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1.1 Introduction:

The previous chapter introduced the
concept of Fourier series. If the function
IS nonzero only when t>0, a similar
transform, the Laplace transform, exists.
It is particularly useful in solving initial-
value problems involving linear, constant
coefficient,  ordinary  and partial
differential equations. The present chapter
develops the general properties and
techniques of Laplace transforms.

1.2 Definition of Laplace transforms:

t

T
e

Pierre-Simon Laplace
lived from 1749 to 1827

Consider the function f(t) such that f(t) = 0 for t <0. Then the Laplace integral

£0]=F(s) = [e* F ot

defines the Laplace transform of f(t). Which we shall write £[f(t)] or F(s). The
Laplace transform converts a function of t into a function of the transform

variable s.

Example: find £(1) ,£(t) and L(e*)?
Solution:

L[f(t)]=F(s) = Te-st f (t)dt

- ___SOO st ___1 st
5(1)=£e (1)dt—_3£e dt = S[e I

L) :%[0-1]:% where s = 0
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CIf(®)=F(s) = je f () dt

L(t)= Ie‘“tdt takeu=t=du=dt and dv=e'dt=v= ise‘St
) _

E(t)zlitie—st:| —Iie_Stdt=O—[%e_St:| ZO_{O_%:IZ% 5% 0
-S 0 O_S S 0 S S

LIft)]=F(s) = Te-st f(t)dt
E[eat ] — Te—st (eat) dt = : (S : a) ]Ee—(s—a)t dt

Cle*]=

~(s-a)t _
[ ]:_(s a) _(s—a) where s>a

(s a)

Example: Find L(sinwt) and [L(coswt) ?
Solution: e'“* =coswt +isinwt Euler's formula
C(eim’[) — J.efst (elwt)dt

0

[j(e“”t):J‘e*St (cos wt +i sin a)t)dtzj'e’St cos ot dt +i je*“sin wtdt =

L) = £(COS @) + 1 E(SINGL)  orrrrerreereerreeeerree @)

and from the previous example we knowthat

LE™) = 1 taking iw=a and multiplying by the conjugate =
-1l

L(e") = 1 S+Ia) s+ia)2
—Ia) S+iw s“+w

oGl ey P )
s“+w S“+w

comparing equations (1) and (2) we find

L(cosat) = — > 5
S“+w

Lsinat)=—2—
S "t+w
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1.3 Laplace transforms for derivatives:

1.3.1 First derivative:
£ly)= ey
ol - [yoese ) d

=[0-y()]+ sTe“ y(t)dt

Lly'®)]=-y(0) +s LIy (t)

Lly'®)]=sLly(®)]- y©)

1.3.2 Second derivative:

cly"®]=clc'®)] where  G(t) = y'(t)
G'(t)y=y"(t)
From1* derivative law

LG ()]=s LIG1)]-G(0)
=sLly'(t)]-y'(0)
=s {sL[y()]- y(0)}-y'(0)
Lly"®]=s* L[y®)]-s y©)-y'(0)

From the sequence of 1% and 2™ derivatives we can find that:

Lly"®]=s L[y®)]-s* y(0)—s y'(0) - y"(0)

and

Ly ®]=s"LIy®]-s" y©0) =" Y (O =y (O)
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Example: find £(t")
Solution:

yt) =t" = y0)=0 = y({t)=nt""
Lly'®]=scly®)]-y©)
cht]=scl]

clel=Sele]

if n=1 then

if n=2 then

if n=3 then

ofe]- 2] 32 L

n!
Sn+l

cl]=
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1.4 Table of L. T

No. f(t) F(s)
1 1 E
S
1
2 t 5_2
21
3 t2 ?
n!
4 tn Sn+l
5 eat 1
s—a
. (0]
6 sin wt
s?+w®
S
7 cos wt
s?+w®
8 sinh wt .
S
9 cosh wt R
10 e f(t) f(s—-a)
11 t" f(t) (D" M (s)
12 y™(t) s"E£[y®)]-s"" y(0) =" 2 y'(0) —..eceeec. —y"(0)
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