Engineering Mechanics-Dynamics Kinematics of Particles

1-7 Curvilinear Motion: Position, Velocity & Acceleration

The position vector of a particle at time t is defined
by a vector between origin O of a fixed reference frame
and the position occupied by particle.

Consider a particle which occupies position P defined
by at time t and P’ defined by at t + At, then:

z

Instantaneous velocity (vector) & Instantaneous speed (scalar)
_ . AF dr . As ds
V=Ilim—=— v=lim=2==

At—-0 At dt At—-0 At dt

7 I

zZ

1-8 Rectanqular Components of Velocity & Acceleration

When position vector of particle P is given by its
rectangular components, F = xi +y]j + zk
Velocity vector,

_ Ox. dy- dz
V=—I+—]+—
dt dt” dt

=V, i +v, j+v,k

K=xi+yj+2k

Acceleration vector,

2 2 2
a-9%.d yi+3tz'7—xf+ i+ 2k

2[\—

=a,i+a,j+ak
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Engineering Mechanics-Dynamics Kinematics of Particles

» Rectangular components particularly effective
when component accelerations can be integrated

independently, e.g., motion of a projectile,

Integrating twice yields:

« Motion in horizontal direction is uniform.

» Motion in vertical direction is uniformly accelerated.

* Motion of projectile could be replaced by two
independent rectilinear motions.

Example 4: A projectile is fired from the edge of

180 m/s

a 150-m cliff with an initial velocity of 180 m/s at

an angle of 30°with the horizontal. Neglecting air 30°

resistance, find (a) the horizontal distance from \15(3 m \

the gun to the point where the projectile strikes the

ground, (b) the greatest elevation above the

e

ground reached by the projectile.
SOLUTION:

+ Maximum elevation occurs when v,=0, the Vertical motion is uniformly

accelerated, then: Yy )
a=-981 m/s=
(v,)o = (180 m/s) sin 30° = +90 m/s
7 T I N e 180 m/s
v, = (v,)o + at v, = 90 — 9.81z (1) vi)o 4l
y = (v,)ot + zat’ y = 90t — 4.90£° (2) o \ 30° i
( -

9

Blyy: l!/)%, + 2ay 17?7/ = 8100 — 19.62y (3) \
—-150 m
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Also horizontal motion — uniformly accelerated,

****** 7 180 m/s
. |
then: (t,)o = (180 m/s) cos 30° = +155.9 m/s ol \:3(]‘"‘.‘!
t= (ot 1= 1559 .o(d) UK
N
y = —150 m
—150 = 90t — 4.90¢ * — 1837t — 306 =0 t=1991s

Projectile strikes

the ground at: Substitute into equation (1)

—>

Substitute tinto equation (4): = 155.9(19.91) —=> + = 3100
Maximum elevation occurs when v,=0
0 = 8100 — 19.62y y =413 m

Maximum elevation above the ground = 150 m + 413 m = 563 m

Example 4: Automobile A is traveling east at the constant speed of 36
km/h. As automobile A crosses the intersection shown, automobile B starts

from rest 35 m north of the intersection and moves south with a constant

acceleration of 1.2 m/s®>. Determine the position,

velocity, and acceleration of B relative to A 5's =

after A crosses the intersection. 351 1’2 2
D0 M

SOLUTION: j

Given: v4=36 km/h, ax= 0, (xa)0 =0, (vg)0= 0, A

36 km/h

ap=-1.2m/s%, (y)0=35m

e Determine motion of Automobile A:

km \/ 1000 m 1h
vy = | 36 : = 10 m/s
h 1 km 3600 s
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Kinematics of Particles

We have uniform motion for A so:

a, = 0

vy = +10 m/s

Xp — (:\,’A)() + VAl = 0+ 10¢
Att=5s:

a, =0

vy = +10 m/s

xy = +(10 m/s)(5s) = +50 m

e Determine motion of Automobile B:

We have uniform acceleration for B so:

—1.2 m/s>

ag
Up
ygp = (yglo + (vp)ot +

)
=
35m J|~_ B
yy
| .
s
—
ay, — 0
vy = 10 m/s —
r, = 50m—

zagt® = 35 + 0 — 3(1.2)#

Att=5s. gz = —1.2 m/s’ ap = 1.2 m/s® |
vg = —(1.2 m/s%)(5s) = —6 m/s e = 6-111/&[,
yp = 35 — 3(1.2 m/s?)(5 s)® = +20 m l‘i — 920 111LT

) a, =0 ag = 1.2 m/s® |

Since : vy, = 10 m/s — vy = 6 m/s |

ry, =50 m— rg =20 m 1

Then the problems can be solve geometrically, and apply the arctangent

relationship:

10 m/s

I'p/A

2() 111 (
) 11/S
af

50 m

gy = 5%9 m = 21.80

gy = 03.9 m & 21.8°

B\ 1.2 m/s? | | ag,
VB/A

Upia = 11.66 m/s B = 31.0°
vpy = 11.66 m/s 27 31.0°

agy = 1.2 m/s |
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Or one can solve the problems using vectors to obtain equivalent results:

g =F, +1ga Vg =V, +Vga Ag =a, +aga
20j =50i +rg, —6j =101+ Vg, 5 ~1.2j=0i+ag
Fara =20 =501 (m) Vg . =—6j—10i (m/s) aga =—1.2j (M/s®)

U = 11.66 m/s

Physically, a rider in car A would “see” car B traveling south and west.

1-9 Tangential and Normal Components
If we have an idea of the path of a YA

vehicle, it is often convenient to analyze the
motion using tangential and normal
components (sometimes called path

coordinates).

> X

« The tangential direction (e;) is tangent to the path of the particle. This
velocity vector of a particle is in this direction

» The normal direction (e,) is perpendicular to et and points towards the
inside of the curve.

» The acceleration can have components in both the e, and e; directions

To derive the acceleration vector in tangential and y
normal components, define the motion of a particle as

shown in the figure. & and € are tangential unit vectors

for the particle path at P and P’.  When drawn with

respect to the same origin, A€ =& —¢€, and A@is the
angle between them.

Ae, =2sin(A6/2)
lim A8 _ iy Sin(A0/2) ¢
AO>0 A@ 260 AQ/Z
. dg,
6 =—t
do

:é'n
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With the velocity vector expressed as
, the particle acceleration may be written as:
v _dv_. dé_dv_  deddds

d=—=—¢6+V— € +V——
dt dt dt dt dé ds dt
But, % _s  pdo—ds By
do dt
After substituting, g=ﬂ§ +ﬁ§ atzﬂ a =
d ' p " gt "o

The tangential component of acceleration reflects
change of speed and the normal component reflects
change of direction.

The tangential component may be positive or
negative. Normal component always points toward

center of path curvature.

Example 5: A motorist is traveling on a curved
section of highway of radius 2500 ft at the speed of
60 mi/h. The motorist suddenly applies the brakes,
causing the automobile to slow down at a constant
rate. Knowing that after 8 s the speed has been
reduced to 45 mi/h, determine the acceleration of
the automobile immediately after the brakes have
been applied.

SOLUTION: Define your coordinate system v4 = 60 mi/h
Then Determine velocity and acceleration in the

tangential direction

) mi\/ 5280 ft 1h
60 mi/h = | 60— : :
h 1 mi 3600 s

45 mi/h = 66 ft/s

88 ft/s

The deceleration constant, therefore;
Av 66 ft/s — 88 ft/s

a, = average a4, = — :
© At Ss

Vy = ()'()W
A

2500 ft

€t
€n

2500 ft
\

= = —9.75 ft/s?
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Immediately after the brakes are applied, the speed
is still 88 ft/s

o2 (88 ft/s)?

=— = — = 3.10 ft/s>
n 92500 ft ’

a= \/aﬁ +a? =+/2.75? +3.107

a, 3.10 ft/s>
tana = — = D —
a,  2.75 ft/s>

a = 4.14 fvs’ and o = 4547

1-10 Radial and Transverse Components

The position of a particle P is expressed as a
distance r from the origin O to P- this defines the
radial direction e,. The transverse direction ey is
perpendicular to e, : r=re,

The particle velocity vector is: V=rg&, +rég,

o

The particle acceleration vector is: ~ a=(F—ré”) & +(ré+2ré)g,

One can derive the velocity and acceleration relationships by recognizing that
the unit vectors change direction. The particle velocity vector is:

_d, . dr . dé dr . do . . _ -
V=—Arg)=—8€ +r—"=—86, +r—=¢,=reg, +rodg,
dt dt dt dt dt
o dg, dg, _
r=re,..... =€, —=—€
dé dé

de,_de do__do - dE, dg,do_ __ do
dt dodt “dt T dt do dt " dt

Similarly, the particle acceleration vector is:
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_ d(dr# deﬁ) d?r . dr dg, dr dé . d26 _ dé de,
d=—| € +r—€, |=—5 € +——+——€,+I—€,+r——=

dt\ dt dt dt dt dt dt dt dt dt dt
=(F-r6°)e, +(rd+2¢0)s,

When particle position is given in . '
cylindrical coordinates, it is convenient to
express the wvelocity and acceleration
vectors using the unit vectors

«  Position vector: F =R& +zk
« Velocity vector:

\7=d—r=RéR+Re'ég+z'|Z
d

*  Acceleration vector: d = Z—\tl = (R-R6?)e, +(RG+2RO)E, + 2K

Example 6: Rotation of the arm about O is defined
by 6 = 0.15t* where 6 is in radians and t in seconds.
Collar B slides along the arm such that r = 0.9 - 0.12t?
where r is in meters. After the arm has rotated
through 30°, determine (a) the total velocity of the
collar, (b) the total acceleration of the collar, and (c)
the relative acceleration of the collar with respect to
the arm.

SOLUTION:
e Evaluate time t for 9 = 30°: 9=0.15t> =30°=0.524rad t=1.869s

« Evaluate radial and angular positions, and first and second derivatives at
time t.

r=09-0.12t> =0.481m 1 =-0.24t =-0.449m/s
F=-0.24m/s?

0=0.15t’=0524rad 0 =0.30t = 0.561rad/s
é = 030 rad/52 v=v.e,+ g€y

a=a,e, +agegy

e Calculate velocity and acceleration:
=t =-0.449m/s
ré =(0.481m)0.561rad/s)=0.270m/s

_V 5 l@\“\vz—,.mse
V=4/V>+Vv2: =0.524m/s B=tan" -2 =31.0° 2 AU S
v

~

vy =(0.270 m/s)eq

Vr
Vo

r
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a, =F—r@* =-0.240m/s* — (0.481m)(0.561rad/s)’

=—0.391m/s?
a, =10 +2r0 = (0.481m)0.3rad/s’ )+ 2(~ 0.449m/s)0.561rad/s) .o —
=-0.359m/s?
a N
a=.a’+a; y:tan‘la—6’

a=0.531m/s y=42.6°

« Evaluate acceleration with respect to arm.
Motion of collar with respect to arm is agoa = (~0.240 ms2e,
rectilinear and defined by coordinate r.

agon =1 =—0.240m/s?

Example 7: The angular acceleration of the centrifuge | $m |
arm varies according to  §=0.0560 (rad/s®) Where 0 is ‘

measured in radians. If the centrifuge starts from rest, ( /| [\ ‘ m
determine the acceleration magnitude after the gondola i

has traveled two full rotations.

SOLUTION:

e Define your coordinate system A N NI % er

e Determine the angular velocity

0 =0.050 (rad/s?)

Acceleration is a function of position, so use: 4ddg=60d6 e, Top View
_ (2)(27) o
e Evaluate the integral: [ 0.056d6 = ddé e g
0 0
0.056°[*” ¢

6? =0.05[2(27)]

2 2

0 0

e Determine the angular velocity: 6% = 0.05[2(271')]2
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e Determine the angular acceleration: ¢ =0.050 = 0.05(2)(2) = 0.6283 rad/s
e Find the radial and transverse accelerations:

a=(r-r6") & +(ré+2ro)s,
=(0-(8)(2.8099)° ) €, +((8)(0.6283) + 0)E,
— —63.166 & +5.02658, (m/s?)

sy =27+ = /(~63.166)7+[5.0265]

8, = 63.365 m/s’
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