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CH. 5: Integration

5.4 The Fundamental Theorem of Calculus

Theorem(5.2):(The Mean Value Theorem for Definite Integrals)
If £ is continuous on [a, b], then at some point c in [a, b],

f(©) == f(x)dx.

Ex.(1) Let f(x) = x*, x €[0,9]
1) Find av(f) on the given interval.
2) Find a point c in [0, 9] at which the given function take this
average value.
Sol.
1)av(f)=ij2dx= [—] =—=—=27
9-0

b
2) f(©) =b—iajf(x)dx s c2=av(f) > c2=27-c=+3V3

—3v3 £[0,9],s0 ¢ = 3v/3 € [0,9]

Theorem(5.3):( Fundamental Theorem of Calculus, part 1)
If £ is continuous on [a, b] then F(x) = f;cf(t)dt is continuous on [a, b]
and differentiable on (a, b) and its derivative is f (x):

X

d
P = | fOde = £

Corollary:

gx)

d
D | f@d )= £(96)- g
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p g(x)
)| | r@de)=e@) 9@ - rae) K@
h(x)

Ex.(2) Find the derivatives of the following functions
1

a)y = jtcostdt

X

Sol.

X
y = —ftcost dt=y = —xcosx
1

0
b)y= jsin(tz) dt
Vx
Sol.
Vx
2y d —sinx
= — | sin(t?) dt= y’ = —si L VR =
y 0jsm( ) y sm((\&)) dx(&) o
X2
2x3 - cos(x®) + ZXJ cos(t3) dt
2
Ex.(3) If
tanx
= si f ' 4t findy at x="
y =sinx 112 , findy a x—4
cotx
Sol.
P 1 2 1 2
= sinx [ et - o (s
tanx
ceone [
cos x i
cotx
tanx tanx 1
=sinx[1+ 1] + cosx f 152 dt = 2sinx + cosx f 1T ¢ dt

cotx cotx
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T 1 1 2 2
(=)=2(=)+—= dt = —-— =+/2
Y (4) (¢§>*'vz' 1+t2 2 2
1

( The Evaluation Theorem)

Theorem(5.4):( Fundamental Theorem of Calculus, part 2)

If £ is continuous at every point in [a, b] and F is any antiderivative of f
on [a, b] then

| readx = oIl = b - F@

Ex.(4) Calculate the following integrals.

1

g , , 1 x> x> 23
1) j(x +\/§)dx=j(x +x2)dx= ?+? = ?+§x2
0 2

0

(1)°

3 1 2
=S5 Wi =0-0=3+3 =1

2)](1+cosx)dx =[x +sinx]§f =+ sinm —0—sin0 = [x]

2

3)j(x+%)2dx f(x +2+ ! dx—f(x + 2+ x7?)dx

3 x~1 x3 2 8 1
=|— —| == —=| ==+4-—=—=- 241
3+2x+_1] 3+2x x] + +
1 1
_ 5,7 1_18+14-3 129
B 3 2 6 16
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Total Area
Remark: To find the total area between Y
the graph of the function y = f(x) and
the X-axis over the interval [a, b], we y=f@)
make the following steps:

1) Subdivide the interval [a, b] at the A As
zeros of f. 0
2) Integrate f over each subinterval. A
3) Add the absolute values of the

i nteg raIS Figure 5.12 The total areabetween y=f(x)and the X-axisfor a <x <b

Total area A=|A4,| + |4,| + |As]

A = jlf(x)dx, A, = jzf(x)dx, A; = jbf(x)dx

Ex.(5) Find the total area between the X-axis.and the graph of the
function f(x) = x> — 3x% + 2x on the interval [-2, 2].
Sol. Figure 5.13

N

Y
y=x3—-3x%+2x

0N
N
v

Figure 5.13 The total area between f(x) = x> — 322 + 2x
and the X-axis for —2 < x <2

fX)=x*-3x*+2x=0=>x(x*-3x+2)=0
x(x—-1Dx—-2)=0=>x=0,x=1, x=2
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I : : —>
-2 0 1 2
0 ” 0
A = f(x3—3x2+2x)dx=lx—x3+x2]
-2 -2
16
=0-0+0— |7 +8+4|=[Ig]
1 i i
A—j(3 32+2)al—x4 3+21—1 1+1 0—
, = | (x X x)de = | =2 +x?| =7 =1z
0 - _0
2 _x4 _2
A3=j(x3—3x2+2x)dx= Z—x3’+x2
1 L 41

=2 -g+4-[;-1+1|=4-8+4-T+1-1=|-2
4 4 4

Total area= |4,| + |4;| + |43 = |-16] + El + |—%|

=16+-+-=16+-=|2
4 4 2 2
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Exercises 5.4:

1. Evaluate the integrals in the following

0 4 1
X3
a) f(Zx + 5)dx b) <3x — Z) dx ) f(xz +x)dx
-2 0 0
22 L3
6 3 0
1+ cos?2t
d)] csc? x dx e)j4secu tanu du f)j >
n 0 T
6 2
_r 7z
4 2 4
, A s2 +4/s _
9) j (4 sec t+t—2) dt h)j 2 ds i) flxl dx
T 1 —4

Answer: a)6, b)8, c¢)1, d)2V3, e)4, f)—g, 943 -3,

MV2-VY8+1, )16

2. Find the derivatives: 1) by evaluating the integral and differentiating the
result. ii) by differentiating the integral directly.

sinx
d 2
a)— 3te dt
dx
1
SOl.I)flsmx3t2 dt = [£3]5"* =sin®x -1 f»%(flsmx%z dt) = %(sin3x —1) =3sin®xcosx

i) %(flsiMBtz dt) = 3 sin® xcos x

\/E t2
bdj tdt dj\/_d
)dx CcosS C)dt udu

0 0

3.Find Z—i’ in the following: (Hint: Ex. 2)

X 0 sinx
dt T
a)y = 1+t2dt b =jsin t2)dt c =j x| <=
W OjJ = [ oy = | bl <;
X
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