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Aswe have seen, a functon f (x, ¥} of twovariables has four different partial derivatives:

falx ), fol ¥ fe(x.3).  figlX ¥

It is convendent to gather all four of these into a single matrix.

The Hessian of f(x, ¥
The Hessian matrix for a twice differentiable function f(x, v} is the matrix

¥ I'-']'z_f d':_ll"- -
y E axi  dxdy
Hf = ] = -
d L”y: fer &f  &f
| dydx g2 |

MNote that the four entries of the Hessian matrix are actually functions of x and v.

Thus the Hessian 1s itself a funcHon
Feclit, ¥ Eul, }u]
foxfx, ) fuyl(x, ¥)

Specifically, Hf 1s a functon that takes ¥ and y as input and outputs a 2 x 2 matrix.

Hf (x, y) = ’

OF course, frylx, v} and fyrlx, v} are
always equal, so perhaps they shouldn't
oorint as different.

The Hesslan Hf 1s the fisst example we
have seen of 2 matri-valued function.
Le. a function whose output s a matrix.
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EXAMPLE 1
Compute the Hessian of the function fix, v} = Itg,rl.

SOLUTION  We must compute all of the second partial derivatives of f. The first partial
derivatives are
folx, y) = 427y and  fylx;y) = 22y,

s0 the second partial derivatives are
fualz, ) = 1%, fylxn) =8y, fulny) =8y fulnp =121

Thus
L'ltjf Eﬂ']y]

Hf (x, y) = [ i

The Hesslan generalizes easily t© functions of three variables.
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The Hessian of fix, y,z)
The Hessian matrix for a twice differentiable functon f(x, y, z) 1s the matrix

[ fxx oy Jaz]
Hf = | fyz fwy fi=
[ fax foy foel
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Here we have simply placed each
derivative in the comvect locadon. For

fexlx, ¥,2) = 6xz, so this
m the upper-left entry of the
Hessian matrix.

EXAMPLE 2
Compute Hf (1,2, 3) if fix, v,2) =27z + 1=~

SOLUTION The first partial derivatives are

gzl = Bx’z, fylx, w.2) = o

Hfix,y,z) =

Substitutinginx = 1, y =2, and z = 3 gives

Hf(1,2.3) =

bxz
0
:"r.'ttl

I8

0
3

(i)
1]
2z

0
0
f

felx, gz = 27+ 2y,

3xl
2z

Ly

3
o
2
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Equivalently. a square matrix A Is
sy mmekric if

A=A",
where A7 denotes the transpose of A.

Each red entry of this matrix is equal to
the corresponding biue entry.

The Hessian can be thought of as an analog of the gradient vector for second
derivatives. In the same way that the gradient V{ combines all of the first partial

derivatives of f into a single vector, the Hesslan H f combines all of the second partial

derivatives of f into a single matrix.
MNote that the Hessian is always a symmetric matrix, meaning that the entries of

the Hesstan are symmetric across its main diagonal. For example, in the Hessian of a
two-variable function fix, v}, the two off-dlagonal entries are always equal:

_l'l:'l:: f.l.':l:l

Jux fuv
In the case of a threevariable funcon f(x, y,z), there are three pairs of identical
entries in the Hessian matrix:

-_f'l::l: _.r.a:z.l f.t:-
5 fr dg
l__f:.:: _fl:_:l|l _f.'::_'
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second Directional Derivalives

Given a functon f{x, y) and a unit vector u, recall that the directional dertvative of f
in the direction of u is given by the formula

D.f = u-Vf.
As with many kinds of derlvatives, the directional derivative D, f 15 actually a function:
Dufix, ¥} = u-Vf{x, y).

This function takes x and v as input and outputs the directonal derivative of f in the

direction of u at the point (x, y¥).
The second directional derivative of f in the direcion of u is the directional

derivative of the direcdonal derivative:
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D2f =D DL f) Note that D2 f 5 agrain a funchon of T

and y.
In the special case where u i5 either § = (1,0 or | = (D, 1}, the second direcHonal
derivative is the same as a second partial derivative:
DE e "Ff Dl _ ";Ef
= T’ T t;__!-l'l
EXAMPLE 3
Find the second directional derivative of the function f {x, y} =.'15.1:13.r in the direction of the
unit vector u={3/5,4/5).
SOLUTION Using the formula D, f = u-¥ f, we have
3 4y 7, A
Duftx,y) = (22 |- (Slry, 2527 = 3wy + Ane?.
Using the same formula again, we get
3 4
DE.IF{I‘ ¥ = {E E:] {30y + 40r, 30x} = 48x + 18y Here (30y + 40x, 3r) 15 the gradient of

Ak y + 20
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The Second Directional Derivative and the Hessian
There is a nice formula for the second directional derivative involving the Hesstan.

Thaorem (Hessian Formula for D f)
If f is a twice differentiable function of x and v and u = {a, F} 15 a unit vector, then

DE.-F = [a F] fu "FIE" m | Mote that the product of a row vector, 2
fyx fun]|b matrix, and a column vector is a scalar

Proof. Using the formula Dy, f = u- Vf, we have
D f={m; by - {Fxs _iFy} =afy+ b'fy

Taking the directional derivative again gives
Here (@ fry + B fry, 0 fry + 0fyy) tsthe

DLf = @, by {afe + bfey, afay + bfyy) = @ fox + 2abfey + 1 fyy. gradient of a fz + bfy.
But
Ix X a a Iix +b X 1
fav fulLE afry +Bfyy
as well, so the two sides of the given equation are equal. =

117



This forminla can be thought of as an
analog of the formula Dy f = u -V § for
seconnd derivatives.

EXAMPLE 4
Let f be a twice differentiable function, and suppose that

4 7
Hfi2,31 = !
e, |
Compute the directional derivative of f at the point (2, 3) in the direction of the vector

SOLUTION - According to the previous theorem,

DIF(2,3) = [0 —[I.E-]r ?“
7 5||-08

06 -08 = 2 08
]"' "'[u.z]" ]

If we think of a unit vector u = {a, b} as a column vector, then the corresponding
o vector Is the transpose of u:

u= [‘;] u = la B

Ustng this notation, we can write our Hessian formula for D2 f as follows:

D2f = uT(Hf)u

This version of the formula applies equally well to funcons of three varables, or
indeed to functons that take any number of variables as input.
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