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CH. 5: Integration

5.6 Substitution and Definite Integrals

Theorem(5.5):( Substitution in Definite Integrals)
If g” is continuous on [a, b], and f is continuous on the range of
g(x) = u, then

g(b)

b
| roe-geax= | faau
“ g(a)
u=gkx)-du=_g)dx

Ex.(2) Evaluate the following integrals.

a) jx3 (1+x*)3 dx

-1

ol. t=1+x4—>dt=4x3dx—>%dt=x3dx
. 2
=—|t3dt=0
|
2
0
b) 7 )
X
vaxt+9
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1
10 /x

Ay

3 1
Sol.y = 1+x2 > dy = Zxz2dx - ~dy = Vxdx - dy = 10/xdx

dx

2
20 dy_ZO[ 1]2_ 2011 ] 20( 1> 10
3)y2 31 y 3 [2

1 1

Theorem(5.6):( Definite Integrals of Symmetric Functions)
Let f be continuous on the symmetric interval [—a, a].

a)If f is even, then ja f(x)dx =2 j f(x)dx.
—a .

a
b)If f is odd, then ff(x) dx =0
—-a

Ex.(3) Find the value of the following integrals.

2
j 3x p
2 NI =yvhes
-2

—= 3x _ _ 3(—X) _ 3x _
Sol. f(x) = (O+a2z f=x) = O+(-0)»)% [(9+x2)2] =—f(x)
2
f pdx=0b X s an odd functi
(9 + x2)2 x = 0, because 0+ x2)2 is an odd function.

-2

T T
7) 7
b) | (x*? +sec?x)dx =2 f(x2 + sec? x) dx,
n 0
2

because f(x) = x? + sec? x is an even function.
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Def. ( Areas Between Curves)

If f and g are continuous with

f(x) = g(x) through [a, b], then the
area of the region between the curves

y=f(x)and y = g(x) froma to b
is defined as, (Figure 5.14.a)

A= [IfG) - g0l dx

Similarly, (Figure 5.14.b)

A= [If») - g»]dy

YA
+1—0—4—u—+2

(5) Lualall Juaill
3

" 96

YI
y= f(x)
7,
y=9x)
X,

>

a 0 b

Figure 5.14.a The region between the curvesy = f(x) andy = g(x)
and the lines x =aandx = b

vt
p x=91)
. )

X,
0 | \x=f(y) ’

Figure 5.14.b The region between the curves x = f(y) and x = g(y)
andthelines y =candy =d

Ex.(4) Find the areas of the regions enclosed by the following curves

and lines.
a)y = x?— 2 and y = 2. Figure5.15

Sol.x2-2=2-x*=4->x=42
— 2

A= ["[2—(x*-2)]dx

— 2

= [,(4—x*)dx

=2 f02(4 - xz) dx

Y

y=2

174

Figure 5.15 Theregion betweeny=x%—2and y=2
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2[4x——] —2[8———0] —2(136) %

byy=4—-x%  y=2-x,
Sol. Figure5.16
4—x2=2—x
x2—x—-2=0
(x—2)(x+1)=0
x=2,x=-1

Ay =[J[2—x—(4-x)]dx

_ f_‘zl(z —x—4+x%)dx

= f__zl(x2 —x—2)dx

-1

x3 x?
- [— _r_ 2x]
3 2 -2
1

-i-tra| oy

=2 Z424°242-4=
3 2 3

14-3 11

6 6

w Il
N |-

AZ=f_21[4—x2—(2—x)]dx=f_21(4—x2—2+x)dx

2 2 312
= [, C+x—x*)dx = [2x+x7—x?]_1

=4+2-2—|-24241=6-2+2-2-2
3 2 3 3 2 3
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Ex.(5) Find the area of region enclosed by the following curves.

a)x=y? and x+2y*=3.

> x=-2y+3

Sol. Figures.18

y? = -2y>+3->3y?=3

y2=1-y=+1

A= [ (-2y*+3—-y»dy
= [1,3-3y)dy
= [By —¥°1%,
=3-1-(-3+1)
=3-1+3-1=[4]

X + 2y2 |
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Exercises 5.5:

A. Evaluate the indefinite integrals by using the given substitutions to
reduce the integrals to standard form.

1) [sin3xdx,u = 3x 2) [sec2ttan2tdt, u =2t

Sol(1). Let u = 3x - du = 3dx - ;du =dx

1 1 1
JsinSxdx:fgsinuduz —§c05u+C= —§c053x+C
oridr
Vi—r3'’

a)Using: u = cot 260
b)Using:u = csc 26

3)[28(7Tx—2)Cdx,u=7x—2 4)] u=1-r3

5) [ csc? 26 cot 26 d@,{

3

6) f\/}sinz(x%—l)dx, u=xz—1

B. Evaluate the following integrals.

)f (1+\/_) 8) [V3 —2sds
9) [(s®+ 25?2 =55+ 5) (3s? + 4s — 5)ds 10) [ r? (——1)d
11) [x3VxZ + 1dx 12) [ CSO‘Z‘Z(Z:I)) dt

C. Use the Substitution to evaluate the integrals in the following :
s

13) fr 1—1r2dr 14)ftanxsec2xdx
3
_ 10v
15) j 3 cos? x sin x dx 16)f—zdv
3
0 (1+v5>
V3 0
17 f 4x g 18 f sinw g
) Va2 + 1 x ) 7T(3+2cosw)2 v
V3

2
4

dy
Py
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1
2
20) f(4y —y2+4y3+1)3(12y%2 -2y + 4)dy
0

1

Answer: 13)0, 14)7, 15)2, 16)7°, 17)0, 18) ==, 19)~, 20)3
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