Chapter 1 Ordinary Differential Equations

(1.1.4) The First Order, Linear Differential Equations:

(1.1.4.1) Homogeneous Equations:

The first order, linear, homogeneous D.E has the form

d
L4 p(x)y =0
dx

We can solve any equation of this type because it is separable.

'

L= —p(x)dr
y
ln|y| = —Jp(x).dx +c
y= ie—jp(x).dx+zr
y= ce—jp(x).dx
Example: Consider the equation
dy 1
—+—y=0
dx x 4
1
y=ce PO = y(x)=ce E , for x#0
yx)=ce "

ﬂm=f = ==
x| X

(1.1.4.2) Inhomogeneous Equations:

The first order, linear, inhomogeneous D.E has the form

dy _
—+p().y = f(x)
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There are two ways for linear inhomogeneous D.E.

dy _

D Zip@.y =f@
the solution of this D.E is:
I(x) = e/ P)dx
[(x).y=[I(x)f(x)dx+c
d

2) o+ pP).x = f()
the solution of this D.E is:
I(y) — efP(J/)dy

I).x = [IMfO)dy +¢

Examplel: consider the D.E

y'+i y=x>, x=o. — | \Q\\K\\\\&
irst find the integrating factor. = \\5 / e

First fi dEh Sg ting fact k\\\\\\\m %

I(x)=exp J.idx —e™ =y Solution to y' + y/x =’

then, multiply by the integrating factor and integrate.

I(x).y=fl(x)f(x)dx+c
1
x.yzfx.xzdx+c=fx3dx+c=zx4+c
1 c

= — 3+—
y 4x X

Note that the general solution to the D.E is a one-parameter family of functions. The
general solution is plotted in the figure above for various values of c.

Example2: Solve the following linear D.E?
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dy

—+2y=cos

a TN

px)=2 f(x)=cosx

](X) — ejp(x).dx — ej2.dx — e2x
1(x).y = [1(x).f (x).dx +c
ezx.yz_[ezx.cosx.dwc ............................ )

Iezx.cosx.dx =uy- Iv.du integration by part
Let u=e” = du=2e".dx
dv=cosx.dx = v:jcosx.dx:sinx
Iezx.cosx.dx = e™ . sinx — ZIezx.sin x.dx
Also jezx.sin x.dx =uv— J.v.du integration by part
Let u=e”* = du=2e".dx
dv=sinx.dx = v=_[sinx.dx=—cosx

Iezx.smx.dx =—e*.cosx — J.— cosx.2e*.dx

e**.sin x.dx = —e**.cosx + 2J.— cosx.e?*.dx

e**.cosx.dx = e**.sinx+2e*.cosx — 4Iezx.cosx.dx

2x

jez“‘.cosx.dx =e™ . sinx — 2[— e’ .cosx + 2Jezx.cosx.dx]
je .cosx.dx + 4Iezx.cosx.dx = e*.sinx + 2e*".cosx

5Ie2x.c0sx.dx =e™.sinx +2e**.cosx

2x 2
er.sinx+2e.cosx

Iezx.cosx.dx =

5
substitute in eq. (1)
.. e.sinx+2e*.cosx
e’y= +c

5
Example3: Solve the following linear D.E?

dy
4oy =%
dx +2y=e

Sol/
p(x) =2 fix)=e™*

I(x) = e/ p(dx — pf2dx — p2x
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I(x).y = fl(x).f(x)dx+c
e?* y = fezx.e‘xdx = fexdx =e*+¢
2x

e*.y=e*+c

Example4: Solve the following linear D.E?

dy
2~y = x/2
dx y=e
Sol/
dy 1 1
a1 1 ..
dx 27 7 2°¢
P =—3  fG) = e
2 2

I(x) = el p(dx — o[ -1/2dx — ,-x/2

1(x).y = j 1G0). f () dx + ¢

e */2 y = f e‘x/z.%e’c/2 = ;+ c

X
e‘x/z.y=§+c

Example5: Solve the following linear D.E?

xdy +ydx =sinx dx

Sol/

xdy+ydx—sinxdx =0
xdy+ (y —sinx)dx \x.dx
d — Si

_y+y inx _

dx X

I(x) — efp(x)dx — ef—l/x dx — pln(x) — 4

I(x).y=f1(x).f(x)dx+c
sin x
x.yzijdxzfsinx dx = —cosx +c
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X.y=—cosx +c
Example6: Solve the following linear D.E?

(x—2y)dy+ydx=0

Sol/
(x—2y)dy+ydx=0 /(x-2y)dx
d

D2 -0

dx x—2y

dy __ Y

dx x—2y

dx = x—2y

dy y

dx  x—2y

dy y

dx x 2y X
—=——4+—=——+42
dy 'y 'y y
dx+1 )

—_— —-X =

dy "y )

p@)=—; f) =2

I(y) = e/ POy = gft/yay = o) =,
1).x = j 1) fFO)dy + ¢

y.x=fy.2dy+c=y2+c
y.x =y%+c

(1.1.4.3) Equation reducible to liner form (Bernoulli's equation):

The Eq. of the form %+P. y=0.y" can be reduced to linear form by dividing by "

and substituting z = '™ .

Lipy=0y
y" Py =0,
z=yp"" %z(l—n).y”
1 d 1 d
R T el et
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Examplel: solve the following D.E?

dy 3 —x?
— =Xy =—-y .e
ax y==y

-3 '—_l% _l %_xz—_e < *'2
YT T 2 dx
dz

E+2x.z=2e"‘2 which is alinear eq.

Solve and re-substitute in the first eq.

Example2: solve the following D.E?

—==—y3cosx +y® Bernoulli equation

dy y
dx x
d 1

2y_3d_2c}_; 2 = —cosx
let z=yl™=yl=3 =2
%=_y_3d_y
dy dx
dz 1
————2z=—cosx x-—1
dy «x

dz 1 .
— 4+ -z = cosx linear D.E
dy x

1
p(x) = o f(x) = cosx

I(x) = efp(x)dx — efl/x dx — oln(x) = 4

B tu= du=d
1(0). 2 = f 1) £ () dx o eos(x), vsin(

x.szx.cosxdx

X.Z = x.sinx—fsinxdx
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