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Example: Find the equation of the deflection curve of the beam shown below? 
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Initial Conditions: 
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Solve equation (1) and (2) to find c1 and c3 
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Another way to solve the previous example is by starting with the moment 

equation: 
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at     x = 0             y = 0 
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Solve Equation (1) and (2) to find c1 and substitute in the deflection equation. 

 

 

 

 

 

 

 

 

 

 

 

R 
 

 

l

x
w.  

x 

x
3

2  x
3

1  

 

F 



Chapter 2                                                                           Ordinary Differential Equations 
___________________________________________________________________________  

 41 

Example: For the cantilever beam shown below find the deflection curve? 

 

Solution: 
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at   x = l       y = 0 
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solutioncomplete
IE

lw
x

IE

lw

IE

xw
y

IE

lw

IE

lw

IE

lw
BBl

IE

lw

IE

lw

434

44434

.
24

3
)(

624

.
24

3

624
)(

624
0





 

 

 

 

 

 

 

 

 

 

 

 

Y''  = 0 

Y''' = 0 

Y  = 0 

Y' = 0 

l 

x 

w 

  

x 

F 
2

x  
2

x  

w 



Chapter 2                                                                           Ordinary Differential Equations 
___________________________________________________________________________  

 42 

1.2  Linear Differential Equations with constant coefficients. 

 

The General formula of a linear D.E is: 

 

)(..................
2

2

21

1

1 xfyP
dx

yd
P

dx

yd
P

dx

yd
nn

n

n

n

n

n










 

  

where  P1 , P2 ……. Pn , f(x) are functions of (x) 

 

 

The General formula of a linear D.E with constant coefficients is: 
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If f(x) = 0 then the equation is Homogeneous. 

If f(x) ≠ 0 then the equation is Inhomogeneous. 
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Theorem 1: If y1 and y2 are any solution of homogeneous equation then        

y = c1 y1 + c2 y2  where  c1 and c2  are arbitrary constants is also a solution. 
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Using Operator:  
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(1.2.1) Solutions of Homogeneous Linear D.E with constant coefficients: 

 

The Characteristic Equation: 
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Theorem 2: If Y is any specific solution of Inhomogeneous equation and if                                      

yc = c1 y1 + c2 y2 + ………+cn yn   is a complete solution of the related 

Homogeneous equation then a complete solution of the Inhomogeneous is: 

 

y =  yc + Y =  c1 y1 + c2 y2 + ………+cn yn + Y 

 

yc = complementary function 

Y = particular integral 
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General solution for second-order homogeneous linear D.F: 

 

Case 1: If m1 and m2 are real and distinct  m1 ≠ m2 . 
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Caution ! 

Characteristic equations are only defined for linear 

homogeneous differential equations with constant coefficients. 
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Case 2: If  m1 = m2 , 
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Case 3: If  m1 = p + i q   and   m2 = p – i q   the characteristic equation has a 

conjugate complex root. 
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Example: Find the general solution of the equation:  012'7''  yyy ? 

 

Solution: 0127012'7'' 2  mmyyy   

xxxmxm
eceCeceCy

mmm

3

2

4

121

212,1

..

34
2

48497

21  







 

 

 

Example: Solve the equation:   065
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Example: Solve the equation:   0432
2
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Example: Find the special solution of the equation:  017164
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(1.2.1.1) Homogeneous equation of higher order: 

 

Consider the general equation 
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Case 1: If the roots are real and unequal. 
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Case 2: If the roots are real and equal (repeated roots). 
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Case 3: Imaginary roots. 
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Example: Consider the following D.E? 
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Hint: Algebraic Division 
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Example: consider the D.E  0)168( 24  yDD    ? 
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Example: consider the D.E 0)33( 234  yDDDD   
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(1.2.2) Solutions of Inhomogeneous Linear D.E with constant coefficients: 
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The general solution to the linear inhomogeneous differential equation is, 

  

ph yyy   where yp denotes one solution to the differential equation and yh  is the 

general solution to the associated homogeneous equation. 

 

(1.2.2.1) The Method of Undetermined Coefficients: 
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Example: solve the following D.E?  284'' xyy   

 

Solution:  ph yyy   
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Example: solve the following D.E?  xeyyy 226'''   

 

Solution:  ph yyy   
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