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The Second Derivative Test

In single-variable calculus, there is a simple test to determine whether a given critical
point is a local maximum or a local minimum:

second Derivative Tes! (Singlke Variabla)
Let f{x} bea twice differentiable function, and let x; be a critical point for f.

When (15} = [ the second devivative 1. If f"(xp) > 0, then xp is a local minimum for f.
test s inconclusive.

2, I f"i{xg) < 0, then xp is a local maximum for f.

This test can be peneralized to multivariable functions as follows.

Though we are only stating this test for Second Derivative Tes!
the kwio-variable case. it works for any
viimbior el bl - Let f{x, v) be a twice differentiable function, and let (xo, vo) be a critical point for f.

1. It Hf(xp wp) 15 positive definite, then {xg, wg) 15 a local minimum for £,

2. HHf(xp, vp) 1s negative definite, then (xq, vp) is a local maximum for f.
When H f (1, yy) s neither positive

definite, negative definite nor indefindte, ;
the second derivative test is inconclusive. 3. B Hf (xg wp) is indefinite, then {xg, yp) 1s a saddle point for f.
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The reason that this test works is that the elgenvalues of the Hesstan H = Hf (xg, wg)
are related to the directional second derivatives of f at xg, yp. In particular, if u isan
etgenvector for H with eigenvalue A, then

Do fixp Vo) = "Hu=u"lu=Au"u= 1.

That i5, the directional derivative of the Hesslan in the direction of an eigenvector u is
equal to the corresponding elgenvalue. Thus we expect the eigenvalues of the Hesslan
to be positive at a local mindimum and negative at a local maximum. Moreover, if the
Hessian has both positive and negative elgenvalues, the corresponding point must be a
saddle point.

EXAMPLE 5

The function f{x, v} = x* + 2{x — y}* — % has a aritical point at (1, 1). Classify this critical
point as a local maximum, a local minimum, or a saddle point.

SOLUTION  The Hessian of f is

br+4 -4
Hf (x,¥) =
flx, ¥ [_4 4]
and in particular
Hf(1,1 i,
pan=|,

The eigenvalues of this matrix are 2 and 12, so (1, 1) is a local minimum.

Hereu a = 1 stnce d 15 3 unil vechor

Ik s less obviows that a critical polnt mus!
be a local minimum just becawse all of the
elfenvalues of the Hesslan are positive.
This argument requires some additional
linear algebra that we will not pursus
here.

The elgenvalues add to 14 (the Wace) and
miltiply io 24 {the determinant}, so they
mitist e 2 and 12
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EXAMPLE &
The function f{x, y} = 6oosx + 4x sin y has a critical point at ((}, 0). Classify this critical point
as a local maximum, a local minimum, or a saddle point.

SOLUTION  The Hessian of f is

o ~beosx 4oosy
Fixy)= lall:usgr —4&x 5in ¥

and in particular
-6 4 The eigenv alues add to -6 (the trace) and
Bfar=-1 o o multiply 0 — 16 (the determinant), so
they musé be -5 and 2.

The eigenvalues of this matrix are -8 and 2, so (0, 0) is a saddle point.
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EXERCISES

1-2 B Compute the Hessian matrix for the given function f.
1. flx,. )= X sin u 2 flx,y.z)= xl!,rz':"
3-4 m Compute the Hessian matrix for the given function f at the given point P.

2 . 162
3 flx,.y)= x’ +4xy; P=(2,3) 4. fix,y.z2)=—; P=(4,1,8)

VY
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. Let f{x, y) be a twice differentable function, and suppose that

—2xysinix?) cos(x?)
cos(x%) 0 :

Hif(x,y) = [
Compute fry iy, 51.
11
. Let fix, yi=x*+x%y, and letu = (—,—)
flx, ¥ ¥ i
(a) Find a formula for D f(x, y).

(b} Use yvour formula from part (a) to find a formula for D2f (x, y).

. Let fix, v) be a twice differentiable function, and suppose that

HF(23) = H ‘;]

Compute D2 £(2, 3), where u is the unit vector u= %{1, 23,

-

. Let fix, v) be a twice differentiable function, and suppose that

sin{e¥)
Hf(x, y) = ’ ]

sin{e¥) xe¥Yoosi(e¥)

Find a formula for D2 fix, ), where u is the unit vector {% i}
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912 m Find all critical points of the given function. {See Section 11.7 of the textbook. )
9 fir, p=x*+ ' —dxy+2 10. fix, v)=x%—12xy + 8y°

2

. fix;y)=¢"cosy 12. fix,yi=e¥(y" —x%)

13-18 m A function and one of its critical points are given. Use the second dervative
test to determine w hether the critical point is a local maximum, a local minimum, or a
saddle point.

12 flx,y)=sinxcosy; F=(nf2,0)

14. fix,y)=sinxcosy; P=(nf2,m)

15. f(x,y¥)=sinxcosy; P=(n, m/2)

16. f(x, ) =7x*+4xy+4y" — 48x; P =(4,-2)

17. fix, ) =3 +4cosix +y); P=(0,0)

18. fix,y,z)=3x*+({14+z*)cosy; P=(0,0,0)

19. Let f(x, v) = x* — 3x*— 2y*. Find the critical points of f, and classify each critical
point as a local maximum, a local minimum, ot a saddle point.
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