Engineering Mechanics-Dynamics Kinetics of Particles: Force and Acceleration

CHAPTER TWO
KINETICS OF PARTICLES: FORCE
AND ACCELERATION

2-1 Newton’s Second Law of Motion

If the resultant force acting on a particle is not zero, the ¥
. . . . sl 9
particle will have an acceleration proportional to the F,
magnitude of resultant and in the direction of the resultant.

—

F=ma
If particle is subjected to several forces: Z F=ma

We must use a Newtonian frame of reference, i.e., one that is not
accelerating or rotating. If no force acts on particle, particle will not
accelerate, i.e., it will remain stationary or continue on a straight line at constant
velocity.

2-2 Linear Momentum of a Particle

The principle of conservation of linear momentum is:

Zﬁ:mé:md—v
dt
d

o d-
:a(mv):a(L)

Where: | =mv = Linear momentum .
Sum of forces = rate of change of linear momentum Z F=L

If z F=0 then linear momentum is constant
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2-3 Equations of Motion

* Newton’s second law > F=ma

» Convenient to resolve into components:

Z(FXT+ Fi+ FZIZ)z m(axf+ay17+aZIZ)
> F=ma, Y F=ma, > F=ma,
YFR=mx > F,=my > F=mz

» For tangential and normal components:

D> F.=ma, D> F,=ma,

dv v?
ZFt_mE ZFn_m;

2-4 Dynamic Equilibrium

Alternate expression of Newton’s law:: Z F_-mi=0

Where: —ma = inertia vector

If we include inertia vector, the system of forces acting on particle is equivalent
to zero. The particle is said to be in dynamic equilibrium,

Inertia vectors are often called inertia forces as they
measure the resistance that particles offer to changes
in motion.
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2-5 Equation of Motion for a System of Particles

The summation of the internal forces, if carried out, will equal zero, since

internal forces between any two particles occur in equal but opposite collinear pairs.
Consequently, only the sum of the external forces will remain, and therefore the
equation of motion, written for the system of particles, becomes

Y Fi= > m;a;

e The equation of motion is based on experimental evidence and is valid only
when applied within an inertial frame of reference.

e The equation of motion states that the unbalanced force on a particle causes it
to accelerate.

e An inertial frame of reference does not rotate, rather its axes either translate
with constant velocity or are at rest.

e Mass is a property of matter that provides a quantitative measure of its
resistance to a change in velocity. It is an absolute quantity and so it does not
change from one location to another.

e Weight is a force that is caused by the earth’s gravitation. It is not absolute;
rather it depends on the altitude of the mass from the earth’s surface.

2-6 Equations of Motion: Rectangular Coordinates

When a particle moves relative to an inertial x, y, z frame of reference, the forces acting on
the particle, as well as its acceleration, can be expressed in terms of their i, j, k
components. Applying the equation of motion, we have

EF = ma: IFi+ XF,j + XFk = m(ai + a,j + ak)

For this equation to be satisfied, the respective i, j, k components
on the left side must equal the corresponding components on the
right side. Consequently, we may write the following three scalar

equations: —L
ZF, = ma /
SF. = ma T

In particular, if the particle is constrained to move only in the x—y plane,
then the first two of these equations are used to specify the motion.
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Example 1: The two blocks shown start from rest.

The horizontal plane and the pulley are frictionless,
and the pulley is assumed to be of negligible mass.
Determine the acceleration of each block and the

tension in the cord.

SOLUTION:

Kinematic relationship: If A moves x, to the right,

B moves down 0.5 Xa:

Draw free body diagrams & apply Newton’s law:

Z F=ma, —> T, = (100) a, Tx ratE
Z |:y =Mzag —> mg;g —T2 =Mga, i myp =300 kg
300x9.81-T, =(300)a, 1 - =D

Wy = 2940 N M

T, = 2940-(300)a, -
SF,=mea, ——> T, —2T; =0 ;@‘ 0
2940-(300)a, —2T, =0 2940-(300)a, —200a, =0

2940-(300)a, — 2 200a, =0
a,=42m/s? @a,=84m/s’  T,=840N  T,=1680N
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Example 2: The 50-kg crate shown in Fig. rests on = A00N

a horizontal surface for which the coefficient of
kinetic friction is p = 0.3. If the crate is subjected to a
400-N towing force as shown, determine the velocity
of the crate in 3 s starting from rest.

SOLUTION:

4005 N
W =mg =50 kg (9.81 m/s?) = 490.5 N.

+ 3F, = ma,; 400 cos 30° — 0.3N; = 50a N 71 i3“° — ‘ -

+13F, = ma; N — 490.5 + 400 sin30° = 0 =

K11
gl
il I

5[II

«F——F 03N,
N. = 2905N !
a = 5185 m/s’ o
v =1, +at =0+ 51853)
= 15.6m/s —
Example 3: A 10-kg projectile is fired vertically upward ")

from the ground, with an initial velocity of 50 m/s.
Determine the maximum height to which it will travel if (a)
atmospheric resistance is neglected; and (b) atmospheric
resistance is measured as Fp = (0.01v®) N, where v is the
speed of the projectile at any instant, measured in m/s.

SOLUTION:

W=mg=10(9.81) =98.1 N

+13F. = ma.; —08.1 = 104, a= —9.81 m/s’
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Kinematics. Initially,zp = 0 and vy = 50 m/s. and at the maximum
height z = h, v = 0. Since the acceleration is constant, then

(+T) v’ = o) + 2a(z — 7o)

0 = (50)* + 2(—9.81)h — 0)

h=127Tm Ans.
Fp = (0.012%)

-
4

o
Lol L)

+13F. = ma; —001v* —98.1 = 10a, a = —(0.001v* + 9.81)

Kinematics. Here the acceleration is not constant since F, depends
on the velocity. Since a = fiv), we can relate a to position using

(+Tadz = vdv; —(0.001v* + 9.81) dz = v dv

Separating the variables and integrating, realizing that initially zo = 0.
vy = 50 m/s (positive upward), and at z = h, v = 0, we have

h 0 'y ﬂ'i? , 0
dz = — 5 = —500 In(»~ + 9810)
0 somss 0.0012° + 9.81 50 m/s

h=114m Ans.

MNOTE: The answer indicates a lower elevation than that obtained in
part (a) due to atmospheric resistance or drag.

I —
24 rst. Tt Dy, Fheeton M. Hma



Engineering Mechanics-Dynamics Kinetics of Particles: Force and Acceleration

Example 4: The 100-kg block A shown in Fig. is

released from rest. If the masses of the pulleys and Datuni
the cord are neglected, determine the velocity of the
20-kg block Bin 2 s.
SOLUTION: 1 B
S

Notice from free body diagram that for A to remain

stationary:
T=1/2*9.81 *100=490.5 N,

whereas for B to remain static: ' IA

|
P

T=081%20=196.2 N, | E
T T 2 b
v [ 4
‘_.;.'_._l :,'_
2T
Sa 981N Sy A

Equations of Motion. Block A,

+\3F, = ma, 981 — 2T = 100a,
Block B,
+|3F, = may; 196.2 — T = 20ay

ZSA - &g — l
where [ is constant and represents the total vertical length of cord.
Differentiating this expression twice with respect to time yields

2a = -ag

I —
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T = 3270N
a, = 3.27m/s’
ap = —6.54 m/s’

Hence when block A accelerates downward, block B accelerates upward
as expected. Since ap is constant, the velocity of block B in 2 s is thus

(+1) v = vy + agt
=0 + (—6.54)(2)
= —13.1m/s Ans.

The negative sign indicates that block B is moving upward.

2-7 Equations of Motion: Normal and Tangential Coordinates

When a particle moves along a curved path which is
known, the equation of motion for the particle may be
written in the tangential, normal, and binomial
directions. Note that there is no motion of the particle
in the binomial direction, since the particle is
constrained to move along the path. We have

2F = ma
Inertial coordinate
EFEUI T EFnun + ZFbllb = ma, system
This equation is satisfied provided
>F, = ma,
>F, = ma,

Recall that a, (= dv/df) represents the time rate of change in the
magnitude of velocity. So if XF, acts in the direction of motion, the
particle’s speed will increase, whereas if it acts in the opposite direction,
the particle will slow down. Likewise, a, (= v*/p) represents the time
rate of change in the velocity’s direction. It is caused by XF,. which
always acts in the positive n direction, 1.e., toward the path’s center of
curvature. For this reason it is often referred to as the centripetal force.
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Example 5: Determine the rated speed of a highway curve
of radius r = 400 ft banked through an angle 6 = 18°. The
rated speed of a banked highway curve is the speed at which
a car should travel if no lateral friction force is to be exerted
at its wheels.

SOLUTION: !

Resolve the equation of motion for the
car into vertical and normal components:

D> F,=0:Rcos§-W =0........... R=——

Solve for the vehicle speed:
V2 = gptan @ = (32.2ft/s? (400 ft)tan18° = 64.7t/s = 44.1mi/h

Example 6: The 60-kg skateboarder in
Fig. coasts down the circular track. If he
starts from rest when 6 = (°, determine
the magnitude of the normal reaction the
track exerts on him when 0= 60°. Neglect
his size for the calculation.

SOLUTION:
Equations of Motion.
60 (9.81) N
2
v
+7 XF, = ma,; N, — [60(9.81)N]sinf = (60k &
XF, = ma,; N, — [60(9.81)N] sin ( g)(4m) \9 /
+N XF, = ma, [60(9.81)N] cos 8 = (60 kg) q, i A s
a;, = 9.81 cos 6 / " i
o
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Since a; is expressed in terms of 6, the equation v dv = a; ds must be used to determine the
speed of the skateboarder when 6 = 60°. Using the geometric relation s = 0 r, where ds = r
dd = (4 m) do, and the initial condition v =0 at # = 0°, we have,

vdv = a,ds
o 60"
f vdv = / 9.81 cos 0(4 df)
O v 0 60°
—| = 39.24sin#
2o 0

>
5 0 = 39.24(sin 60° — 0)

2 = 67.97 m?/s
Substituting this result and @ = 60° into Eq. of Ns, yields

N, = 152023 N = 1.53 kN

2-8 Equations of Motion: Cylindrical Coordinates

When all the forces acting on a particle are resolved into cylindrical components, i.e., along
the unit-vector directions u, , Uy, U;, the equation of motion can be expressed as

2F = ma

2Fu, + XFuy + ZFu, = mau, + magug + ma.u,

To satisfy this equation, we require

2F. = ma, IFu,
y Fao = ma ,
=70 ? f‘-’i 2 Fau,
2F, = ma, ) /n<:
B . F 3Fu,
/

Inertial coordinate system
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Example 7: The smooth 0.5-kg double-collar in Fig.
can freely slide on arm AB and the circular guide rod.

If the arm rotates with a constant angular velocity of

= 3 rad/s, determine the force the arm exerts on the
ollar at the instant 6= 45°. Motion is in the horizontal
plane.

SOLUTION:
Free-Body Diagram. The normal reaction N¢ of the
circular guide rod and the force F of arm AB act on the

collar in the plane of motion. Note that F acts o Ne r
. . . . ay
perpendicular to the axis of arm AB, that is, in the \ 45° /
direction of the u axis, while N¢ acts perpendicular to the C A
tangent of the circular path at 6= 45°. The four unknowns tangent
are N¢, F, a, ay. /t\
Equations of Motion. F
+7%F, = ma,: —Necos 45° = (0.5 kg) a, (1)
+N2ZFy = mag: F — Ngsin45° = (0.5 kg) ag (2)

Kinematics. Using the chain rule, the first and second time derivatives of r when 6= 45°,
=3radls, 0=0, are

r=08cosf = 0.8cos45° = 0.5657m
P = —0.8sinf8 = —0.8 sin45°(3) = —1.6971 m/s
7= —0.8[sinf @ +cos 6]

= —0.8[sin 45%(0) + cos 45°(3%)] = —5.091 m/s>

a, =7 —r8® = —5.091 m/s> — (0.5657 m)(3 rad/s)*> = —10.18 m/s
ag = rf + 28 = (0.5657 m)(0) + 2(—1.6971 m/s)(3 rad/s)

= —10.18 m/s*
Substituting these results into Eqgs. (1) and (2) and solving, we get

Ne= 720N
F=0 Ans.
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