Chapter 2 Ordinary Differential Equations

Example: Prove that the following D.E is exact and find the general solution?

(cos x + ysin x).dx = cos x.dy
(cos x + ysinx).dx —cosx.dy =0
P =cos x + ysin x Q =-cosx
8—stinx @:—(—sin X) =sin x
oy 00X

oP _0Q

— = .. D.E is exact
oy OX

a—U:P=cosx+ysinx ........................... @
oX

a—u=Q ==C0SX  eeeieeiieiiei (2)
oy

by integrating eqg. (1)

U=SINX—YCOSX+@(Y) torviiririiiiininannnnnn, (3)

by deriving eq. (3) partially to vy
au =—COSX+@'(Y) (4
oy

by equalizing eq. (4) to eq. (2) we get
—CcosX+¢'(y)=-cosx = ¢'(y)=0 = ¢(y)=c

by substituting ¢#(y) in eqg. (3)
u=sinx—ycosx+c general solution

Example: Prove that the following D.E is exact and find the general solution?

(xycos xy +sin xy).dx + (x> cosxy +e”).dy =0

P = Xycos xy + sin xy Q=x"cosxy +e’
oP , Q _ 2 ysi
a—y:—x.y.x.smxy+x.cosxy+x.cosxy a:—x .y.Sin Xy + 2X.C0S Xy
®_R - D.E is exact
oy OX
P:a—u:xycosxy+sinxy ........................... @
oX
ou , y
Q=—=XCoSXy+€" i, (2)
oy
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Chapter 2 Ordinary Differential Equations

by integrating eq. (2) with respect to vy
U=XSINXY +€7 +d(X) oo (3)
drive eqg. (3) paritially with respect to x

Z—u= X.Y.COSXY +SINXY +@'(X) wevvenriiineenenennes (4)
X

by equalizing eq. (4) with eg. (1) we get
X.Y.COSXYy +SIN Xy + ¢'(X) = Xycosxy +sinxy = ¢'(X)=0 = ¢(x)=c
u=x.sinxy+e’+c which is the general solution.

(1.1.3) Homogeneous differential equations:
Homogeneous coefficient, first order D.E's form another class of soluble
eqs. We will find that a change in dependant variable will make such egs.

separable or we can determine an integrating factor that will make such egs.
exact. First we define homogeneous functions.

ﬂ:fixj
dx X

Example: Solve the homogeneous D.E?

ﬂ:f(lj ......... @)
dx X
Let v=2 = y=vx
X
dy
Loyt x—="1(v
v (V)
dv
X— = f(V)=V
dx V)
X _f@)-v
dx dv
dx _ dv
X F(v)-v
dx dv
X F(v)-v
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Chapter 2 Ordinary Differential Equations

Example: Solve the homogeneous D.E?

' X2+ 2
y= J

X.y

2 2
dx xy xy
Y XY )
dx y X
Let V:X

X

ﬂ=v+x.ﬂ
dx dx

1
VHX—==+V
X V
av_1 x_ 1
X Vv dx v.dv
dx
—=|v.dv
ad|
V2
Inx:? = 2(Inx+¢,)=Vv?
2 2
2(Inx+cl):£Xj :>2Inx+201=y—2
X X

2
Inx2+C:y—2 = y? =x*(Inx*+C)
X

Example: Solve the homogeneous D.E?

2Xyy'-y? + x? =
2xy dy y?

x? dx X

><No

+

2.v? +2.x.v.ﬂ—v2 +1=0 = 2.x.v.ﬂ+v2 +1=0
dx dx
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Chapter 2 Ordinary Differential Equations

2
2.x.v.ﬂ:—(v +1) = — X M
dx dx  2vdv
dx _ 2vdv _Idx_IZV.dv
x —(v +1) ve+1

—Inx+c=In(v*+1) = Inx"+c=In(v*+1)

c In(v2+1)

e(In xt+c) _ eIn(v2+1) — eIn x’ll e

2
xtec=vi+l = E:(lj +1
X

=€

(1.1.3.1) Equations reducible to homogeneous form:
Certain equations of the form

dy  ax+by+c
dx Ax+By+C

can be reduced to the homogeneous form by substitution of

X=X +h y=Y +k, then ﬂ:d—Y
dx dX

dY a(X+h)+b(Y +k)+c  aX +bY +ah+bk+c

- = where,
dX AX+h)+B(Y+k)+C AX +BY +Ah+Bk+C

ah+bk+c=0
Ah+Bk+C=0

Example: Solve the following D.E?

dy x+2y-3

H:2x+y—3

assume X=X +h y=Y +Kk

dY X+h+2(Y +k)-3 X +2Y +h+2k-3
dX  2(X +h)+Y+k-3 2X+Y+2h+k-3
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h+2k-3=0
2h+k-3=0
3k-6+3-3=0 = k=1 = h=1
dy X +2y
dX 2X+Y
V+Xd—V: X +2VX =1+2V
dX 2X+VX 24V

2

Xd_V=l+2V _V=1—V

daX 2+V 2+V
(2+V)dV_d_X 2+V

, Y =VX

A B _

A(L+V)+B(1-V)

X RV
2+V =A(l+V)+B@L-V)

2+V =V(A-B)+A+B

A-B=1

A+B=2

1-v?z 1-V?

1

JA=3 = A=> | B-
2 2

Sav lav
2 .2
1-vV 1+V
3dV_, dv_2dX

L-V) @+V) X
-3In(1-V)+In(1+V)=2In X
INA-V)2+In(l+V)-InX?=C
In@+v)
InN1-V)?

3dv_ . dv _
21-V) 2(1+V)

X

INnX*=C = |

Y
14V Ly

XZ(-V)® xza—XQSZ

X X

X=X+h=X+1
) X-1+y+1
[x-1-(y-Df

x+y—2_
(x—y)°®

21
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1-V?

dX

X

X+Y

X+Y

(X -Y)?
X3
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Chapter 2 Ordinary Differential Equations

(1.1.4) The First Order, Linear Differential Equations:

(1.1.4.1) Homogeneous Equations:

The first order, linear, homogeneous D.E has the form

d
_d y + p(x).y=0
X

We can solve any equation of this type because it is separable.

y_ —p(x)dx
y

In|y| = —I p(x).dx+c
y — ie—jp(x).dx+c

y — Ce—j p(x).dx

Example: Consider the equation

dy 1
—+-y=0
dx xy
[ p(x).dx ~fidx
y=ce "% = y(x)=ce * , for x=0
y(x)=ce""
c C
yx¥) == = yX=-
i X

(1.1.4.2) Inhomogeneous Equations:

The first order, linear, inhomogeneous D.E has the form

%+ Y= F(X) oo Q)
X

The equation is not separable. Note that it is similar to the exact equation we
solved previously,

9(x).y'(x) +9'(x).y(x) = f(x)
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Chapter 2 Ordinary Differential Equations

To solve equ. (1), we multiply by an integrating factor. Multiplying a D.E by its
integrating factor changes it to an exact equation. Multiplying equ. (1) by the
function, 1(x), yields,

I(x).%+ PO (X).y = f(X).1(x).
X
in order that I(x) be an Integrating factor, it must satisfy
d
d—-l(X) = p(x).1(x).
X

This is a first order, linear, homogeneous equation with the solution

[(x) =ce Pt

This is an integrating factor for any constant c. For simplicity choose c=1.
To solve equation (1) we multiply by the integrating factor and integrate.

Let P(x) :I p(x). dx

e % + p(x).e"¥y =" f(x)
X

I(x).y=J.I(x).f(x).dx+c ..................... Rule

iI(x).y =1(X).T(X) Rule
dx

di(ep(x).y) =e"™.f(x)
X

y = e’P‘X)jeP(X). f(x).dx+ceP®

y=y,+cy,

Note that the general solution is the sum of a particular solution, vy , that

satisfies y' + p(x). y= f(x) , and an arbitrary constant times a homogeneous
solution, vy, , that satisfies y' + p(x). y=0.
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Chapter 2 Ordinary Differential Equations

xample: consider the D. Z/////% I‘~&\\\\\§

L1 2 ==
y+=y=x* , x>o. = =
X

g

First find the integrating factor. %\N\\Jg ,f{f}_///%

Solution to y* + y/x =x?

I

1(X) =exp Uldx) =" =x
X

We multiply by the integrating factor and integrate.
1(x).y = [ 100 (x).dx+c
iI(x).y: [(x).Tf(x) =
dx
d 3
i (xy) =X
xy=Sxtic

Y=3

c
y="X+—
X

The particular homogeneous solutions are

1 1
Yo =ZX3 and vy, =

Note that the general solution to the D.E is a one-parameter family of functions.
The general solution is plotted in the figure above for various values of c.

Example: Solve the following linear D.E?

d—y+2y:cosx

dx

p(x) =2 f (x) = cos x
| (X) — ejp(x).dx — e[z.dx — eZX
1(x).y = [1(x).f (x).dx+¢

ey = Jezx.cos XAX+C o )
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Chapter 2 Ordinary Differential Equations

Iezx.cosx.dx:u.v—jv.du integration by part
Let u=e* = du=2e*.dx

dv=cosx.dx = v= Icos X.dx =sin x
Iezx.cos x.dx = e**.sinx — Zjezx.sin X.dx
Also jezx.sin X.dx = u.v—jv.du integration by part

Let u=e* = du=2e*.dx

dv=sinx.dx = v:jsinx.dx:—cosx
jezx.sinx.dx:—ezx.cosx—j—cosx.Zezx.dx
jezx.sinx.dx:—ezx.cosx+zj—cosx.ezx.dx
je“.cosx.dx:ezx.sinx—2[—e2x.cosx+Zjezx.cosx.dx]
Iezx.cosx.dx:ezx.sinx+2e2x.cosx—4'[ezx.cosx.dx
Iezx.cosx.dx+4J.e2X.cosx.dx:ezx.sinx+2ezx.cosx

5jezx.cos x.dx = e?*.sin x + 2e2*.cos x

e%*.sin X + 2e2*.cos X
5

Iezx.cos X.dx =

substitute in eq. (1)

e e7*.sinx+ 2e°*.cos X
ey = : +C

(1.1.4.3) Equation reducible to liner form (Bernoulli’s eq.):

The Eq. of the form %+ P.y=Q.y" can be reduced to linear form by dividing by
y" and substituting z=y*™" .

d n
ZipPy=Qy
dx
y—n yl+P.ylfn — ,
_ dz 6 \Y
z=y"" —=@1-n).y".=2>
y OIX( ).y i
1 dz 1 dz
My'=—- - — —+P.z=
y oy 1-n dx 1-n dx Q
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Example: solve the following D.F?

-3 __1 g _1 g_ — e
' 2'd 2 dx
dz X2 . . .
d—+ 2X.2=2¢ which is alinear eq.
X

Solve and re-substitute in the first eq.
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