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Chapter 4 Fourier series

1.1 Introduction:
One of the crowning glories of nineteenth

century mathematics was the discovery of
the infinite series

= t . (nrxt
f(t =&+ a_cos ni}tb sm(—j
0-2+3a, [L sin[ "7

Jean Baptiste Joseph Fourier
1768 - 1830

Fourier series arose as a formal solution to the classic wave equation. Later on, it
was used to describe physical processes in which events recur in a regular pattern.
It is not only one of the most beautiful results of modern analysis, but may be said
to furnish an indispensable instrument of nearly every recondite question in
modern physics.

1.2 Periodic functions:

A function f(x) is called periodic if it is defined for all real x and if there is some
positive number p such that

fx+p)=Ff(X) oo, (O for all x

This number p is called a period of f(x).

From Eq. (1) we have s
f(x+2p) = f[(x+ p)+ p]= f(x+ p) = f(x) .

and for any Integer n

-5 5 10

-2 w

Periodic Function

f(x+np)=f(x) forallx
Hence 2p, 3p, 4p..... are also periods of f(x).
Furthermore if f(x) and g(x) have period p, then the function

h(x)=af(x)+bg(x) a,b constants.
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1.3 Trigonometric series: _
SIN X

The sin and cos functions 1

have the period of 2~

0 TE\/ZTC 311\/47[ 53‘[\/6?‘5 o
_1--

COS X
Which will result in /
the following expansion

a, +a,cosx+b sinx+a,cos2x+b,sin2x+.........

—_

where
- TY- WY - P o by are real constants

Such a series is called a trigonometric series

a, + Y_(a,cosnx + b, sin nx)
n=1

Where a, , b, are called the coefficients of the series.

1.4 Bounds of a Function:

If for all values of x in a given interval, f(x) is never greater than some fixed
number m, the number m is called the upper bound for f(x). If f(x) never less than
some number m, then m is called the lower bound of the function.

If the function has upper and lower bound then the function is said to be bounded.

1
k
upper bound
\ lower bound
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1.5 Continuity of a Function

If f(c) exists then,

lim f(x) = f(c)
X—>C

1.6 Fourier Series

Theorem 1

If f(x) is a periodic function with a period (2 L) and if f(x) can be
represented by a trigonometric series, then

8, < .
f(x) ===+ a,cosnx+b,sinnx
2 n=1
c+2L

== j f (x) cosm dx

c+2L
= j f(x)smm dx

c+2L

= jf(x)dx

Where an, bn, a, are Euler's coefficients. Andn=1,2, 3......

Theorem 2

If f(x) is a bounded periodic function of period (2 L) which in any
one period has at most a finite number of max and min and finite number of points
of discontinuity then the Fourier series of f(x) converges to f(x) at all points of
where f(x) is continuous also the series converges to the average value of the right
and left hand limits of f(x) at each points where f(x) is discontinuous.

c+2L / ‘\"‘

nz
= 2 p 2L
a, I f (x) cos 1 dx = c a / b c+

K 2L />

1% Nz X t Nz X cret nzX
an:ED: f,(x) cosde+£f2(x) cosde+ ! f.(x) cosde
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Note: In Fourier series we will need certain integrals such us:

Isin mx sin nx dx = %I[cos(m— n) x — cos (M + n) x] dx
Icos mx cos nx dx = %j[cos(m —n) x+cos (m+n) x] dx
Isin mXx cos nx dx = %j[sin (m—n)x+sin(m +n) x] dx
- 2 1
jsm nxadx = Ej(l—cos 2nx) dx
. 1¢.
Ism nx cosnx dx = Ejsm 2nx dx

Icos2 nxdx = %I(lJr cos 2nx) dx

Example: find Fourier series of the following periodic function f(x)?

-k if —z<x<0
)= if 0<x<x k
and f(x+2r)=f(x) . A
Solution: -k

e— 2L —

a, < .
f(x)= ?°+Zan CoS NX + b, sin nx
n=1
c+2L

== _[f(x)dx

:;D(—k) dx+jf(k) dx} :%{[(—k . +[(k X)]g}:%[—kﬂ+k7r]:0

2L
- Nz X

:— I f(x) cos—dx

“( k)cos dXJrI(k)cosm dx} i{—Esinnx}0 {Esinnx}”}:o
zll n o Ln
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c+2L

1 . X
b == f (x) sin—— dx
. L! (x) sin ="

T

b, = 1{5 cos nx} + {_—k coS nx} } = 1{5 cos0—X cos(—nzz)} + {_—k cos(nz) — =K cos O}}
7|l n L o 7 |ln n n n

cos(—a)=cosa = cos(—nxz)=cosnxz

0 T
b, =1“(—k)sin% dx+ [ (k)sin " dx}
T 0 T

~b, = L[(1—cos nz)+(-cosnz +1)] = L(2—2cos nz) = 2—k(l—cos nz)
Nz nz nz

-1 n=odd
cosnz =|+1 n=even
-1™  for all

bn = 21— (-10)]
nz

n=1 = blzﬂ

T
n=2 = b,=0 same for b, b, by ,......... =0
n=3 = b3=ﬂ

3
n=5 = b5=ﬁ

Y4
f(x):4—ksinx+4—ksin3x+ﬂsin5x+ .........................

/4 3z S5t

£(x) = 23" [1- (1) Jsinnx

nzYa
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Example: Obtain the Fourier series of the periodic function defined by:

-z for —z<x<0
f(x)=
x for O<x=<rx .
2 é [} 73
And prove that: 32+i2+i2+ ........ +;2:7[—
1 3 5 (2n-1) 8 -

. a = .
Solution: f(x)= ?" + Y a,cosnx +b, sinnx
n=1
c+2L

aoz% .[f(x)dx

a, _1 ]).—ﬂ'dX—F]EXdX} =£{[7Z’X]O” +{X§T}=£[(ﬂ(0+7r))+(%20H =—72'+%=—%

0

B 0 V4 0 . T
a, = 1 J'(—n)cos—nﬁx dx+J(x)cos—n”X dx} = 1{isin nx} + {x SInNx + cosznx} }
T T 0 T -

2 Vs n n n 0
u dv
0 n=-even
1(cosnr 1 1
an_;( " —Fj_m(cosnﬁ—l)__zi N odd
n°z

0 V3 0 . V.4
b, :E[J.(—yr)sin—nﬁxdx+_|'(x)sin—n7[xdx} :i{{fcosnx} +[— X cosnx + smznx} }
V4 V4 T V4 7”

J < n n n” |

u dv

| =

n=even
n

b, = i[”{1— cos(-nz)}— (zcosnz —0)|= 1[1— cosnz —cosnz|= l(1— cosnz) =
v " n n = odd

Slwg

cos(—6) = cos(6)

VA
a,=——
2
0 n=-even
an:_22 n = odd
n‘z
1
_ﬁ n=even
b, =
3 n=odd
n
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f(X)——z—g(COSX+C083X+COSSX+ +cosnx)
i 3 7t 2
. sin2x 3sin3x sin4x (1—2cosnrx) .
+3sin X — + - + e + ———=sinnx
2 3 4 n
or f(x):—Z+Z(—Cosnzﬂ_lcosnx+—(1_Zcosnﬂ)sinnxj
4 nz n

from the fig. above
atx=0 f(x)convergesto (O+;_”)) = _2” =
- T 2 1 1
— =t 5+ 5+ +0

2 4 7z( 3¢ 5 )

- T 2 1 1
— ==+ S+ S+

2 4 7r( ¥ 5 )

-7 2 1 1
— =N+ +=+.......

4 ( ¥ 5 )

2
T 14 12 +i2+ ....... O.K

8 3 5

Example: What is the Fourier expansion of the periodic function whose definition
in one period is?

0 — t<0
f(t):{ | <
sint 0<t<r

. a - .
Solution:  f(t) :E°+Zan cosnt +b, sinnt
n=1

c+2L

ao:% _[f(t)dt
17 1] ¢ T
ao:;_J;f(t)dt:;L[[(O)dH_([smtdt}

2

a, = i[— cost] = —l(com —c0s0) = —i(—l—l) ==
T T T T
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1 c+2L 1

a, =1 .([f(t) cosnt dt:;_-[rf(t) cosnt dt

0 T
a, = l“(O) cosntdt+J'sint cosnt dt}
T - 0

and - sint cosnt = %[sin(l— n)t +sin+n)t] then

1% . . 1 cosL—n)t |” cos(L+n)t |
a, :E|:'([(S|n(1—n)t+5|n(l+ n)t) dt}—g{[—w} +{—W:| }

0 0

B 1{[cosan)t}”+[cosa+ n)t}”}_l[cosan)ﬂ+cosa+ nz 1 1 }

a =— = —
" 2 @-n) | @+n) || 27| @-n) @+n) 1-n 1+4n

a _—_1_cos(7z—n7z)+cos(7r+n7r)_ 1 1 | -1 —cosnz  —cosnz _ 1 1
" 2z (@-n) (1+n) 1-n 1+n| 27| (1-n) (1+n) 1-n 1+n

a _i_cosmercosn;r+ 1 N 1 |_ 1]@+n)cosnz+(@—n)cosnz+(1+n)+(@2-n)
" 2z @-n) @+n) 1-n 1+n| 2z @-n) (@L+n)

a _i_cosnﬂ+ncosnﬂ+cosn7z—ncosnﬂ+1+n+1—n _2cosnz+2 1+cosnrx
"2r| 1-n? 27 (L—n?) z7(@1—n?)
2
———- n=even
a,=|zr@1-n?%) n=1
0 n=odd

a, =£J.sint COSX dx=ij[sin(l—l)x+sin(1+1)x] dx=ij'sin2x dx
Ty 27 27y

0

= —_1[00st} = _—1[c0527z —cos0]= _—1[1—1] =0
2r 2 |, 4r 4r

1 c+2L l V4
Q:E!mmmmm=;£mmmmm

0 b d V4
b, = i{ J.(O)sin nt dt + J.sint sinnt dt} = 1[lj(cos(l— n)t — cos(L+ n)t) dt}
| 5 |29

~ i{{sin(l n)t}” _{sin(1+ n)t}”} ~ i{sin(l— Mz _sin(l+n)z —O—O}

"Tox|l @-n) | (1+n) 27| (1-n) (1+n)
_ ljsinnz —sinnz | 1 sinn7z+sinn7r _ 2sinnzx
" 27| (1-n) (1+n) 27| (1-n) (@+n)| 2z@1-n?)
n:ZsLmZ:O for all nexept n=1

27(1—n?)
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b, =£Isint sint dt =£Isin2t dt :i_f(l—cosZt) dt
7[0 7Z'O 27[0

b, = %Edt - Icos 2t dt} = %{[t i —Bsin 2{}

_1
27

b, {[ﬁ—O]—%[sin 27 —sin0]t =

N |-

f(t) :%+Zan cosnt + b, sinnt
n=1

sint 2(c032t cos4t cos6t cos8t
+ + + +

f(t)—£+———
T 2 T 3 15 35 63
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1.6.1 Even and Odd Functions

f(x) is said to be Even if f(-x) = f(x) where the function is symmetric

w.r.t the Y-axis.

f(-x) f(x)
Theorem 3 For Even functions: ,
2 L
a =—| f(x)dx < >
=11 > S
L
a, = EI f(x) cos 27X i v Even
Ly L

b,=0

n

f(x) is said to be Odd if f(-x) = -f(x) where the function is symmetric

w.r.t the point of origin.

- ()
Theorem 4 | £or 0dd functions:
-X E
L < : ; >

b, =2 [ 100 sin X ax / X

L7 L |
a,=a,=0 { Odd

f(-x) il
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Example: Obtain the Fourier series of the function? f(x)=x —-z<x=<rx
Solution: Odd function symmetric about the point of origin.

a,=a,=0

0

v

A

L
bnzgjf(x)sinmdx
L L

27 . nxx v
b, =—| xsin——dx 2 2L=2x S
7[‘! T r=L

T V4

-.-Ix3|nnxdx:——cosnﬁ =
n

0

2 —-=x 2
b, =—x——cosnz =—-—cosnz
TN n

f(x)=>_b, sinnx
n=1

. sin2x sin3x sin4x sin5x
f(X)=2]|sinx— + - + _
2 3 4 5

Substituting x=2= = f(x):%

— 22 (_1)i+l -i
i=1 2' _1

3.14

~N —_—
~

2
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Example: find the Fourier expansion for the function?

A
f(x)—|x|— X x>0
X x<0
- ) -7 T j
Solution:
v
2L=2rx
b, =0 F —>
27 2% AR 7=l
ao:—.[f(x)dx:—J'xdx=—— =T g
Ty Ty 7| 2 0 T

2 ¢ Nz X 2%
a,=—|f(x) cos—dx=—jxcosnx dx
Ty 4 Ty
0 n =even
= — CO0S =|—-4
" n? Y n=odd

f(x) :‘3\—2"+Zan COS NX
n=1

7 4(cosx cos3x cos5x ]
=——— 3 + 7 + 7 F o
2 o\ 1 3 5

atx=0 f(x)=0

:Z_i[1+i+i+ ....... j

2 P 32 52
T 4 1 1 )
—_—= 1+—2+_2+ .......
2 3 5
'l 1
=1+ =+ R T
8 3¥ 5

-y 1

i=1 (2| _1)2
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1.6.2 Half Range Expansion

In some problems we are concerned with interval (O,L) instead of the usual interval
of length (2L), furthermore, the conditions of the problems my require us to
expand the given function in a series of sin or cos only:

This is achieved by:

f(x) = b, sinnx
n=1
for sin series only

L
bnzﬁjf(x)sinmdx
L L

EAE R e b b e b b b b e e b b b e e b b b e e b R e b b b o e b b b e e b b o b b o b

f(x)= %+ > a, cosnx
n=1

for cos series only

2% 2% Nz X
a=—|f(x)dx : a =—|f(x)cos—— dx
. L! () . L! (x) cos =

92



Chapter 4 Fourier series

Example: Expand the function f(x)=x : O<x=<=x in Fourier sin only
and cos only?

Solution:

(1) Expansion by sin:

A y=X
2° .
b, = —_[x sin nx dx
72-0 P — T ' =
bn:g(—ncosnﬂJ:_z (-1) w
T n n :,"
© v
f(x) = b, sinnx c 2L=21 ___
n=1 . . 7Z'=L
f(x)=—2(—sinx+sm2x—Sm3x+ ........... j
2 3
. sin2x  sin3x a1 SINNX
f(x)=2|sinx— + — e + (=) —
2 3 n
(2) Expansion by cos:
A
b, =0 IS
z 2 2 > >
0= 2[X] 22, e -
T Tl 2 o 7 2
a —E]Zxcoswdx 2|_" 2
n T ) T F —L7Z' _
=

" N’z _74 n=odd

o = 2cosnz-1) _ {O N =¢even
N’z

f(x) _ 7 4 (cosx N COS 3X N COS5X N
2 12 32 52 ..............
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1.6.3 Applications:

Example: Find the Max moment and Max deflection of the simply supported
beam shown below?

y A
Solution: W

Usually we use the sin series to reduce the 22242222222222

v

solution procedures and minimize the coefficients.

7Z'X

L
_f(x)= Zb sm” bn=%ff(x)sinnLLde
0

—W Zb sin 77X

and by integration:

- Nz X
_:_Zb COS—+A
dx* nz &

EI%:—[ L) ansmm+Ax+B Moment
X

atx=0and x=L : M=0 = A=B=0

n=

4
El b, sn— Cx+D
= (nﬂ'j Z L TR

n=1

atx=0and x=L : y=0 = C=D=0

Ely= ( j Zb s'nmx
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2% Nz X
E_([f(x)sm—dx
L
E stmmdx_—jsmmdx
L 0
bn:—z—w[ic m} :—Z—W(cosnzz—l)
Linz L 1, nrx
0 n=-even
by =14W 1 odd
Nz

dy . NzX
b, sin—-
dx’ ( jz

o0 2 o0
M =_(L) 4w L nTX 4WL Z%
nr) tSnr L ~n

from structure at X =% M =—

by Fourier series :

M = =
7o fn L 7% %n
_ 2

SV (%_ig+13_i3]=—0.12507wﬁz—
T rr 3 5 7

2
M =0.12507 wi? =~ W&

Ely= ( ij smnﬂx
n=1

4WL4 ii . NzX
5

Ely=
Y 7N L

5wl
384 El

from structure at x =§ Ly =

by Fourier series :

4wl? wL* _5.01w Lt

. n7zX

4w’ & 1 . nzlL/2 —4wL2 > )
7— > — Sin Z ~

wlL?

S5wL?

Ely=—— = Ely=
T
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