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(Algebraic properties of vectors)

Let u, v, and w are vectors in 2-or 3-space and k and c are scalars (real numbers), then the

following relationships holds.

A) Addition properties:

a) u+v=v+u (Commutative).

b) (u+vVv)+w=u+ (v+w) (Associative).
c)u+0=0+u=u (Additive identity).

d) u + (-u) = 0 (Additive inverse).

B) Scalar multiplication properties:

e) k(cu) = (kc)u (Associative property).

f) k (u +v) = ku + kv (Distributive property).
g) (k + c) u = ku + cu (Distributive property).
h) 1u =u (Multiplicative identity).

Proof of part (b): (u+vVv)+w=u+ (v+w). (Analytic).

If u, v, and w are three vectors in 3-space such that u=<us, Uz, Us>, v=<vi, V2, V3> and w=<wy,

wo, Ws3>, then:

(U +V) +w = [<ug, Uz, us> + <vi, vz, Vs> ] + <wi, wa, ws>
= <U1+ V1, U2 + V2, U3 + V3> + <wi, W2, W3>
= < (U + Vi) + Wi, (U2 + Vo) + Wo, (Us + V3) + W3>
= <up+ (vi+wi), U2+ (V2 + W), Uz + (V3 + wz)>
= <Ug, Uz, Us> + < (V1 + w1), (V2 + W2), (V3 + W3)>

=u+(v+w).
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Similarly, for the proof in 2-space.

Now we shall proof this part geometrically.

If the vectors u, v, and w are represented by ?d OR, and RS as shown in (figure 19), then:
v+w= QS andu + (V+w)= PS, (Vector addition).
u+v=PR and (u+v)+w= PS, (Vector addition).

Thus,u+ (v+w)=(u+v)+w.

Figure 19

The vectors u + (v + w) and (u + v) + w are equal.

In figure 19, we note that the symbol u + v + w is clear since the same sum is obtained no
matter where parentheses are inserted and if the vectors u, v and w are placed “tail-to-tip” then
the sum u + v + w is the vector from the initial point of u to the terminal point of w.

Magnitude (length) or norm of a vector in 3-space:

How to visualize the norm geometrically in 3-space?

Previously we defined the magnitude or norm of the vector v in 2-space that is denoted by ||v]||
and we said the same method would be to define the magnitude of the vector in 3-space and for
higher- dimensional vector space.

If v = <vi, v, v3> is any vector in 3-space as shown in (figure 20). Using two application of the
theorem of Pythagoras, we obtain:
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IVII2 = (OR)? + (RPY? = (OQ)? + (0S)? + (RPY? = viZ + v + va?

Iv]l = \/(171)2 + (1) + (v3)2

P=(v1, V2, V3)
\Y
'l 3 S |-
77 > Y
/
/

Figure 20

We know if the magnitude (length) or norm of the vector equal 1, then the vector is called a
unit vector.

Note: If v is any nonzero vector, then for any scalar k, ||kv||= | k]| |[v]|=Kk][|v]|.
Let v=<vi, vo> is any vector in 2-space, then:

kv= k< v1, v2>= < kvy, kvo>;

Thus, ||kvl|=y/(kv,)? + (kv,)?

= \/kzvlz + k?v,2

:\/kz(vlz + v,2)
= |kl + v5?

= |kl vl

= kllvll.
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Example (12): If u=<4, 2, —4>, find the scalar k such that ||kv||= 6.
Solution:

kvl = kllvll=6, v=<4, 2, —4>

Ivi= V(9?2 + (22 + (-4)?

- J6+4+16

=36

=6 ey Ok =6 ——f k=1
Check: k||v||= 1(6)=6.

1
v is a unit vector. (Show that).

Example (13): If v is any nonzero vector, then
Proof:

1
The magnitude of a unit vector is 1, thus we must prove that the magnitude of —v is

vl
1
Wz =0

1
Since ﬂ is a scalar, then
\'"%

[Ivi=— fivii=1.

ML
”nvu VI vl

1
——V is a unit vector.

vl
Example (14): Find a unit vector that has the same direction as the vector v=<3, 4>,

Solution:

U= ﬂ v, Ivll=v(3)% + (4)?=5

1
U=-<3, 4>
5
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U= <, > the unit vector. (We can check that: [[U|= (5) +(z) =0

Note: If we want to find the unit vector that has the opposite direction for any vector like v, this
means finding the unit vector for the vector (—v).
Example (15): Find the unit vector that has the opposite direction of the vector v=<-4, 2, 4>,

(Homework).

Example (16): Find the unit vector of the vector v= <5, -2, 1> when the angle between these two
vectors is zero. (Homework).

The distance d between two points in 2-space or 3-space:

If P1= (X1, Y1, 1) and P2= (X2, Y2, Z2) are two points in 3-space as shown in (figure 21), then the
distance d between them is the norm (magnitude, length) of the vector P; P,, thus we must find
the coordinates of this vector, then determine its magnitude or norm (the distance), as follows:

P, Py = (X2— X1, Y2 — Y1, 22 — 72);

d= \/(Xz - x1)2+ (2 - y1)* + (22 - z)%

Similarly, for the vectors in 2-space, such that:

d=y(x; - %)% + (y2- y1)2,

when P1= (X1, Y1) and P2= (X2, y2) are two points in 2-space.

Zlk
o Po=(x2, y2, 22)
¢ P1= (X1, Y1, 1)
> Y
X
Figure 21

The distance between Pz and P> is the norm of P, P,
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Example (17): find the norm (magnitude) of the vector v= <4, -1, 2>, and find the distance d
between the points P1= (3, -2, 3) and P>= (5, -6, -5). (Homework).

Dot product of vectors:

Angle between vectors:

If u and v are two nonzero vectors in 2- or 3-space, and they have the same initial point, then
the angle between u and v is denoted by 6 and satisfies 0 < 6 < m, as shown in (figure 22).

% UITH AN 0
° , ) v
- v ) v v < v >
u 6
Acute angle Right angle Obtuse angle Straight angle Obtuse angle

Figure 22

The angle 6 between u and v satisfies0 < 6 <m

Definition (11): (dot product or Euclidean inner product of vectors):
If u and v are two nonzero vectors in 2- or 3-space(or R"-space) and 8 is the angle between
them, then the dot product or Euclidean inner product u . v is defined by:

_(llall [Iv]l cos@ifu # 0andv * 0.
4y {O ifu=0orv=0. e (1)

The result of u . vis a scalar.

Example (18): If u= <6, -2, -3>and v=<1, 1, 1>, then find u . v when the angle 8 between them
is 85°.
Solution:
u.v=|ull|lv]l cos8
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llull= /6% + (=2)2 + (-3)?

= Va9
Ivl=v1Z+12 + 12
=3
—  U.v=149v3cos85°
: 1
= 147\/%
=1

Example (19): Find the dot product of the vectors u= <0, 0, 1> and v= <0, 2, 2> if the angle 6
between them is 45°. (Homework).
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