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CH. 7: Transcendental Functions

7.3 The Exponential Function

* Since In x is an increasing function
—1Inx is1—1 - In"1x exist.

*Ine=1-In"1(lne) =1In"1(1) -
e=In"11~27
[e = 2.71828182846)]

Def. For every real number x, we define
the natural exponential function to be
the inverse of Inx. That is exp(x) =

e* =In"1x.

Some Properties of y = e*

1)Dom(e*) = Rng(Inx) = (—o0, )
and Rng(e*) = Dom(Inx) = (0, o).

2) e* > 0,Vx.

3)e™* = In"1(Inx) » e™* =x,x >0
andIne* = xlne - lne* = x, Vx
d)i.e*1-e*2 = e*1t¥z ii.z% = e*17%2,

cee 1 . .
lie™ = —, iv.(e¥1)¥2 = e¥1¥z
e

5)lim,_,, e* = oo,lim,_,_,e* =0

lim, o e* =1

6) 4 () = ¥

Y y=e"=In"lx
' orx=Iny
X
2 B
o/ 4
X
1)

Figure 7.11 Thegraphofy =Inx and In"'x = e*

. \y: e4x
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Figure7.12 Thegraph of y = e®,a=1,2.4 andy = et*b=1,2.4

Proof.Lety=ex—>lny=lnex—>lny=x—>%y’=1—>y’=y—>

y =e*.
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If u is a differentiable function of x then ;—x (e*) = e¥- —

d
For example — (e3) = e3*" - (6x).

ax

7)[e*dx=e*+C, [e®™dx="—+C.

a

Theorem 7.2

1 1\”
lim(1 + x)x = lim (1 + —)
x—-0 y

y—)OO

Ex.(1) Solve the equation e**~¢ = 4 for x.
Sol. Ine?*~* =ln4—>2x—6=ln4—>2x=6+ln4—>x=3+%ln4

1
x=3+In(2?)2>x=3+1n2

Sol.
Ex.(2) f(:nz 3% dx == gfolnze” 3dx =

w |-

[eBx]})nZ \_ 1[e3ln2 _ e3(0)]
3

= -[eM? — %] =2 (8-1) =

The General Exponential Function a*

Def. For any real numbers a > 0 and x, the exponential function with
base a is defined as a* = e*!"¢,

Def. For any x > 0 and for any real number n, x™ = e™In* |x* = g¥In*

Properties of the function y = a*

1)Dom(a*) = (—oo, ) and
Rng(a*) = (0, )

2)a* >0, Vx

: ,. a*1 _
a¥1-g¥2 = x+x’ll_ax2:ax1 X2

cee 1 . .
lii.a™ ==, iv.(a*1)*2 = g¥*1*2,

ax'’

4)y =a*, theny =a*lna

Figure 7.13 Thegraphofy = a*.
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Showwhyy = e* -y = e*?
whena=e,y=e* >y =e*lne =e*

iOL" = i(exl““) = ex“‘ai(xlna) =e"(Ina) = a*lna
dx dx dx

du

If u is a differentiable function of x,theny = a* - y " =a%Ina —

Def. For any positive real number a # 1, then function log, x is the
inverse function of a*. That is, if f(x) = a* then f~1(x) = log, x .

Properties of y = log, x

Do) =x - fHf() =x > fH(a") =x,

- log,(a*) = x,Vx » xlog,a = x} + x - |log,a = 1].

2)(fof () =x - f(f1(x)) = f(logx) =|a'*8a* = x, x > 0.

Inx In x In x
3)log, x — . |aF 1 since log; x i o

Proof. a'°8a* = x — ln(alogax) =Inx - log,xIlna =Inx

1 __Inx
- ogax—m.

d d (Inx 1 1 1
)dx( 8a ) dx \lna Ina \x xlna
1 1 du

If u is a differentiable function of x, then ;—x (loggu) = —-~=-

lna u dx’

5)i.log,(xy) = log, x + log, vy, ii.log, (g) =log,x —log, vy,

li.log, G) = —log, x, ivlog,x™ =nlog, x .
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Figure 7.14 Thegraphof y = log,xandy = a*

Ex.(3) Simplify the following expression

a) e3n2 4 In /e = en?’ +ln(e9)§ =234+Ine3>=8+3Ilne=11

b) Ine? + log; 9 — log, V8 = 2Ine + log; 32 — log2(23)%
=2+2logz3—Zlog,2=2+2—-=4—-=">

Ex.(4) Solve the equation for x: 31983%° = gelnx _ 3. 1log102
Sol. > x2=5x)—-32)>x2—-5x+6=0
x=3)(x—2)=0->x=30rx=2

Ex.(5) Find y’ for each the following

2 Sol.

5-7x% y = e5-7x% . (—14x) = —14xe5-7%?

Dy=e
2)y = e *(In(x? + 1))

Sol. y’ = esSinx -leT(Zx) +In(x? + 1) - e5"* - cos x

Ex.(6) Evaluate the following integrals.

1

X2
D) dx, t=———>dt == - -dt = —dx

X

1 ¢4, 1 ¢ 1 =
S_ol.=5fe dt=-e'+C=-e*+C
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2) f(l + e %) sec’0dO,w =tan6 - dw = sec? 6 do
0

n n n

4 4 4 1
=jsec29d9+jetanesec29d9=fsec29d9+fewdw

0 0 0 0

T
T s
= [tan 0]} + [e™]§ = [tanz — tan 0] + [e! — €]

=(1-0+(e—-1)=14+e—1=¢

(1.4)*

3)[7* dx=%+c. Hf(1.4)"dx = ln(1.4)+c
1 1
s)j jzlnx—dx, z=Inx - dz = —dx
X X
In2
2z In2 1 21n2_1
_ z _ In2 0y — —  —
_j 2 dZ [lnz]o lnz(z =2 ) 1n2
0
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