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Example: solve the following D.E?  xeyyy  2'3''  

 

Solution:  ph yyy   
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(1.2.2.2) Method of Variation of Parameters: 

 

In general if f(x) is not one of the types of functions considered in the 

(undetermined coefficients method), or if the differential equation does not have 

constant coefficient, then this method is preferred. 

 

Variation of parameters is another method for finding a particular solution of the 

n
th

-order linear differential equation. It can be applied to all linear D.E's. It is 

therefore more powerful than the undetermined coefficients which is restricted 

to linear D.E's with constant coefficients and particular forms of f(x). 

 

The general form f the linear D.E is 
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The solution as we know is ph yyy   where yh is the general solution of the 

corresponding homogeneous equation L(y)=0 which is expressed as: 

 
 )1()()()( 2211  xycxycxycy nnh    

 

and yp is the particular solution we need to obtain which can be expressed as: 

 

nnp yvyvyvy  2211   

 

Where ),,2,1()( nixyy ii   is given in eq. (1) and, 

 

),,2,1( nivi  is un unknown functions of x that still must be determined. 

 

To find vi , first solve the following linear equations simultaneously for v'i  : 
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Then integrate each v'i to obtain vi , disregarding all constants of integration. 

This is permissible because we are seeking only one particular solution. 

 

Example: for the special case n=3, 
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Example: solve  xyy sec''''  . 

 

Solution:  

 

This is a 3
rd

 order equation with  

 
xvxvvyxcxccy ph sincossincos 321321   

 

Here  y1 = 1 , y2 =cos x , y3 = sin x , and f(x) = sec x   
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Solving this set of equations simultaneously, we obtain : 
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Substituting these values into yp   
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The general solution is therefore: 
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(1.2.2.3) the Euler-Cauchy Differential Equations: 

So far, this section of the first chapter has been devoted to a study of linear 

differential equations with constant coefficients. However, there is one type of 

linear equation with variable coefficients which it is appropriate to discuss at 

this point because by a simple change of independent variable it can always be 

transformed into a linear equation with constant coefficients. This is the so-

called Euler-Cauchy
(1789-1857)

 equation.   
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in which the coefficient of each derivative is a constant multiple of the 

corresponding power of the independent variable. As we shall soon see, the 

change of the independent variable defined by 
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will always convert this equation into a linear equation with constant 

coefficients. 

 

Example: solve the D.E  0'''2''' 23  yyxyxyx  
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Applications of Linear Differential Equations with constant coefficients: 

 

 

Free Oscillation: 

 

 

Static Case: 
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Case I (General case): 
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Case II: 
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Case III: 
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Example: A weight of (7 N) is suspended from a spring of modulus (k=36/35 

N/cm). At t = 0, while the weight in static equilibrium it is given suddenly an 

initial velocity of (48 cm/sec) in downward. 

a. Find the vertical displacement as a function of t. 

b. What are the period and frequency of motion? 

c. Through what amplitude does the weight moves. 

d. At what time does the load reach its extreme displacement above and 

below its equilibrium position? 

 

Solution: 
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Example: the slender homogeneous rod BC shown below weighs (36 N) and the 

small (20 N) body E is welded to the rod. The spring has a modulus of       

(12.25 N/cm). When it is in equilibrium the rod is displaced an angle of (8
°
) 

clockwise and released from rest. Determine the natural frequency and the 

maximum velocity of vibration? 

 

Solution: 
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Damped Oscilation: 
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Critical Damping Coefficient: 

  

The Critical Damping Coefficient is the value of c which makes: 
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Case 1:  realareandDampingOverkMeiCc cr  04c. 2   
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Case 3: DampingUnderCc cr   
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Example: A (1.84 N) body is suspended by a spring which is stretched        

(15.3 cm) when it is loaded. If the body is drawn down (10 cm) from the 

position of equilibrium; find the position of the spring as a function of           

time (t) if: 

1. c = 1.5 

2. c = 3.75 

3. c = 3 

Solution: 
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2) for c = 3.75 
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Column Buckling: 
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For values of F below the lowest critical load, the column will remain in its 
undeflected vertical position, or if displaced slightly from it, will return to it as 
an equilibrium configuration. For values of F above the lowest critical load and 
different from the higher critical loads, the column can theoretically remain in a 
vertical position, but the equilibrium is unstable, and if the column is deflected 
slightly, it will not return to a vertical position but will continue to deflect until it 
collapses. Thus, only the lowest critical load is of much practical significance.  
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