
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
 

2

1
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2
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2  
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u dv
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(1) Trigonometric substitution integration  انتعويض ببستخداو اندوال انمثهثية 

If we have 

 Special case     

 Special case     

 Special case     

 

Case 1        انرانٍح انصىس ٌاخز   شكم الاوني انحبنة فً

a.  

b.  

c.  

Let        

And used    

EXAMPLE: 
   

  

Let    

  vduvuudv




  dx
x

xxxdxx
2
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2
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
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c
x

xx 


 

2/1
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4

1
)2(sin

2/12
1

cxxx   2/121 )41(
2

1
)2(sin

22 ua  1a
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22 ua  1a
21 u

22 au  1a 12 u

22 ua 
22 ua 

22 ua 
nua )( 22 

sinau  sin
a

u
a
u1sin   dadu cos

 22 cossin1 




dx
x

x
21 222

22

1

1

xux
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


x1sin 





sin

sin





x

ax
 ddx cos
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EXAMPLE: 
  

    

or
  

Let     

 

 

 

 

 

EXAMPLE: 
  

  

Let      




 



d

2sin1

cossin

 



d
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cossin

 



d

cos

sin

c cosln
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



dxxxdx

x
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2
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2

1

1

c
x





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2

1 2/12




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



x
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


 



d

2sin1

cossin

 



d

cos

cossin

cd    cossin

cx   )cos(sin 1

cx
x

dx







1

2
sin

1





sin

sin





x

ax
 ddx cos x1sin 
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Prove    
  

  

Let      

 

 

 

 

 

EXAMPEL: 
  

  

Let      

 

 




 



d

2sin1

cos

 



d

cos

cos

cd   

cx  1sin

c
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dx
a
x 






1

22
sin

 sinsin 
a
xax  dadx cos

a
x1sin 




 



d
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a

222 sin

cos




 



d

a

a

)sin1(

cos

22

  cdd
a

a






)cos

cos

22

c
a
x  1sin

  dxx21

sinx  ddx cos x1sin 

 dcossin1 2

 

 dcoscos
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EXAMPLE 1:  

 

 

 

 

 

  

   

 

 

 

 d
2cos

   d)2cos
2

1

2

1
(

c  2sin
4

1

2

1

cxx   )(sin2sin
4

1
sin

2

1 11


 dxxx 1sin

2/
1

sin 2

2

1 xvdxxdv
x

dx
duxu 


 

  vduvuudv




 

2

2
1

2

12
sin

2 x

dxx
x

x




 

2

21
2

12

1
sin

2 x

dx
xx

x

 




 xaax
x

dxx 1

2

2

sin1sin
1

 ddx cos

 


 



d

d 2

2

2

sin
sin1

cossin

cx   )sin2sin(
4

1

2

1 1

cxxxxdxxx  

 )]sin2sin(
4

1
sin

2

1
[

2

1
sin

2

1
sin 11121
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Case (2)         انثبنية انحبنة  

a.   

b.  

c.  

Let      
 

And used    

EXAMPLE 1: 
  

(2)  Let     

       

 

 

 

 

22 au 

22 au 
nau )( 22 

secau 
a
u1sec  dadu tansec

 22 tan1sec 

cx
x

dx







1

2
cosh

1

secax  1a

secx x1sec  ddx tansec

 






d

d
sec

1sec

tansec

2

c  tansecln

cxx   )tan(sec)sec(secln 11
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EXAMPLE 2: 
  

  Let      

     

 

    

 

 
 

 

 

 

Case (3)         انثبنثة انحبنة  

a.   

b.  

c.  

Let      
 

And used    

EXAMPLE 1: 
  

(2)  Let     

       





 222 )3()5(925 t

dt

t

dt

22 25tu  22 )3(a

sec5 atu  3a

sec35 t

sec
5
3t t

3
51sec

 ddt tansec
5
3





 1sec3

tansec

9sec9

tansec

2

5
3

2

5
3







 dd

  cd  tansecln
5

1
sec

5

1

ctt   ))(tan(sec))(sec(secln
5

1
3
51

3
51

22 ua 

22 ua 
nua )( 22 

tanau 
a
u1tan   dadu 2sec

 22 sectan1 

c
x

dx x 




 2

1

2
cosh

4

tanax  2a

tan2x
2

1tan x  ddx 2sec2
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EXAMPLE 1: 
  

Let     

      

 

 

 

 

 

       

 

 

 





 






2

2

2

2

tan12

sec2

tan44

sec2 dd

  



d

d
sec

sec

sec2

c  tansecln

cxx   )tan(tan)sec(tanln
2

1

2

1


 2

2

1 z

dzz

tanaz  1a

tanz z1tan   ddz 2sec

 
 







sec

sectan

tan1

sectan 22

2

22 dd

   dd sec)1(secsectan 22

   dd secsec3

  cd  tanseclnsec3

   dd secsecsec 23

 tansectansecsec 2  vddvdduu

c  tansecln
2

1
tansec

2

1

)tan(tan)sec(tanln
2

1
)tan(tan)sec(tan

2

1

1

1111

2

2

zzzz
z

dzz  




czz   )tan(tan)sec(tanln 11
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EXAMPLE 2:  

   

      

    

 

 

 

 

 

 

 

 

 

 

 

 

 

 


 2916 y

dy

162 a 4a

22 9yu  tan3 ayu  tan43 y tan
4

3
y

tan
3

4
y )

4

3
(tan 1 y  ddy 2sec

3

4











dd 




 2

2

2

2

tan14

sec
3

4

tan1616

sec
3

4

  dsec
3

1

cyy   )
4

3
tan(tan)

4

3
sec(tanln

3

1 11
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3. Partial fractions integration      انتكبمم ببنكسورانجزيئية 

 اولا .1

 

 

 

Used  

 

 

 

 

EXAMPLE 1: 

 

 

 

  

nmdx
xV

xU
n

m

 if
)(

)(

   dx
xV

a
xCdx

xV

xU
n

m

)
)(

)((
)(

)(

  x

dxx

1

dx
x

)
1

1
1( 




 


x

dx
dx

1

cxx  1ln
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EXAMPLE 2: 

 

 

 

 
 

EXAMPLE 3: 

 

 

 

 

 

 

 

 
 

EXAMPLE 4: 
 

 

 

dx
x

x
 1

3

dx
x

xx )
1

1
1( 2

 


 


1

2

x

dx
dxdxxdxx

cxx
xx

 1ln
23

23


 dxxx 1tan

2

1

1
tan

x

dx
duxu


 

2

2x
vdxxdv 

  duvuvdvu




 

2

2
1

2
1

12
tan

2
tan

x

dxx
x

x
dxxx

dx
x

x
xx 


 

2

2
12

12

1
tan

2

1

dx
x

xx 



  )

1

1
1(

2

1
tan

2

1
2

12

cxxxx   )tan(
2

1
tan

2

1 112

dx
x

x
 



13

23

dx
x

)
13

3
1( 


  
 dx

x
dx

13

3
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 ثبنيب

 

If  

 

 

If  

 

 

If  

 

cxx  13ln

 dx
xV

xU

)(

)(

)........()(()()( ExcxbxaxxV 

)()()()(

)(

)(

)(

Excxbxax

xU

xV

xU




)()()()()(

)(

Ex

D
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C
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B
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A
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











).......()()()( 222 cxbxaxxV 
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
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)(

)(

)(
222 cxbxax
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)(
222 cx

fEx

bx
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ax
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xV
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














naxxV )()( 

nn ax

Z

ax

B

ax

A

ax

xU

)()()()(

)(



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





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And last step must be find the values of A,B,C------and  etc. 

 

Evaluate  

1.  

 

 

 

 

 

 

 

 

 

 

 

 

 

dx
x

B

x

A
dx

xx

x
dx

x

x
)

)3()3(
(

)3()3(

92

9

92
2  














)3()3(9

92
2 









x

B

x

A

x

x

)3()3(

)3()3(

)3()3(

92










xx

xBxA

xx

x

BBxAAxx 3392 

BABxAxx 3392 

xBAx )(2 

)(39 BA

2BA

3 BA

52 A

2
5A

2
2
5  B

2
52 B

2
1B
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2.  

 

 

 
 

 

 

 

 

انثىاتد   

 َعىض فً انقٍى انرً ذصفش انًقاو

dx
x

B

x

A
)

)3()3(
( 






dx
xx

)
)3(

)2/1(

)3(

)2/5(
( 







cxx  )3(ln
2

1
)3(ln

2

5

  












dx

x

DCx
dx

x

B
dx

x

A

x

dx

1)1()1(1 24

)1()1()1()4( 24  xxxx

1111

1
24 










 x

DCx

x

B

x

A

x

)1()1()1(

)1()1(()()1()1()1()1(

)1()1()1(

1
2

22

2 




 xxx

xxDCxxxBxxA

xxx

)1()1()()1()1()1()1(1 22  xxDCxxxBxxA

DDxCxCxBxBBxBxAAxAxAx  2323231

03  CBAx

02  DBAx

0 CBAx

1 DBA
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From    

 

 

 

 

 

 فً انًعادلاخ A , Bَعىض 

 

 

And  

 

 

 

 

 

 

 

1
1




x
x

A

141)11()11(1)1()1( 2  AAxxA

4

1
A

1
1




x
x

B

1)1()1( 2  xxB

4

1
1)11()11(  BB

0
4

1

4

1
 C

0C

1
4

1

4

1



 D

2

1
1

2

1
D

  












dx

x

DCx
dx

x

B
dx

x

A
dx

x

dx

1)1()1(1 24

  











 dx

x
dx

x
dx

x 1

2/1

)1(

4/1

)1(

4/1
2

  











 dx

x
dx

x
dx

x 1

2/1

)1(

4/1

)1(

4/1
2

cxxx  1tan
2

1
1ln

4

1
1ln

4

1
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 ( zطريقة )

 ذسرخذو هزِ انطشٌقح فً حانح احرىاء انسؤال دوال يثهثٍح فقظ

Let  

 

 

 

 

    

   

 

 

 

21

2
sin

z

z
x




22222 )1()2()1( zzz 

42242 21421 zzzzz 

42422 21241 zzzzz 

4242 2121 zzzz 

21

2
sin

z

z
x




2

2

1

1
cos

z

z
x






x
x

cos

1
sec 

2

2

1

1
sec

z

z
x






z

z
x

2

1
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2


21

2
tan

z

z
x




z

z
x

2

1
cot

2


2
tan

x
z 

2
tan 1 x

z 

21

2

z

dz
dx



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EXAMPLE 1:  

    

 

 

 

 

 

 

EXAMPLE 2:     

    









2

2

1

2
1

1

2

sin1

z

z
z

dz

x

dx

dz

z

zz

zz









2

2

2

1

21

1/2








12

2

21

2
22 zz

dz

zz

dz








2)1(

2

)1()1(

2

z

dz

zz

dz





 dzz

zz

dz 2)1(2
)1()1(

2


 dzz 2)1(2

c
z




 

1

)1(
2

1

c
x




 

1

)1(tan
2

1

2

  xx

dx

cossin1 21

2
sin

z

z
x




2

2

1

1
cos

z

z
x


















2

2

2

2

1

1

1

2
1

1

2

z

z

z

z

z

dz
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EXAMPLE 3:      

    

 

 

 

dz

z

zzz
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








)1(
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2

22

2

dz

z

zzz

zz





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2
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
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2
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





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2

1

2
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1

2
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



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z
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z
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1
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EXAMPLE 4:  
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2

1 2

cxx  2
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4
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
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 طريقة انفرضية

 ارا نى َسرطع انحم تكم انطشق انساتقح وكاَد انذانح يعقذج

EXAMPLE :  

    

    

    

    

 

EXAMPLE:  

    

    

    

    


 )1( xx

dx

 





y

dy

yy

dyy

1

2

)1(

2

 


y

dy

1
2

cy  1ln2

cx  1ln2


 x

dxx

1

 


y

dyyy

1

22

 


y
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1

2 3

dy
y

dy
yy )

1

2
222( 2

 



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 1ln22
2

2

3

2 23

 َفشض اٌ

 

 

 

 

 َفشض اٌ
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EXAMPLE:  

    

 ذكًهح انحم واجة تٍرً

 

 

EXAMPLE:  

    

 ذكًهح انحم واجة تٍرً

 

 

 

 

 

 

 

 

 

 

 

cxxx
x
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)(2 3

 
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 طريقة اكمبل انمربع

 يعايم    لايمكن تحهيههارا كاٌ انسؤال 

  أي اٌ  َضٍف وَطشح َصف  

EXAMPLE 1:  

    

    

EXAMPLE 2:  

    

    

    

cbxax 2
12 x

)( 2

a

c
x

a

b
xa 

2

x2)
2

(
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b


 222 xx
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
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2
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EXAMPLE 3:  

    

 

    

EXAMPLE 4:  

    

 

 

EXAMPLE 5:  
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EXAMPLE 6:  
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