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CH. 5: Integration
5.2 Sigma Notation and Limits of Finite Sums

Def. The sigma natation for the finite sum a, + a, + - +a,, is denoted
by k-1 ar, a; isthe first term, a, is the second term, .... , a; the kth
term.

Ex.(1) Evaluate the value of the following summations:

a) ZIF;=1 k? b) Y- (k—1) ) Yk=1 (=D cos(km)
Sol.a)¥? k?=124224+32+42+52=14+4+9+ 16+ 25=755
b)Y ,(k—-1D=QC-D+B-D+UlU-D+G-1D+((6-1)
=1+2+34+4+5=15
0).Yr_1(=1D* cos(km) = (—1)  cosm + (—=1)? cos 2w +
(=1)3cos3m+ (—1)* cos4r
== +1+ (DD +1=4
EX. (2) Express the following sums in'sigma notations:

a)1+3+5+7+9+11+13=Y7_,2k—-1)

_ 1,2 3.4 5.6_+v6 (1)K

Algebra Rules for Finite Sums
1.Yk=1(ax £ by) = Y=y ax + Xi=1 by
2. %=1 Cax = C* Xj=1 Ok
3.0 k=1 =n-c (where c is constant)

Ex.(3) Find the value of Y7 _, .
Sol.¥7_,m=7r (rule3)

Ex.(4) Suppose that }7_, a, = =5 and Y.7_, by = 6, find the value of
k=1(br — 2a)

Sol. Xk=1(bx — 2ay) = Xk=1 bk — Xk=12a; (rule 1)

=Yre1 bk —225=1ax (rule?2)
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=6-—2(=5)=6+10 = 16

Some Formulas for Positive Integers
1 Z;(l k = nn+1)
. =1 _—
n(n+1)(2n+1)

2.¥k=1k* = 6
(n+1)\2
3. k=1k° = (n—)

2

Ex.(5) Evaluate the following sums:

a) Y- k(2k+1) b) (X7-1 k)" - 27c=1k:3

Sol.a) Y= kQRk +1) =X/, 2k* + k) = 2%} k* + X1 k

_ 9 [7(7+1)(14+1)] 4 7(74+1) _ 7:815 + 78
o 6 2 3 2

=7-8:-54+7-4=280+ 28 =308

7(7+1)
2

b) (et 07 - Tha & = (P22) - 157,02

49-64 1 7%2(7+1)% 4964
= - - =49-16 —
4 4 4 16

=49-16—-49-4 =49(16 — 4)

=49-12 =588
Def. Let x;,x5,... ,x,—1 be points between a and b such that
Xo=a0< X <Xy <+ <Xp_1<XxX,=0b
1) the set P = {xq, X1, X3, ... , X1, X%, } IS called a partition of [a, b]

2) the length of the kth subinterval [x;_q, x; ] is Ax = xj, — Xj_1 -

Ax4q Ax, Axy Ax,
L L L L L L I
T T T T T T T
a = xg xq Xy omon o= Xp—1 X = e e . Xpn—1 b = x,

Ex.(6) Consider the interval [2,7], let P ={2,3,4.5,5,7} then

Ax1=x1—x0=3—2=1, Ax2=45—3=15
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Ax;=5—45=05, Ax,=7—-5=2
Def. (Riemann Sums)
Let f be acontinuous functionon [a,b], let P = {xy, x1, x5, ... , X5}
be a partition of [a, b] and let ¢, € [x,_1, xi], then a Riemann Sum for

the area enclosed by the function f on [a , b] is defined as

Sp = k=1 f(ci)Dxy = f(c1)Axy + f(c2)Dxy + -+ f(cn)Axp

YA

Figure 5.5 The rectangles approximate the region between the
graph of the function y = f(x) and the x-axis.

Def. The norm of partition P = {x,, x1, X2, ... ,Xp_1,Xn} IS
IP|| = max{Ax,,Ax, ,Axs, ..., Ax,}.
Ex.(7) Find the norm of the partition P = {—2,—-1.6,—-0.5,0,0.8, 1}
Sol. Ax; = —1.6 — (=2) = 0.4, Ax, = —0.5— (—1.6) = 1.1,
Ax; =0—-(—-0.5)=0.5Ax, =08—-0=0.8Axs=1—-0.8=0.2
So, ||P|| = max{0.4,1.1,0.5,0.8,0.2} = 1.1
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Ex.(8) Let f(x) = x* + 1 over the interval [0, 3]

a) Find a formula for Riemann sum by dividing the interval [0, 3]
into n equal subintervals and using the right hand endpoint for each
Ck .

b) Take a limit of the sum as n — oo to calculate the area under the
curveon [0, 3].

3-0

Sol.a) The width each of subinterval is Ax = — = % (Figure 5.6)

YA
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Ax 2Ax 3Ax nix

Figure 5.6 Riemann sum for f by dividing the interval [0 ,3] into n equal
subintervals and using the right hand endpoint for each c,.

Sp= D F(eDx = Fle)x + F(e)hx + f(e)Ax + w4 f(c)Bx
k=1

Ax[f(Ax) + f(2Ax) + f(BAx) + -+ + f(nAx)]

2@+ (@) +r(E) 4]
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=2 [(%)2+1+22(%)2+1+32(%)2+1+---+n2(3)2+1]

n
_3 [(5)2(12_|_22+32+---+n2)+(1+1+1+---+1)]
n n

n3

_ 27 (n(n+ 1(2n+1)
6

)+%(n)=%(n+1)(2n+1)+3

_ 9 (9,2 — sno, 1
=2 @n?+3n+1)+3=9(1+5+-)+3

27n+9 +3=12+ 27n+9

2n2 2n?

=9+

27n+9
2n2

b) Area= limy,_,c, S = limy, g, (12 +2257) = 124+ 0 =12
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Exercises 5.2:

1. Write the sums in the following without sigma notation. Then

evaluate them. (Hint: Ex. 1)

@) She1ig b) Sheycoskm  ¢) Tioy (=1 sin

Answer: a)7, b)O0, c)u

2. Which of the following express 1+ 2 + 4+ 8+ 16 + 32 in sigma
notation? a) Yo_, 2k? b) ¥2_, 2k €) Yr__q 2k

3. Which formula is not equivalent to the other two?

@) Tho, b) 2 , L 0 i, &

k+1 =1 k42

4. Express the following sums in sigma notation. (Hint: Ex. 2)
a)l+l+l+i b)1_1+l_l+l
2 4 8 16 23 4 5

5. Suppose that }.}_; ax = 0 and X}'—; b = 1. Find the values of:

a) Yi=18ay , b)Xg=1250b, , o) Xi_4(ax+1), d)Xi_1(by—1)
(Hint: Ex. 4) Answer: a)0, b)250, ¢)n, d)1—-n

6. Evaluate the sums in the following. (Hint: Ex. 5)

k3 3
a) Xkt k2, b)) i1 k2, ) Tea B = k), d) iy prla (lec:1 k)

Answer: a)819, - b)8281, c¢)—73, d)3376

7. For the function in the following, find a formula (Riemann sum) for the
upper sum obtained by dividing the interval [a, b] into n equal
subintervals. Then take a limit of these sums as n — oo to calculate the
area under the curve over [a, b]. (Hint: Ex. 8)

a) f(x) = 2x over the interval [0, 3].

b) f(x) = 3x? over the interval [0,1].
¢) f(x) = x + x? over the interval [0, 1].

Answer: a)9, b)1, C)Z
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