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Second Order Ordinary Differential 
Equations 
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2.  Linear Second Order Differential Equations with constant coefficients. 
 
The General formula of a linear D.Es is: 
 

 

  
where  P1 , P2 ……. Pn , f(x) are functions of (x) 
 
 
The General formula of a linear D.E with constant coefficients is: 
 

 

 
If f(x) = 0 then the equation is Homogeneous. 
If f(x) ≠ 0 then the equation is Nonhomogeneous. 
 
 
Examples:  
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2.1 Solution of Homogeneous Linear D.Es with constant coefficients: 
 
Example:  
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General solution for second-order homogeneous linear D.Es: 
 
Case 1: If m1 and m2 are real and distinct m1 ≠ m2 
 

 

 
 

- = ?=&
@AB + ?.&

@CB					Dℎ&'&			F= ≠ F. 
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Case 2: If  m1 = m2 , 
 

 

 

 
- = (?=" + ?.). &

@B											Dℎ&'&			F= = F. 
 
 
Case 3: If  m1 = p + q i    and   m2 = p –q i    the characteristic equation has a 
complex roots. 
 

  

Þ+=

+=

+=

===

=-=

Û=-Þ=-Þ=-

==

+=Þ=Þ=Þ=-

=-Þ-=
=--

=-

-

--

--

ò
ò

òò

)(.

...

.).()(

)(

)()(

.

ln0

0)()(
0)()(

0)(

21

21

2

)(

1

11

1

1

2

1

cxCye

cdxeCeye

cdxQxIyxI

eeexI

eCQmP

lineareCym
dx
dyeCymDzymD

eCeez

cxmzdxm
z
dzzm

dx
dzzm

dx
dz

zmDymDzLet
ymDmD

ymD

xm

xmxmxm

xmdxmdxxp

xm

xmxm

xmcxm

!

[ ]

xixe
xixe

formulasEuler
i
eexand

i
eex

ececey

ececy

qipm

qppLet

ppp
m

ypypy
beformEDLinearogeneousgeneraltheLet

ix

xi

ixxiixxi

xqixqix
p

xqi
p

xqi
p

sin.cos
sin.cos

'
2

cos
2

sin

2

44
2

4

0'''
:.hom

21
2

)
2

(

2

)
2

(

1

1
2,1

2
2

2
1

2
2
11

2,1

21

1

11

-=

+=

+
=

-
=

+=

+=

-=

-=-

--
=

=++

-

--

--

+---

!

!



 5 

 

 
 

- = &IB(J cos K" + L sin K")					Dℎ&'&			F=,. = % + K5 
 
Example1: Find the general solution of the equation:  ? 
 
Solution:   

 

 

Example2: Solve the equation:    ? 

Solution:  
 

 

Example3: Solve the equation:    ? 

Solution: 
 

 

 

Example4: Solve the equation:    ? 

 
Solution:  
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2.2 Initial Value and Boundary Value Problems  
 

Example: Find the special solution of the equation:   

If y = 1 at x = 0  and  y = 0 at x = π  ? 
 
Solution: 
 

 

 
 
 
2.3 Solutions of Nonhomogeneous Linear D.E with constant coefficients: 
 

 

 
The general solution to the linear nonhomogeneous differential equation is, 
  

 where yp denotes the particular solution and yh associates the 

homogeneous solution. 

Two methods can be used for solving Second-order linear nonhomogeneous 
differential equations with constant coefficient. 

      2.3.1 The Method of Undetermined Coefficients: 
 
The method is initiated by assuming a particular solution of the form: 
 

  

 
where A1, A2, …, An denote arbitrary multiplicative constants. These constants are 
then evaluated by substituting the proposed solution into the given differential 
equation and equating the coefficients of like terms. 
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