2.3.2 Method of Variation of Parameters:

In general, if f(x) is not one of the types of functions considered in the
(undetermined coefficients method), or if the differential equation does not have
constant coefficient, then this method is preferred.

Variation of parameters is another method for finding a particular solution of the
second-order linear differential equation. It can be applied to all linear D.E's. It is
therefore more powerful than the undetermined coefficients which is restricted to
linear D.E's with constant coefficients and particular forms of f{x).

The general form of the second-order linear D.E is

ay" +by' +cy = f(x) (1)

The solution as we know is y =y, +y, where y; is the general solution of the
corresponding homogeneous equation f(x)=0 which is expressed as:
ay" +by'+cy =0

and y, is the particular solution, which can be expressed in this case as:

Yp = V1Y1 T V2)>

The general method for finding a particular solution of the nonhomogeneous
equation (1) above, once the general solution of the associated homogeneous
equation is known. The method consists of replacing the constants c,and c. in the
complementary solution by functions v,.v,(x) and v..v,(x) and requiring that the

vy vy, =0
Then we have,
v’y + vy = f(x)

Now, for the unknown functions v'; and v',, The usual procedure for solving this
simple system is to use the method of determinants (also known as Cramer Rule)

W=|y1r 2] =y % v = ys x4’
yi Y2
0 Y2
wy = 1=0Xvy,—vy, X f(x
1 f(X) Vs yZ ) f()
yl O | 1]
wy, =|"7, =y Xf(x)—0x
2 yl f(X) Y1 f() yl

then,
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w w
v/=—= and v, =2
w w

after that,

vi(x) = fvl’dx

vy(x) = fvz’dx
finally,
Yp = V1Y1 T V2)2

and the general solution is:
Y=Ynt W
Example-1: Find the general solution to the equation

y"+y=tanx
Solution: The solution of the homogeneous equation

y'+y=0

yp =Acosx + Bsinx

Since y;(x) = cosx and y,(x) = sinx then,

vy + vy, =0 = vy cosx + v, sinx =0
v1yl Ty = f(x) = —v,'sinx+ v, cosx =tanx
then,
W=V3ya=nX%—hXh’
Yi Y2

COoS X sin x

= ) |=cosx><cosx+sinx><sinx=coszx+sin2x
—sinx cosx

0 sin x :
wy = = —sinx X tanx
tanx cosx
COS X 0
) = ) |=cosx><tanx
—Sinx tanx
then,
., wy; —sinxXxXtanx —sin®x
Ul = = > — =
w Cos“ x + sin“ x COoS X
, Wy cosx X tanx _
vV, =— = = sinx

w cos? x + sin? x
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after that,

—sin? x
v(x) = fvl’dx = f—dx = —J(secx— cos x) dx
COS X

v;(x) = —In(secx + tanx) + sinx
v,(x) = fvz’dx = fsinxdx = —Ccosx

Finally,
Yp = 11Y1 + vy, = [~ In(secx + tanx) + sinx] cosx + (— cosx) sinx
¥p = (—cosx) In(secx + tan x)

y =yn+ Y, =Acosx + Bsinx— (cos x) In(secx + tan x)

Example2: y" + y'- 2y = xe*

Solution:
m2+m—-2=0

yn = e + c,e*

Since y; (x) = e™%*

and y,(x) = e* then,

V'iy1+ vy, =0 = v,'e ¥ +v,’eX =0

vyl vy = f(x) = —2v,'e7?* + v,’e* = xe*
then,

W=|)’1 Y2
vi' oyl

=y1 XY —YV2a XYy

after that,
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, -1 1 (xe3* e3*
vl(x)=fv1 dx=f?xe dx=—§ 3 —f 3 dx

1
v, (x) = ﬁ(l — 3x)e3*

2

) x x
vz(x)zjvz dxzjgdx=€
Finally,
(1-3x)e*| _  (x%\ |
Yp =V1Y1 + VoY = IT] e "+ (K) e
1 X 1 X 1 2,x
yp=ﬁe —§xe +gx e
1
Ly =yt Yy = e + ce” —§xex + gxzex

where the term (1/27)e*in y, has been absorbed into the term C.e: in the
complementary solution.
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