Chapter 2 Ordinary Differential Equations

Example: Find the equation of the deflection curve of the beam shown below?
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Ely'= +clx7+c2x+c3
Ely

Initial Conditions:

at x=0 y=0
OOV
1201 6 2

+c,(0)+c, = ¢,=0

at x=0 y" =

O=%+cl(0)+c2 = C,=

at x=1 y=0
5 3 2 4 3
o= W), e 00 o = W e D c0 M
1201 6 120 6

at x=1 y'=0

4 2 3 2
O:MJFMHO)HC3 = £+cll—
241 2

FCo =0 oo 2
24 2 2)

Solve equation (1) and (2) to find c; and c3

wl® 1?

E+C1€+C3:0 ............................... (@) dividing eq (1) by |
wl® 12

24 +c12+03:0 ............................... (2)
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Chapter 2 Ordinary Differential Equations

Ely'=-M

O e
Ely'= HRX 2WI (3x)ﬂ

Another way to solve the previous example is by starting with the moment
3

5 Hllﬂmb

I A 4
Ely'=—Rx+
y 6l IL/(A 3t

3 |

F
Ely=-RX WX ¢ V
2 241

X
X3 5

Ely=—-R—+——+cC,X+cC
y 6 1201 7

at x=0 y=0

0=0+0+0+c, = ¢,=0

Solve Equation (1) and (2) to find c; and substitute in the deflection equation.
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Chapter 2 Ordinary Differential Equations

Example: For the cantilever beam shown below find the deflection curve?

Solution: w
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Substitute in eq. (1)

4 3 4 4 4
0—_ wi +W| 1)+B = B= wi® wli :i.WI
24E1 6EI 24E1 6EIl 24 EI
wxt o owl® 3 wl* .
y=-— + X)——.— complete solution
24E1 ©6EI 24 EI
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Chapter 2 Ordinary Differential Equations

1.2 Linear Differential Equations with constant coefficients.

The General formula of a linear D.E is:

dny dn—ly dnfzy

+P, +P, F o +P,y="f(x
dx" 1 dxn—l 2 an72 n Y ( )
where Py, P ....... Py, f(x) are functions of (x)

The General formula of a linear D.E with constant coefficients is:

If f(x) = 0 then the equation is Homogeneous.
If f(x) # 0 then the equation is Inhomogeneous.

Example:

2

d ¥+3ﬂ+5y:x = Inhomogeneous
dx dx

2

d Z+3ﬂ+5y:0 = Homogeneous
dx dx

Theorem 1: If y; and y, are any solution of homogeneous equation then
y =cC; Y1 + C2 ¥y, Where c; and c, are arbitrary constants is also a solution.
; dzy dy .
The equation: W—Samy =0 has two solutions,
y,=e** y,=e>* prove that

y=C VY, +C, Y, =ce’*+c,e® isalso a solution

y=c,e** +c,e

d

d—i:ZCle2X +3c,e*
d?y
dx’
4ce”*+9c,e”-5(2ce”* +3c,e¥)+6(c,e”* +c,e*)=0
-y is asolution too.

=4ce** +9c,e® substitute in the D.E
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Chapter 2 Ordinary Differential Equations

Theorem 2: If Y is any specific solution of Inhomogeneous equation and if
Ye =Ci Y1+ Co VYot ool +C, Yo IS @ complete solution of the related
Homogeneous equation then a complete solution of the Inhomogeneous is:

Yy=Yc+tY=Ciy1+Cyot+ ... +enYn+ Y

y. = complementary function
Y = particular integral

Using Operator:

di=0perator:D = d_ysz
X

dx

2
9y 5Y 6y-0
d x dx

(D*+5D+6) y=0 < - y=sinx

dy = COS X
dx

2

y

XZ

o

=-sinXx

o

(1.2.1) Solutions of Homogeneous Linear D.E with constant coefficients:

The Characteristic Equation:

n n-1
3X¥+aijxn_{+ .................... +anflﬂ+any—0
f(D)y=(D"+a, D" +.oevverrirern, +a,,D+a)y=0
f(D)y=(D-—m)(D—M)) +.coecvrririiiirnns +(D-m,))y=0
fMm=M-m)(M-—M,)+ .o +(M-m,)=0
Example:
d?y

d
dx2+a1d—i+a2y:0 = (D*+aD+a,)y=0

m?+am+a,=0
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Chapter 2 Ordinary Differential Equations

Caution !

Characteristic equations are only defined for linear
homogeneous differential equations with constant coefficients.

General solution for second-order homogeneous linear D.F:
Case 1: If m; and m, are real and distinct mq #m. .

(D*+a,D+a,)y=0
(D_ml)(D_mz)y:O
let u=(D-m,)y = (D-m)u=0

du du
Du=mu :&=m1u = _[T:jmldx+c
INnu=mx+c = u=e

m; X+C

:Clemlx
u =(D_m2)y = (D_mz)yzclemlx

d m x :
d—i—mzy:cle1 < linear D.E

%+Py=Q = P=-m, Q=ce™*

|(X) _ J‘ep(x)dx _ J'e—m2 dx _ g M2 X
1)y = [1(x).Q.dx+c,
ey = je‘”‘zx.clem”.dx+ c,

e Xy = jcle(m1‘m2)'x.dx +C,

e Xy = — .jcle(ml‘“‘z)'x.dx+c2

17 1R

(my—my).x

. e
e mzx.y:—Cl +c,

m, —m,

(my—my ). x My X—M, X+M, X
ce ce
y="2"——e™"+c,e™" = y=2 +C,.em"
m, —m, m, —m,

y=Ce™  +c,.e™"
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Chapter 2 Ordinary Differential Equations

Case 2: If my=m,,

(D-m)’y=0
(D-m)(D-m)y=0
Letz=(D-m)y = (D-m)z=0

dz dz dz
—-mz=0 = —=mz = —=mdx = Inz=mx+g¢
dx dx z

z=e"e"=C, e™
(D-my=z = (D-my=C,e™ = %—myzclemX < linear
P=-m Q=C,e™
1(x) :jep(x)dX =_|‘e"“dX =e ™
I(x)y:J.I(x).Q.dx+c2
e‘“”.y:je‘””.Cle'“x.dx+c2

e™y=(Cx+¢c,) =

y=(C,x+c,).e™

Case3:If my=p+iq and m,=p-iq the characteristic equation has a
conjugate complex root.

Let the general homogeneous Linear D.E formbe:
y'+ Py y'+ P y= 0

__pli’\/ p12_4p2

m =
1,2 2

Let p12_4p2 =-4q

2

m, =_%$i q

-2 ig)x Piig)x

— 2 2
y=ce +C,e

Py _ )
_ 2 -igx igx
y=e [cle +C,e ]

iX —ix iX —ix

-e
2i

e

sinx = and cosx= Euler's formula

e'* = cos X +i. sin x
e ¥ =cosXx —i.sinx
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Chapter 2 Ordinary Differential Equations

P,

y=e 2 [c (cosqx—i.singx)+c,(cosqx+i.singx)]

P

y=e 2 [(c,+c,)cosqx+(c,—c,)singx]

~y=e 2 (Acosqx+ Bsingx)

y=e""(Acosqx+Bsingx) where m, ,=p+ig

Example: Find the general solution of the equation: y'+7y+12y=07?

Solution: y"+7y+12y=0 = m*+7m+12=0
m12:—7+\/49—48 — m =4 m, = -3

’ 2

y=Ce™* +c,.e™* =Ce " +c,.e>

. . d’y _dy
Example: Solve the equation: a3z o, tey=0 ?
X X

Solution: m* -5m+6=0 = (M-3)(M-2)=0 = m, =3
y=Ce™*+c,.e™* =Ce** +c,.e”

2

Example: Solve the equation: 43 Z+4%+y=o ?
X X

Solution:
Am?* +4m+1=0 = m2+m+%:0 = (2m+1)*=0 = mlsz:—E

1
y=(C,x+¢,).e™ = y=(c,x+¢c,)e ?
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Chapter 2 Ordinary Differential Equations

2

Example: Solve the equation: 23 y +33y+4y=0 ?

X2 dx
Solution:

2m?+3m+4=0

-3F,9-(4x2x4) -3F-23 3_+/23.
m, = = ==—+—I
’ 2x2 4 4 4

: J23 V23

—e % (Acos Y22 x + Bsin Y22 x
y ( 1 2 )

d’y

X2

Example: Find the special solution of the equation: 4

+16ﬂ+17y:0
dx
Ify=21latx=0and y=0atx=17 ?

Solution:

~167/256-272 _ -16%V-16 _-16%4i _ ,_1.
8 8 8 2

4m®+16m+17=0 = m,=

y=g* (Acosg + Bsin g) < the general solution

atx=0 y=1 = 1=e’(Acos0+Bsin0) = A=1
atx=7 y=0 = 0=e? (Ix0+Bxl) = B=0

Ly=e* (cosg)

(1.2.1.1) Homogeneous equation of higher order:
Consider the general equation

a, y" +a YO 4 +a,,y+a, y=0 where nis the differenti ation order

The characteristic equation will be as follows:

m'+a,m™™ . +a,,m+a, =0 which has n roots
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Chapter 2 Ordinary Differential Equations

Case 1: If the roots are real and unequal.

Case 2: If the roots are real and equal (repeated roots).

Y=, X" 0 X" +c,)e

Case 3: Imaginary roots.

y=e”*(Acosq, x+B;sing, x) +eP* (A, cosq, X+ B,sing, X) +......

n
wherer = —
2

Example: Consider the following D.E?

y'"'+5y"+9y+5y=0 < Homogeneous

the corresponding characteristic eq. is
m®+5m°+9m+5=0

by trial m=-lisaroot = (M+1)(m°+4m+5)=0

—4F16-20 4_~N-4 __Ja. o _.
2T T, = m1’2:—5+T:—2+7|:—2+|

y=ce " +e?*(c,cos X +C,Sinx)

1* root 2" roor 3" root
Hint: Algebraic Division

(m*+5m*+9m+5) ‘(m+l)

(m®+4m+5)

Am® +9m+5
F4m*F4m

SMm+5

Fo5mMFS

0+0

48
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Chapter 2 Ordinary Differential Equations

Example: consider the D.E (D*+8D*+16)y=0 ?

d'y _d?%
] 8
Solution: dx4+ d x*

+16y=0

m*+8m’+16=0

Let x=m’ = x’°+8x+16=0

(x+4)*=0

x=-4 = m’=-4

X,=—4 = m’=-4

m, , =+2i

m, , = +2i

y = e°[c, cos 2x + ¢, sin 2x] + €°[c, cos 2x + ¢, sin 2]
But the first and second term are equal so we multipy one of them by x
y =e°[c, xcos 2x + ¢, xsin 2x]+ °[c, cos 2x + ¢, sin 2X]
y =(c, X +C;)c0s2x + (C, X+ C,)Sin 2X

Example: consider the D.E (D*+3D*+3D*+D)y=0
Solution:

m*+3m*+3m’>+m=0
m(m*+3m*+3m+1)=0
by trial m=-1
m’+2m+1
m+l>m3+3m2+3m+1

m® +m?

2m* +3m+1

2m* +2m

m+1

m+1

0+0
mm+)(M*+2m+1)=0 = mmM+HM+1)°=0 = m(m+1)°=0
m=0 m=m=m,=-1

y=c +(Cc,x* +c,x+c,)e”
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Chapter 2 Ordinary Differential Equations

(1.2.2) Solutions of Inhomogeneous Linear D.E with constant coefficients:

The general solution to the linear inhomogeneous differential equation is,

y =y, +y, Where y, denotes one solution to the differential equation and y; is the
general solution to the associated homogeneous equation.

(1.2.2.1) The Method of Undetermined Coefficients:

The method is initiated by assuming a particular solution of the form:

Yo () =AY (X) + Ay, (X) +.ooo + A Y, (X)

where A;, A, ..., Ay denote arbitrary multiplicative constants. These constants
are then evaluated by substituting the proposed solution into the given

differential equation and equating the coefficients of like terms.

Use the following table to find y,(x):

f(x) Yp(X)
a A
ax" AX"+A X" AXEA
ae’” Ae’*
acos
. A Acos fXx + Bsin px
asin fx
ae’*cos
) P AeP* (B, cos px + B, sin AX)
ae””sin px
ax"e"cos
_’BX AeP(AX" + AX""+.....+ A ) (B,cos Bx + B,sin Ax)
ax"e”sin px

Example: Using the table to write y, ?

) f=2x = y,=AC+Bx*+Cx+D
2) f(x)=3e* = Yo =Ce*
3) f(x)= %sin 2x = y,=Acos2x+ Bsin2x

4) f(x)=sin(x)+cos(x) = Yy, =Acosx+Bsinx
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Chapter 2 Ordinary Differential Equations

Example: solve the following D.E? y"-4y=8x
Solution: y=y, +y,

to find y,

Let y"-4y=0 = homogeneous

m> -4=0 = m=-2 m,=2

y, =C,e " +C,e*

to findy, < since f(x)=8x

Yy, = AX* + Bx+C

y',=2Ax+B

y',=2A

Substituteinthe originalequation

2A—4Ax* —4Bx—4C =8x°

—4AX* —4Bx—(4C —2A) =8x?

and by equalizingthe constants of thetwo sidesof theequation =
—4A=8 = A=-2

-4B=0 = B=0

—4C+2A=0 = -4C+(2x(-2)=0 = C=-1
Sy, =—2x2 -1

Y=Y, +Y¥, = y=Ce?+Cpe?-2x*-1

Example: solve the following D.E? y"-y'-6y=2e*
Solution: y=y, +y,

to find vy,

Let y"'-y'-6y=0 = homogeneous

m’ -4m-6=0 =
-1FV1+24

ml’zzf

y, =Ce ¥ +Ce*

to find y,

m=-3 m,=2

yp =C e—2X
y',=—-2Ce™

o1



