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N
.
Graph isomorphism is a phenomenon of existing the same graph in
more than one form. Such graphs are called an isomorphic graphs .
In graph theory, an isomorphism of graphs G and H i1s a bijection
between the vertex sets of ¢ and H such that any two vertices u and v

of G are adjacent in G if and only if f(u) and f (v) are adjacent in H.

Two graphs G4 and G, are said to be isomorphic (G1= G») if :
1. Their number of components ( vertices & edges) 1s same.
2. Their edge connectivity is retained.
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Necessary Conditions for Two Graphs to be Isomorphic:

For any two graphs G; & G, to be isomorphic, the following 4
conditions must be satisfied:

V(G| = V(G
[E(G| = [E(G2)I.
Degree sequence of G; & G, are same.

If the vertices { v{ ,v, , ..., v} form a cycle of length k in G4,

then the vertices { f(v1),f(vy), ... ,f(vg)} should also form a
cycle of length k in the G».
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Important Points: The previous 4 conditions are just the
necessary conditions for any two graphs to be isomorphic.

They are not at all sufficient to prove that the two graphs are
Isomorphic.

If all the 4 conditions satisfy, even then it can’t be said that the
graphs are surely isomorphic.

However, If any condition violates, then it can be said that the
graphs are surely not isomorphic.
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Sufficient Conditions:
The following conditions are the sufficient conditions to prove that

G, = G,. If any one of these conditions satisfy, then it can be said
that the graphs are surely isomorphic.

G, = G, 1iff G4 = G, , where G and G, are simple graphs.

G1 = G, if their adjacency matrices are permuted equivalent. In
other words, assume that X(G;) & X(G,) are the adjacency
matrices of two isomorphic graphs G; & G, respectively, then
there exist v X v permutation matrix P such that:

X(Gl) = P_l X(Gz)P

G1 = G, iff their corresponding subgraphs (obtained by deleting
some vertices i G; and their corresponding images in G,) are
isomorphic.
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Example 2: Which of the following graphs are isomorphic?

N

Gl GZ G3

polution:

D V(G| = V(G| = [V(G3)I.

2) [E(G)| = [E(G)| # [E(G3)].

Then, G5 neither 1somorphic to G; nor isomorphic to G,.
Now, let us check G; & G, .
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Example 3: Are the following two graphs isomorphic?

Solution:

D V(G| = V(G| &IE(G)| = |E(G)I.

2) Degree sequence of G is {2,2,2,2,3,3,3,3}
Degree sequence of G, is {2,2,2,2,3,3,3,3}

3) In G, the vertices of degree 3 form 4- cycle but in G4 the vertices
of degree 3 does not form 4- cycle.

Thus, G; & G, are not iIsomorphic to each other.

Gl GZ
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Example 4: Find whether the following graphs are isomorphic.

Solution:
D [V(GD)| = V(G| &IE(G)] = |E(GL)].
2) Degree sequence of G; is {1,2,3,3,5}
Degree sequence of G, is{1,2,3,3,5}
3) Cycle formed n G4 are also formed m G,.
Thus, all necessary conditions are satisfied for isomorphism.
. m

Gq Gy
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Definition: A permutation matrix is a square matrix obtained from the same size identity

matrix by a permutation of rows. A permutation matrix called elementary if it is obtained
by permutation of exactly two distinct rows.

1 00 010

0 01 1 00
010 0 01

Clearly, every permutation matrix has exactly one 1 in each row and column. It is easy to
show that every an elementary permutation matrix is symmetric.

Note that an elementary permutation matrix corresponds to a transposition in 5,, and every
permutation matrix is a product of elementary matrices. In general, permutation matrix is not

symmetric.

010 I 00 {010
00 1|=1(0 01 (1 0 0
1 00 01 0] (001




The set of all permutation matrices denoted by F,, and the #F, = n!. Indeed, there is one to
one correspondence between P, and S,,.

0 1
1 0

1 0 0111 0 0O 1[0 O 1][0 1 O0][0 O 1
[ﬂlﬂ‘,[ﬂﬂl lﬂﬂ‘,lﬂﬂl‘,[ﬂlﬂ‘ n=3 —>3l=6

0 0 110 1 0 110 1 0011 0 O11 0 O

n=2-=2=2

Since interchanging ith and jth rows of an identity is equivalent to interchanging its ith

and jth columns, every elementary permutation matrix is symmetric, P’ = P.

Since interchanging two rows is a self-reverse operation, every elementary permutation matrix
is invertible and agrees with its inverse, P = P-! or P?=1.
A general permutation matrix does not agree with its inverse.

A product of permutation matrices is again a permutation matrix.
The inverse of a permutation matrix is again a permutation matrix. In fact, P~' = P,




Left multiplication by a permutation matrix rearranges the corresponding rows:

MH Ao Bsfi-fey

Right multiplication by a permutation matrix rearranges the corresponding columns:

c ab 01 0l]a b c|l]|]0O10 f de
c001 c a b, 001 |d e f| |0 0 1} =1}i g hj.
1 00 ca b 1 00l]|g h 2|1 00 c a b

Some power of a permutation matrix is the identity For instance,

01 100
001
L Rn 001

Here PP=1 or P2=P!=PT,




27 April 2020

THANK YOU

Dr. Ameen Shaman Areem



University of Anbar / College of Science / Dept. of Applied Mathematics

Cut- Set Matrix
undamental Cut- Set Matrix
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5. In a non-separable graph, since every set of edges incident on a
vertex 1s a cut-set, therefore every row of incidence matrix A(G) 1s
included as a row in the cut-set matrix C(G). That 1s, for a non-
separable graph G, C(G) contains A(G). For a separable graph, the
incidence matrix of each block 1s contained in the cut-set matrix. For
example, in the graph G; (Example 1), the incidence matrix of the

block {es, e, es,eq e,}1s the 4 X 5 submatrix of C(Gq), left after
deleting rows Cy, C5, Cs, Cg and columns e, e,, eg.

[0 00 00 00 1] 0
1 100000 0/ = B el e e
00101000 1 01 0 0 :
000DO0DT1T1T1FD0 0 0 N ;
C(Gy)=|001 001 10 0 1 é % é -------- N
00010100 110 0 1 N |
001 100T10 - - Nl N7 6
(00001 1010 «— 9
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