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Definition
We say that the set F is field if there exist two binary operations
+ and - such that:
+:FXF->F
(x,y) > x+y€EF
"t FXF->F
(x,y) >x-y€EF, x,y+0

and :
1. (F,+) is commutative group
2. (F\{0}, ) is commutative group.
x+z)=xy+x-z
" x+y)z=xz+y-z
We write (F, +, -) is a field.
Definition (ordered field)
We say that the field F is ordered if:
1. Vx,y € F, one and only one relation is true:
x <y, y<x orx =y
. Ifa<bandb <cthena<c
. Ifa<b thena +c<b+c , Vc €F.+ preserves ordering.
. 0<xand 0 < ythen0 < xy
. x<yand 0 < zthenxz < yz
Then (F, +, -, <) is ordered field.
The axiom of arithmetic of R (field)
Define two functions:
+ RXR->R(x,y) >x+y€ER
TRXR->R (x,y) »>x-y€ER
And
Al-(a+b)+c=a+(b+0)
A2-a+b=b+a
A3- there exists aunique element0 ER3a+0=04+a=a
A4-Va € R, there exists aunique elementx E R3a+x =a +

3 } Vx,y,z € F distribution law

x=0.
(A1- A4) imply that (R, +) is commutative group.
A5-(a*b):c=a-(b-c)
A6-a-b=b-a
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A7- there exists aunique element 1 ER3a-1=1-a=a
A8-Va # 0,a € R, there exists a unique element x € R
SDax=a'x=1.
ie.x=a1l= %
(A5- A8) imply that (R\{0},") is commutative group.
A9- distributionlaw: a-(b+c¢)=a-b+a-c
(a+b)-c=a-c+b-c
(A1- A9) imply that (R, +,") is a field.
A10-eithera < b,b<aora=»b
All-a<bandb<c—-a<c
Al2-0<aand0<b-0<a-b
Al3-a<b-oa+c<b+c¢c, VceR
Al4-a<banda <cthena-c<b-c
(A1- A14) imply that (R, +, -, <) is an ordered field.

R* ={x € R,0 < x or x = 0}
RT={xeRx<0orx =0}
Rf*={x€eR,0<x}
positive if 0 < a
negative if a < 0
non —negative if 0 <aora =20
non — positive if a<0ora =0

Ex: Q is an ordered field
Exercise: prove that 0 < x? foranyx € R
Definition: Absolute value
Let a € R the absolute value of a is defined as:

a if0>a

la] =< 0 ifa=0

—-a ifa>0

On the other hand, we can see |.| is a function defined on R into
Rt ie.|.| :R—> R".

Leta € R, aiscalled:

Properties of absolute value function:
1. a <

2. |lal? £ a?

3. |ab| = |a||b| and ¥ = |2
|b| b

4. la+b| <|a| + |b]|




University of Anbar Third Year — First Semester
Department of Applied Mathematics Lectures in Mathematical analysis

Collage of Science Lecture No. 2 By: Dr. Rifaat Saad Abdul-Jabbar

la —b| = |la| — |b||
5. |a| = max{a, —a}, —|a| = min{a, —a}
6. fe >0then|la—b|<eeb—€c<a<b+e
Definition : let S € R, Sis said to be bounded above if there is same
real Msuchthat: x <M Vx €S.
M is called upper bound for S.
Definition M’ is called the least upper bound (or supremum) of S if:
1- M’ is an upper bound of S
2- M'" < M for all M, where M is an upper bound of S.
Notes: 1. M’ (if exists) is unique (check)
2. we denote to M’ by L.U.B(S) or sup(S)
Definition Let S € R, S is said to be bounded below if there is some
meRs.tm<x,Vx €S
m is called lower bound
Definition m' is called the greatest lower bound (or infemum) of S if:
1- m' is alower bound of S
2- m < m'for all m, where mis an lower bound of S.
Notes: 1. m' (if exists) is unique (check)
2. we denote to m’ by glb(S) or inf (S)
Definition : Let S ¢ R, S is called:
1. Unbounded above if there is no upper bound.
2. Unbounded below if there is no lower bound.
3. Unbounded= Unbounded above+ Unbounded below
Exercises

1. Prove that R* = {x € R, x = 0} is bounded below and
unbounded above.

2. Prove that R™ = {x € R, x < 0} is bounded above and
unbounded below.

3. Find sup(S) and inf(S) where:
s=[01), S=[01), S=N
S=(0,0), S={,n=123..}
S={x€eR x*—-9 >0}

. Let A, B be two bounded sets and A € B.
Prove that: a) sup(4) < sup(B)
b) inf(B) < inf(4)
5. Ifaq, baretworealnumbers3a<b+¢€, Ve >0, thena <b
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