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TERMINOLOGY AND NOTATION

Both ¢ and 7 are used to represent y/—1, 7 usually in any problem dealing with
electricity since 1 is needed there for current. A physicist should be able to work
with ease using either symbol. We shall for consistency use ¢ throughout this book.

(4.1) z=x+iy=r(cosf+isinf) =re?.

Here z is a complex number; z is the real part of the complex number z, and vy is
the tmaginary part of z. The quantity r is called the modulus or absolute value of
z, and 0 is called the angle of z (or the phase, or the argument, or the amplitude of
z). In symbols:

(4.2) Rez = z, 2| =mbd. & == \/_.-;_-E 4 oy2
Imz = y (not iy), angle of z =
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Example. Write z = —1—1 in polar form. Here we havez = -1,y = —1,r = V2
There are an infinite number of values of 6,

(4.3) 0= = +2nn,

where n is any integer, positive or negative. The
value § = 57 /4 is sometimes called the principal
angle of the complex number z = —1 — i. Notice
carefully, however, that this is not the same as
the principal value w/4 of arctanl as defined in
calculus. The angle of a complex number must be
in the same quadrant as the point representing the number. For our present work,
any one of the values in (4.3) will do; here we would probably use either 57 /4 or
—3m/4. Then we have in our example

z2==-1—-t1= \/5[008(% +2n1r) +is'm(%+2mr)]

=2 (c085—7r +isin5—7r) = /2e5"/4,

4 4
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The complex number x — iy, obtained by changing the sign of i in z = x + 1y,
is called the compler conjugate or simply the conjugate of z. We usually write the
conjugate of z = 4+ iy as Z = = — 1y. Sometimes we use z* instead of Z (in fields
such as statistics or quantum mechanics where the bar may be used to mean an
average value). Notice carefully that the conjugate of 7: — 5 is —7i — 5; that is, it
is the ¢ term whose sign is changed.

Complex numbers come in conjugate pairs; for
example, the conjugate of 2 + 3i is 2 — 3¢ and the
conjugate of 2—3i is 2+ 3¢. Such a pair of points in
the complex plane are mirror images of each other
with the z axis as the mirror (Figure 4.2). Then
in polar form, z and Z have the same r value, but
their # values are negatives of each other. If we
write z = r(cos @ + 1 sin @), then

2 -3

2 =4

(4.4) z = rlcos(—0) + i sin(—8)] = r(cosf —i sinf) = re™ .
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Problems

For each of the following numbers, first visualize where it is in the complex plane. With a
little practice vou can quickly find =, ¥, r, @ in your head for these simple problems. Then

plot the number and label it in five ways as in Figure 3.3. Also plot the complex conjugate
of the number.

1. 144 2 1 3. 1—iv3
4. —v3+1 5. 2 6. —4i
T =i 8. 3 9. 2{-2
10. 2—2i 11. 2 (cn&% +isin %)
2 L. 2 37T 3
12. 4 e — ] of iy & e il
(mag tsma) 13 -::ﬂnﬂ2 -I—tsm2
14. 2(¢ﬂs%+ﬁsin%) 15. cosw —isinm
16. 5(cos0+ 1sin0) 17. /2e /4
18, 32 19. 5(cos20° + isin 20°)

20. 7(cos110° — isin 110°)
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Example 1.
(l+8)* =1+2i+8*=1+4+2i—1=2i

To divide one complex number by another, first write the quotient as a fraction.
Then reduce the fraction to rectangular form by multiplying numerator and denom-
inator by the conjugate of the denominator; this makes the denominator real.

Example 2.
2+1 241 3+1 6+5i+i2 5451 1 L.

3—1 3—i 3+i  9—1 0 2 2
It is sometimes easier to multiply or divide complex numbers in polar form.
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Example3. To find (1 +7)? in polar form, we first sketch (or picture mentally) the point
(1,1). » = V2, 0nd @ = m/4, so (1 | i) = v2e'"/4

(1+14)2% = (V2e™*)? =2¢7/2 = 95,

) 0, 2)
—12;

4 24

[
i
P21y
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Exampled. Write 1/(2(cos20° +isin20°| in z + 4y form. Since 20° = 7/9 radians,

1 . j I = [I.Ee_””“':’

2(cos 20° + 1sin 20°) | 2(cosm/9 +isinm/9) a 2 e /9
= 0.5(cos7/9 —isinm/9) = 0.47 — 0.17%,

by calculator in radian mode. We obtain the same result leaving the angle in degrees
and using a calculator in degree mode: 0.5(cos20” — ¢sin20%) = 0.47 — 0.174.
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Problems

First simplify each of the following numbers to the =

plot the number in the complex plane.

: 1 ; £y ;
1 41 =1
4. 2+2i+1 5 (é.—.vﬁ)"
g 1% 8. 16— 2.7i
241
9. 25¢° Careful! The angle 15 2 radians.
3 — 7
10. 3.1 Careful! Not 3 —Ti
T+ 4
11, 17 —12: 12.
13. 5 (EE}E %T + & 51N %‘T) 14.
jg, 24 16.
5+ 24

: a8 o y
1y form or to the re'™ form. T'hen

3(cos 28° + isin 28°%)

3.8~ 411

1
0.5(cos 40° + 2sin 40° )
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17. (1.7—3.24)° 18.  (0.64 +0.773)°

Find each of the following in rectangular (a + ) form if z =2 — 34; if 2z = 2 + oy,

1 1
—1 20, — 21.
19. =z 2 z+1
1 1 + 2
22. : 23. + 24. z;’f
z— ] — 2z
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Complex Conjugate of a Complex Expression

It is easy to see that the conjugate of the sum of two complex numbers is the sum
of the conjugates of the numbers. If

Z1 = I + iy1_ and Zo = In + ?;y}.

then
Z)+Zp =1 —ty1 + T2 — iy = 11 + 72 — (Y1 + Y2)-

The conjugate of (21 + z2) is

(z1 + z2) + (Y1 + y2) = (71 +x2) — i(y1 + y2).
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Example. If
92— 3 243§
T = - 3 then T = —— .
r+ 4 —1 — 4
But if z = f+ug, where [ and g are themselves complex, then the complex conjugate
of zis Z = f —1g (not f — ig).
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Finding the Absolute Value of z

Recall that the definition of |z| is |z| = r = /2% +y? (positive square root!).
Since zZ = (z +iy)(z — iy) = 22 +y?, or, in polar coordinates, 2z = (re®)(re—*)
r?, we see that |z|* = zZ, or |z| = v/zZ. Note that zZ is always real and > 0, since

T, y, and r are real. We have

(5.1) 2| =r=xi2*+ o* =/2Z.

V5 +3i|  |vV5+3i] Jﬁ_ﬁ

| —4 11— W2
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Problems

Find the absolute value of each of the following using the discussion above. Ity to do
simple problems like these in your head—it saves time.

26. 2;:, —1 om. _ + 3.?' 28. g
P — 2 1—1 Z
3 h—2i
; + 24)3 30. e 31.
M (LT i — '3 5+ 2

25 143"
32. (2-3i)* 33. 3ld4i 34. (_H.)



Complex Equations

Example. Find x and y if

(5.2) (z + iy)® = 2i.

Sinece (z + iy)? = 2% + 2izy — y*, (5.2) is equivalent to the two real equations

IB N y:ﬁ' —
2ry = 2
From the first equation y* = 2%, we find y = = or y = —x. Substituting these into
the second equation gives
2% = o1 — 222 =2,

Since z is real, 2 cannot be negative. Thus we find only
2 :
=1 and i = i,

that is,
B-=1qy =1 and L= =~—1.
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Problems

Solve for all possible values of the real numbers x and ¥ in the following equations.

39.
37.
39.
41.
43.

45.

47.

49.

Z -+ = 3i— 4

z4iy =0

T+w=y+ix

(22 —3y—5)+ilz+2y+1)=0

(z +iy)” = 2ix
(z +iy)® = (z — iy)’

(x4 iy)° = -1

l —(z+1iy)| =z + iy

36.
38.
40.
42,

44.

46.

48,

a0.

2L +3=y—1
r4+iy=24-—T
T4y =3t —1ir
(x+2y+3)+i3z—y—1)=0
4+ iy = (1 —14)*

T - 2

:r:—-a'y__
x4+ 243

ety —8 e

T -+ 3;.y| =y — T
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