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vector spaces:

Definition (1): Let V be an arbitrary nonempty set of objects on which two operations are defined,
addition and multiplication by scalars (hnumbers), that is If u, v, and w are vectors in V and k, ¢ are
any scalars in R, then if the addition of two vectors u + v (is called the sum of u and v) and the
scalar multiplication ku (is called the scalar multiple of u by k) are defined then we call V (the
set of vectors) or (V, @, ®) is a vector space if the following ten vector space axioms are satisfied.

The notations @ and ® for vector addition and scalar multiplication to distinguish these
operations from addition and multiplication of real numbers.

Five addition axioms:

1- Ifuandv are two vectors in V, then u +v € V (Closed under addition).

2- u+v=v+u (Commutative).

3- u+(v+w)=(u+v)+w (Associative).

4- 3 zero vector 0 (an addition identity) in V such that, forallueV, 0+ u=u+ 0=u.

5- VueV, 3 —u eV (the negative (or an additive inverse) of u) such that, u + (-u)= (-u) + u=
0.

Five scalar multiplication axioms:

6
7

If k is any scalar (k € R) and u € V, then ku € V (Closed under scalar multiplication).
k(u + v)= ku + kv (Distributive).

8- (k+ c)u=ku + cu.

9- (kc)u= k(cu)= c(ku).

10- 1u=u.

Note: Depending on the application, scalars may be real numbers or complex numbers. Vector
spaces in which the scalars are complex numbers are called complex vector spaces, and those in
which the scalars are real numbers are called real vector spaces, which are the subject of our study
at the present time.

Examples of vector spaces:

- R The set of real numbers.

- R? The set of all ordered pairs (or ordered 2-tuples) of real numbers (the vectors in the plane
(2-space)).

- R3The set of all ordered triple (ordered 3-tuples) of real numbers (the vectors in 3-space).

- " The set of all ordered n-tuples of real numbers.

- C" The set of all n-tuples of complex numbers.

- Pn The set of all polynomials of degree < n.

- M,,«n(R) The set of all mxn matrices.
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- Mn(R) The set of all nxn square matrices.
- CM[a, b] the set of all continuous functions defined on [a, b] that have at least k continuous

derivatives.

Example (1): Show that V= P, (the set of all real valued polynomials of degree < 2) and F= R
(real numbers) with standard definition and scalar multiplication, forms a vector space.

Solution (proof):

The vectors can be written in the form of polynomials with degree at most 2, as ao + aix + azx?
, Where az, a1, and ao € R. Let p(x) and g(x) are two polynomials € P,. At first we must show that
the vector addition p + q (polynomial addition) and scalar multiplication kp (multiplying a
polynomial by a scalar) are defined, where k is any scalar in R, and after that we show whether P2
is a vector space if and only if the five addition axioms and the five scalar multiplication are
satisfied.

Let p(x)= a0+ aix + azx? and q(x)= bo + bix +b2x? are two polynomials in P2, where ao, a1, az, bo,
b1, and b2 € R, and let k is any scalar € R, then

p(X) + q(x)=p + q(X)= (a0 + bo) + (a1 + b)x + (az + b2)x>.

Since, ap + bo, a1 + b1 and a, + b are scalars € R and the set of all real valued polynomials of
degree < 2, then p + g € P2 for all these scalars. (Closed under addition)

kp(X)= k(ao + a1x + axx?)= kao + kaix + kaox?.

Since, kao, ka1, and ka are scalars € R, then kp € P2. (Closed under scalar multiplication)

Now we must show whether the 10 axioms are satisfied.

The five addition axioms:

1) p+q € P2? We showed it above.
2) ptg=q+p?
P + 0= (a0 + bo) + (a1 + ba)x + (az + b2)x?
= (bo + ao) + (b1 + a1)x + (b2 + a2)x? (The addition operation is commutative).
=q+p.
3) If r(xX)=ro+rix + rx2 is any polynomial € P, then
(pta)+tr=p+(q+r)?
(p+q) +r=[(ao + bo) + (a1 + bo)x + (a2 + b2)X?] + ro+rix + rax?
= ((ao + bo) + ro) + (a1 + by) + r1) x + ((az + b2) +r2) X’
= (a0 + (bo + ro)) + (a1 + (b1 + r)) x + (az + (b2 +r2)) x? (Associative).
= ag + arX + axx? + [ (bo + ro) + (b1 + r1) X + (b2 +r2) X7
=pt(q+r).
4) 1f 0=do + dix + d2x? is a zero polynomial € P2 , such that do= d1= d>= 0, , then
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0+ p(x)=p?
0+ p= (0 + ao) + (0 + a1)x + (0 + az)x?
=ap+aX +az X
= p
5) If -p(X)= —ao — aix — axx? is any polynomial € P2, then
p(x) + (-p(x))= 0?
p(X) + (-p(X))= (a0 — ao) + (a1 — ar)x + (a2 — az)x*
= 0 zero polynomial.

Five scalar multiplication axioms:

6) Forall k € R and p(x) € P2, kp(x) € P.? We showed it above.
7) k(p +q)=kp + kg? (k is any scalare R)
k(p + )= k[(a0 + bo) + (a1 + b1)x + (a2 + b2)x’]
= k(ao + bo) + k(a1 + b1)x + k(az + b2)x?
= (kao + kbo) + (kay + kby)x + (kaz + kbo)x?
= (kao + kaix + kazx?) + (kbo + kbix + kbzx?)
=kp + kq.
8) If kand c are any scalars € R, then (k + ¢)p(x)= kp(x) + cp(x)?
(k + c)p(x)= (k + c)( a0+ aix + axx?)
= (k + c)ap + (k + c)aix + (k + c)axx?
= kap + Cap + kaix + caix + kazx? + cazx?
= (kao + kaix + kazx?) + (cao + caix + caxx?)
= kp(x) + cp(x).
9) (ke)p(x)= k(cp(x))?
(ke)p(x)= kc(ap + aix + axx?)
= k(cao + caix + caxx?)
= k(cp(x)).
10) 1p(x)=p(x)?
1p(x)= 1(ap + a1x + axx?)
= ap+aiX + ax?
= p(x).

The 10 axioms are satisfied, therefore P> is a vector space.

Example (2): Determine whether the set V of all vectors in R? (2-space) of the form [ﬁ] with the
usual definition of vector addition and scalar multiplication is a vector space.

Proof:

Let u= [i]: V= [;] and w= [;] are vectors € V, k and c are any scalars € R.
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u+ v= [i i i] € V. (Closed under addition)
ku= k[x]: [kx] € V. (Closed under scalar multiplication)
xl Llkx
1) u+veVasshown above.
Xty yt+x
2) utv= [x+y]_ y+x]_V+u'
xt+y zZ1_ [(x+y)+z]_ [x+ @ +2)]_[x y+z_
3) (u+v)+w= [x+y] * [Z]_ (x+y)+z]_ [x+(y+z) B [x] i y+Z]_U+(V+W)'
10 _[x+01_ X1
4) 1f 0= [O], then u + 0= [x L O]_ []=u.

5) Forevery u € V 3 —u, such that

u+(—-u)= [;C] + [:i]: [i : i]: [8]: 0 zero vector.

6) ku €V as shown above.
7 ku+v=kE V)= [:(x + y)]: ["" + ky]: [g] " [m: ku + kv.

x+y (x+y)l lkx+ky
8) (k+c)u=(k+ c)[i]: [gﬁ i ziﬂz [ll“; i Ei]: [lg] + [Eﬂ: ku + cu.

o v S (U0 el oon
10) 1u= 1[§]: [ﬁ]: u.
The 10 axioms are satisfied; therefore, V is a vector space.

Example (3): Show whether V= {[i] :x =20andy > 0} is a vector space.

Proof:
Let u= [xl] v= [xz] €V, such that x1, y1, X2 and y> > 0, then
yl ) yz i) ) ) — 1)

xl] N [xz]_ [xl + x,

+ vy= =
u+v [Y1 Yi+ Y2

¥, ] €V, because x; + x, and y; + y, = 0.

Therefore, V is closed under addition.

Let k any scalar € R, then

_ xl _ kxl - -
ku= k[yl]— [kyl] ¢ V, because kx,, ky, <0 when k is negative.

Therefore, V is not closed under multiplication by scalar, hence V is not a vector space.
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Example (4): Determine, whether the set S of all 2-nd degree polynomials

(degree only 2), is a vector space.
Proof:

Let p(x)= ap + a1x + axx? and g(x)= bo + b1x +b2x? are two polynomials in P2, where ao, a1, az, bo,
b1, and b2 € R, then

P(X) + q(X)=p + q(X)= (a0 + bo) + (a1 + ba)x + (az + b2)x

Since, aop + bo, a1 + by and ax + b, are scalars € R and S is the set of all real valued polynomials
of second degree, then p + q & P2 for all these scalars because, if a= —b, then we obtain a
polynomial that is not from the second degree but, from the first degree, therefore, the set S is not
Closed under addition, hence S is not a vector space.

For example: If p(x)= 2x% + x + 5 and q(x)= —2x? + 3x — 7 are two polynomials in S, then
P(X) + q(X)=2x* + X + 5 + (—2x* + 3x — 7)

=4x-2¢S.

a

Example (5): Let M= {lbl € R3:(a—b)c = 0}, find two nonzero elements (vectors) of M and
c

show M is not closed under vector addition.

Solution:

1 1
Letu=[1],v=12
1 0

4

Therefore, M is not closed under vector addition.

are two vectors in M, such that (1—1)1= 0 and (1—2)0=0.

¢ M, since (2-3)1= -1+ 0

2
3
1

X1
Example (6): Let S= {x = [xz
X3
whether S is not a vector space.

€ R3:2x; — 3x3 + 4x2 = 0¢, find nonzero vectors of Sto show

Solution:

4 -2
Let u= [2] and v= [ O] € S, such that
2 1
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2(4) — 3(2)* + 4(2)*= 0 and 2(=2) — 3(0)° + 4(1)%= 0

4 -2 2
u+v= [2] + [ 0 ]: [2 & M, since 2(2) — 3(2)% + 4(3)?>= 16= 0.
2 1 3

Therefore, S is not closed under vector addition, hence S is not a vector space.

X1
Example (7): Let S= {x = [xz
X3
S is not closed under multiplication by scalar. (Homework).

€ R3:2x; — 3x3 + 4x2 = 0¢, find nonzero vector of Sto show

Example (8): If V the set of all vectors of the form [;] in R? (2-space or xy-plane), such that xy=0,

find nonzero vector of V to show whether V is a vector space. (Homework).

Example (9): Show that the set V of all 2x2 matrices with real entries is a vector space if addition
is defined to be matrix addition and scalar multiplication is defined to be matrix scalar
multiplication. (Homework).

Example (10): Show that R" is a vector space. (Homework).

Subspaces:

Definition (2): A subset W of a vector space V is called a subspace of V if W is itself a vector
space under the addition and scalar multiplication defined on V.

Theorem (11): If W is a set of one or more vectors from a vector space V, then W is a subspace of
V if and only if the following conditions holds.

a) Ifuandv are vectorsin W, thenu+v e W.
b) Ifkisanyscalar € R and u is any vector € W, then ku € W.

That means the subset W is closed under addition and closed under scalar multiplication.

Example (11): Let W be the subset of a vector space V, which is consist of all 2x3 matrices of the

form [g IZ 2] where a, b, ¢, and d € R, prove that W is a subspace of V.
Proof:
1) Letu=|% by O] and v= %2 D2 O] are any two vectors in W, then we must show
0 ¢ dy 0 ¢, d,

thatu+veWw.

U+ ye a,+a, by+b, 0+O]:[a1-(l)-a2 b, + b, 0

040 ¢ +c, di+d, ¢ +c, ditdy)
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Since, a; +a,, by + by, ¢ + c,, and d,+d, are scalars € R and the

vector form resulting from the sum of the two vectors in W has the same form as the vectors in W.
Therefore, u + v € W, hence, W is closed under addition.
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2) Letkisany scalar € R and u € W, then we must show that ku € W.

a, b ka, kb; 017
ku= k[ €1 d] [ ke,  kdqil

Since, ka,, kby, kcy, and kd, are scalars € R and the vector form resulting from the
multiplication of the vector in W by scalar has the same form as the vectors in W, then ku € W.
Thus, W is closed under scalar multiplication. Hence, W is a subspace of V.

Example (12): Let S be the subset of R3, which is consisting from all the vectors of the form <a,
b, 1>, where a, b € R, show whether the subset S is a subspace of R®.

Or: S={<a, b, 1>€ R3qa,b,e R}
Proof:

1) Letu=<ay, b1, 1> and v=<ay, bz, 1> € S, then we must show thatu + v € S.
U+ v=<ai, by, 1> + <ap, by, 1>=<ay + az, by + by, 2>
ar +az and by + b, € R, but the vector form resulting from the sum of the two vectors in S
does not have the same form as the vectors in S, because the third component is not equal to
1,thusu + v ¢ S, therefore, S is not closed under addition.
Hence, S is not a subspace of R®.
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