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CH. 5: Integration

5.1 Area and Estimation with Finite Sums

The definite integral is the key tool in calculus for defining and calculating
quantities important to mathematics and science, such as areas, volumes, lengths
of curved paths, probabilities, and the weights of various objects, just to mention a
few. The idea behind the integral is that we can effectively compute such
quantities by breaking them into small pieces and then summing the contributions
from each piece. We then consider what happens when more and more, smaller
and smaller pieces are taken in the summation process. Finally, if the number of
terms contributing to the sum approaches infinity and we take the limit of these
sums in the way described in Section 5.3, the result is a definite integral.

Area

Suppose we want to find the area of the shaded
region R that lies above the x-axis, below the
graph of f(x) = 4 — x2%, and between the vertical o
lines x = 0 and x = 2 (Figure 5.1). Unfortunately,

there is no simple geometric formula for R
calculating the areas of general shapes having L '2
curved boundaries like the region R. How, then, 0

can we find the area of R? Figure 5.1 The area of the region R

cannot be found by a simple formula.

Ex. Use finite approximation to estimate the area under the graph of the
function f(x) =4 — x? between x =0 and x = 2 using:

a. a lower sum.with four rectangles of equal width.
b. an upper sum with four rectangles of equal width.

c. the midpoint rule with four rectangles of equal width.

=4-——:_
2 4 4

Sol. (a)(See Figure 5.2) f G) =4 — (1)2 1 15

fF(D=4—(1)2=4—-1=3

(@)= 4- @ -a-3-3
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Figure 5.2 The area by using a lower sum with four
rectangles of equal width.

The total area of the rectangles

R S T R T CARRs
35+ 2) =0+ 2)=3() =2 a2s
(b) (See Figure 5.3) f(0) = 4, f(%) =1TS’ f(1) =3, f(%) =£

f(x) = 4 — x?

| .
0) 1 1 3 2

2 2
Figure 5.3 The area by using an upper
sum with four rectangles of equal width.

The upper sum is
Ama-lylilyg 1 Tl 10y 15,5, 7)
2 4 2 2 4 2 2 4 4

“10+3)=10+5) 1) == o

2 2\ 2 4
So, the area of the region R is A where 4.25 < A < 6.25

1 _ 63

(c)(_See Fiqure 5.3) f G) =4 — G)Z =4——=—
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Figure 5.4 The area by using the midpoint rule sum
with four rectangles of equal width.

The estimating sum of the areais

63 1 5 1 39 1 15 1 1
Az_._ —_— _._+_._=_
16 2 16 2 16 2 16 2 2

1

— (63 + 55 + 39 + 15)

172 43

— =" 5.

= 5.375
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Exercises 5.1:

Use finite approximations to estimate the area under the graph of the
function using:

a. a lower sum with four rectangles of equal width.

b. an upper sum with four rectangles of equal width.

c. the midpoint rule with four rectangles of equal width.

1.f(x) = x* between x =0 and x = 1.

7 15 21
Answer: a) ol b) ol c) ”

1
2.f(x) = p between x =1 and x = 5.

77 25 496
Answer: a) e b) o c) pop

3.f(x) = 4 — x* between x = —2 and x = 2.

Answer: a)6, b)14, c)11
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