Y aals — o slall S - Al ol ) a Al — ) (s sienall —(( SN Q) 2SN 5 Juslal

sl dadls

psiadl 448

Al Cilnly ) o

el Jualil) 3alal)

BRVEUGWERIR

L 5 pumlaall :Guadl) Jual
(m;d\ dAIS'ﬂ\)

pule ey e e




Y aals — o slall S - Al ol ) a Al — ) (s sienall —(( SN Q) 2SN 5 Juslal

CH. 5: Integration
5.3 The Definite Integral

Def. Let f(x) be a function defined on a closed interval [a,b]. If

P = {xq, x1, x5, ... ,Xn_q1,X,} 1S a partition of [a, b] we define the integral

of f over [a, b] by fff(x)dx = limypo 2r=1 f (ck)Axy , provided the
limit exists.

Note: If we choose a partition with n equal subintervals, then the width of
each subinterval is Ax = bn;a and so the above define become:

fff(x)dx = limp) oo Xk=1 f () Axy = limyp) o Xk=1 f (k) (b;_a)
= (b= @) limy_eo Xeey = f(ci) -

Ex (1)Use Riemann sum to evaluate the definite integral f02(2x + 1)dx.

b—a 2-0 2
SOl Ax=—=—==
— n n n

Take c;, at the right end of each subinterval (Figure 5.7)

4

2 =) o)

Figure 5.7 Riemann sum for f by dividing the interval [0, 2] into n equal
subintervals and using the right hand endpoint for each cy.




Y aals — o slall S - Al ol ) a Al — ) (s sienall —(( SN Q) 2SN 5 Juslal

Sp = flc))Ax + f(c)Ax + f(c3)Ax + -+ f(c,,)Ax

= Ax[f(Ax) + f(2A%) + f(3A%) + -+ + f(nAx)]
=2 Q) +r(2()+r(3G) + - +ra()]
=2 :2(%)+1+2(2(§))+1+2(3(§))+1+---+2(n(%))+1]

=2 %+2(%)+3(%)+ +n(§)+(1+1+1+---+1)]

=23 @+2+3+-+n) +2() =5 (") +2

n2 2

=2+ +2=4+2+2=6+=
n n n
[2(2x + Ddx = lim,,_, (6+%) =6

Ex.(2) Express limyp|_o Xr-1(cf — 3¢ )Ax; , where P is a partition
of the interval [—7, 5] as definite integral.

. 5 5
Sol. limypo Tper (2 = 360A%, = [ fO0dx = [° (x? — 3x)dx

Theorem(5.1): If f is continuous function on [a, b], then fff(x)dx
exist that is f integrable on [a, b].

Properties of definite integrals

If f and g are integrable functions over [a, b], then
L [, fdx = — [ f(x)dx

2. [7f(x)dx =0

3. [k f(x)dx =k [, f(x)dx

4 [ () £ gG0)dx = [ fdx £ [ g(x)dx
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5. f:f(x)dx + fbcf(x)dx = f:f(x)dx

6. If f has maximum value max f and minimum value min f on [a, b],
then min £ (b—a) < [ f(x)dx <max f - (b— a)

7.1f f(x) = g(x) on[a,b] = f:f(x)dx > ffg(x)dx
If f(x) 2 0on[a,b]= [, f(x)dx >0

Proof of Rule 6: Rule 6 says that V&
the integral of f over [a,b] is max f
never smaller than the minimum
value of f times the length of the min f 1~
interval and never large than the

maximum value of f times the

length of the interval. The reason 0

®—q). fxew

V><

is that for every partition of [a, b] Figure 5.8 Max-Min Inequality
and for every choice of the points ¢,

Minf-(b—a) =minf - Y};_;Ax Y? , Axy=b—a
= Y-y minf - Ax; Constant Multiple Rule
< Die=1 f () B, min f < f(ci)
< Ypogmax f - Axy f(c,) <maxf
= max f - Z}::l Axy, Constant Multiple Rule

=maxf - (b—a).
. . 2
Ex.(3) If f and g are integrable functions and f1 f(x)dx = —4,

f15 f(x)dx = 6 and ffg(x)dx = 8 find the values of:
1 5 5
o [ ~2redx b [ srwdr o [ Gf@ - g@dx

Sol.a) [} —2f(x)dx = — [[ —2f(x)dx = [ 2f (x)dx
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=2 [ f(x)dx = 2(-4) = -8
b) f;5f(x)dx =5 [} f(x)dx
[ fe)dx = [P f()dx + [ f(x)dx - 6 = —4 + [ f(x)dx

= [ f@dx =10 - [P 5f()dx = 510 = 50

5 5 5
c)f Bf(x) —gx))dx = 3[ f(x)dx —f g(x)dx =3(6)—-8=10
1 1 1

Area Under the Graph of a Nonnegative Function

If y = f(x) is nonnegative and integrable over a closed interval [a, b],
then the area under the curve y = f(x) and the X —axis over [a, b] is the
integral of f fromato b,

A= fff(x)dx

Ex.(4)Graph the integrand and use area to evaluate the following
integrals

a) f_04\/16 —x2dx  b) f_11(2 —|xDdx  ©) f_ll(l +V1—x?)dx

Sol.a) (Figure 5.9) f_04\/16—x2dx =iarea of v

the circle i (m4?) = 4

V><

—4 0
Figure 5.9
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Some Basic Inteqgrals

2
1.f0bxdx=b7

2

b2 a
PR a<b

2

2.ffxdx=
3 3

3.fbx2dx=b——a—, a<b
a 3 3

b .
4.[ cdx=(b—a)c, cisconstant

Ex.(5) Evaluate the following integrals:
o [ x*dx  b)[j@x—x)dx = o f](5+2)dx

3 3
Sol.a) [} x?dx == -2 =2(125-8) ==~ = 39

b) f01(2x —x3)dx =2 folxdx — f01x3dx

-a(f)-4=1-4-

2 4

c)fl2 (§+2)dx=%f12xdx+f122dx
B

S OAREIERE

Def. If f is integrable on [a, b], then its average value on [a, b] is defined
as

av(f) =5, [, f(x)dx




Y aals — o slall S - Al ol ) a Al — ) (s sienall —(( SN Q) 2SN 5 Juslal

Ex.(6) Find the average value of the function f(x) = (x — 1)? owver [0,3]

Sol. av(f) = ﬁf;(x —1)%dx = §f03(x2 — 2x + 1)dx
1 3 3 3
= §[fo x?dx — 2 [ xdx + [ 1dx]

222+ 16-0)

Wk

[9-9+3]=2-3=1
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