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Mathematical analysis 1

Third Class

Real Numbers R and Extended Real Numbers R*
Euclidian space o Countable and uncountable sets.
Metric S paces
o Compactness
o Connectedness.
o Perfect sets
Convergence and divergence in Metric Space
Cauchy sequence
Absolute and conditional convergence .
Product of series
Compactness and connectedness .
Continuity and uniform continuity
Intermediate value theorem
Sequence and series of functions.
uniform and point wise continuity
power series
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Basic definitions

Definition 1. (Natural numbers) N
The set{ 1,2,3, ... } is called Naturl numbers denoted by N

Definition 2. (integer numbers Z)The set{...,—2,—1,0,1,2, ... } is
called integer numbers and denoted by Z.

Definition 3. (Rational numbers Q)

The setQ = {s, p,q € Z and q # 0} is called the rational numbers

and denoted by Q

The set Q is not sufficient for all purposes, for example, there is no
rational number p € Q s.t p? = 2. This problem leads to define the
set of irrational numbers The set of irrational numbers is denoted by
Q' and the set of all real numbers is the union of Q and Q’

Theorem 1. Show that The equation p? = 2. has no solution in Q

To explain the relation between Q and Q" we need the following
theorem:
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Theorem 3: Between any two distanct rationals there isnan irrational
number.

Proof:

Let% , Z be two rationals and

Since (by theorem 2) % + \/?E (g — %) is irrational .

Then there is an irrational between — and %

Definition :
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A decimal is an expression of the form :

tay.a,a,a; ... such that a, is non-negative and a4, a, as, ... are called
digits which may:

o Finite decimal
o Infinite decimal which may be recurring or non-
recurring

Example:

3 4 5 6 23456
1- 23456 =2 + —+— =
10 100 1000 = 10000 10*
3103

2- 5> =0.3016016016 ... = 0.3016 infinite recurring.

Theorem 4: Between any two distanct irrationals there isn a rational
number.

Proof:

Let a and b be two irrational and a<b. since a # b then there is
a first decimal digit where a and b differ.

- a= ao. a1a2a3 an_lan
- b ES bo. b1b2b3 '"bn—lbn
and a, < b,

chosex = ay.a,a,a3 ...a,_1b, thena < x < b

=aga,a03...0p_1b
and = ay.a,a,03 ...a,_1 b, = —— 2103n R =g

example

a=2.12345153}
b=2.12345342

let a<b

x = 2.12345300, a<x<b

Exercise : Give another proof for theorem 3 and theorem 4.
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