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Example1. Find dy/dx if y = Insin 2z,
You would say
dy 1 d 1 d

= — : sin 2r) = — ceos2x - —(2z) = 2 cot 21
dr sin2z n:f.’x?{ ) sin 21 ::!5:1:II )
We could write this problem as
y = Inw, where ® = sinv and v = 2.

Then we would say
dy  dy dudv

dr  dudvdr
This is an example of the chain rule. We shall want a similar equation for a function
of several variables. Consider another example.
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Example 2. Find dz/dt if z = 2t%sint.
Differentiating the product, we get

dz
5 — 4t sint + 2t% cost.

We could have written this problem as

z =y, where z = 2¢° and y = sint,
dz dr dy

dt dt dt

But since x is dz/dy and y is 9z /0, we could also write

dz dzdr 0Ozdy

(5.1) - —— =

dt  drdt  Oydt

We would like to be sure that (5.1) is a correct formula in general, when we
are given any function z(x,y) with continuous partial derivatives and = and y are

differentiable functions of . To see this, recall from our discussion of differentials
that we had

3 o ... &2 -
(5.2) Az = E&J. } ﬂyﬂy + 1Az + ealdy, .



where € and e — 0 with Az and Ay. Divide this equation by At and let Al — 0
since Azr and Ay — 0, ¢; and €2 — 0 also, and we get (5.1).

It is often convenient to use differentials rather than derivatives as in (5.1). We
would like to be able to use (3.6), but in (3.6) z and y were independent variables
and now they are functions of . However, it is possible to show (Problem 8) that dz
as defined in (3.6) is a good approximation to Az even though x and y are related.
We may then write

iz Bz
(5.3) dz = Ed’r + -E_Ed.y

whether or not x and y are independent variables, and we may think of getting (5.1)
by dividing (5.3) by df. This is very convenient in doing problems. Thus we could
do Example 2 in the following way:

dz = xdy + ydz = xcostdt + y - 4t dt = (2t° cost + 4t sint)dt,
dz

— = 2% cost + 4t sin .
(i
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Example3. Find dz/dtf given z = z¥, where y = tan~'t, ¢ = sint.
Using differentials, we find

fdt
dz = yz¥ Lde + z¥ Inzdy = g,l'::iﬁ""1 costdt +zxz¥Inz - L
dz |
E=y$”_ll‘-ﬂﬁf Fa¥ing - vl
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Problems

1. Given z=xe ¥, r =cosht, y = cost, find dz/dt.

2. Given w = vu? +¢%, u = cos|lntan(p+ 27)|, v = sin[In tan(p + =7}/, find duw/dp.
3. Given T=E_P3_qi}p=ﬁ", g=-e °, find dr/ds.

4. Given z = In(u® —v*), u = t*, v = cost, find dz/dt.

5. If we are given z = z{z,y) and y = y(x), show that the chain rule (5.1) gives

dz 0z _I_ﬁz dy
dr 8xr  dydx

6. Given z = (z+y)°, y = sin 10z, find dz/dz.
7. Given ¢ = sin(a — b), b = ae®®, find dc/da.
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IMPLICIT DIFFERENTIATION

Example1. Given =+ e* = t, find dx/dt and d*z/dt*.

If we give values to x, find the corresponding t values, and plot z against £, we
have a graph whose slope is dz/dt. In other words, z is a function of ¢ even though
we cannot solve the eguation for z in terms of elementary functions of t. To find
dx/dt, we realize that x is a function of £ and just differentiate each term of the
equation with respect to t (this is called implicit differentiation). We get

dx Ldx

(6.1) — et =1,
Solving for dx/dt, we get

E 1

dt 1+ e*’

Alternatively, we could use differentials here, and write first dz+e*dx = dt; dividing
by di then gives (6.1).

We can also find higher derivatives by implicit differentiation (but do not use
differentials for this since we have not given any meaning to the derivative or dif-
ferential of a differential). Let us differentiate each term of (6.1) with respect to t;
we get
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dr  d%z dr\?
6.2 f- e* +ef [ — ] =0.
(8:2) awr CaE e (dt)

Solving for d*z/dt* and substituting the value already found for dz/dt, we get

(63) d?r 3 (%1-:)2 . —eF
| dt? 1+ g2 (1+e=)3

This problem is even easier if we want only the numerical values of the derivatives
at a point. Forz =0and t = 1, (6.1) gives

dx % dx | 5 dr |
= A — T r L e |
elt dt "

and (6.2) gives
d*x d=x jiR d“z ]
—_— ] ]| =] =0 or —_— -,
di? di? 2 dt? s

Implicit differentiation is the best method fo use in finding slopes of curves with
complicated equations.
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Example2. Find the equation of the tangent line to the curve =% — 3y* + zy + 21 = 0 at
the point (1, 2).

We differentiate the given equation implicitly with respect to x to get

3zt -9y = +ax—=+y=0
e dx 7
Substitute z =1,y = 2:
dy dy dy 5 1
3 — 36 2=, —_— = — ==,
dix i dr * | dr 35 7

Then the equation of the tangent line is

T | ,
— - or Tr—Ty+13=0.
T — 1 T J

By computer plotting the curve and the tangent line on the same axes, you can
check to be sure that the line appears tangent to the curve.
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Problems

ol U

10.

11.

If pv® = C (where @ and C are constants), find dv/dp and d*v/dp”.
If ye™ = sinz find dy/dz and d%y/dz? at (0,0).

If ¥ = y~, find dy/dz at (2,4).

If xe¥ = ye*, find dy/dx and d’y/dz? for y # 1.

If 9:3;3 - y:ﬂa = 6 i1s the equation of a curve, find the slope and the eguation of the
tangent line at the point (1,2). Computer plot the curve and the tangent line on
the same axes.

In Problem 5 find d®y/dx® at (1,2).

If 4* — 2%y = 8 is the equation of a curve, find the slope and the equation of the
tangent line at the point (3, —1). Computer plot the curve and the tangent line on
the same axes.

In Problem 7 find d*y/dx? at (3, —1).

For the curve £%/+y%3 = 4, find the equations of the tangent lines at (2v/2Z, —2v/2),
at (8,0}, and at (0,8). Computer plot the eurve and the tangent lines on the same
2 B

For the curve xe¥ + ye® = 0, find the equation of the tangent line at the origin,
Caution: Substitute * = y = () as soon as vou have differentiated. Computer plot
the curve and the tangent line on the same axes,

In Problem 10, find " at the origin.
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