Chapter 5

Laplace Transforms

1.5 Properties of Laplace Transforms

A) | clFo)+em)=C[Fo]+clen)]

B) If C = constant then,

L[C.F)]=C.L[F®)]

Example: Find £[3-5e* +4sint—7cos3t] ?
Solution:

= 3L[]-5L[e* ]+ acfsint] - 7[cos3t]
ST S S

S s—2 s°+1 s°+9

3 5 4 7s

— + —
s s—2 s?+1 s*+9

C) If [ft)]=F(s) then

Cle* t®]=fs-a)

Example: Find £]e* cos4t| ?

Solution:

S
L[cosat]= T F(s)
3t _ Q) _ (3_3)
clet 1)]=f(s R T

s—-3

T2 _6s+25
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D) If C[f(t)]=F(s) then

el tol=yr 4 FO

or L[t" f1)]= (1" F™(s)

Example: Find £[tsint] ?

Solution:

Llsint]= szl+1 =F(s)

el oad 1
Llesint]= (' ()
25
(5% +1)?

Example: Find ]t sint| ?

Solution:
Clt? sint]= (—1)2d—2(ij
' ds?\ s?+1
_6s*-2
(s +1)°

1.6 Inverse of Laplace transforms

If sin(x)=y then x=sin(y)
LlfO]=F(s) then f(t)=L[F(s)]

Example:
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1.6.1 Properties of Inverse of Laplace transform

A)

B)

C)

D)

E)

L[F6)+6E) =L [FO+L[G6)]

If C = constant then,

LY[C.F@)|=C.LYF(s)|=C.f(t)

If £[F(s)]=f(t) then

LYf(s—a)]=e* f(t)

If £[F(s)]=f(t) then

LHFO(s)]= " t"f (1)

If £*[F(s)]=f(t) then

Ls F(s)— f(0)]=f'(t)

Example:

4

4 3s 5}

- +
s—2 s°+16 s°+4

=4£‘1{i}—3ﬁ'{ > }Lsﬁ[ 21
s—2 s°+16 s°+4

=4e* —3cos4t+gsin2t
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Example:

C{ 3s-1 }:ﬂ_l{3(3+l)—1—3}:£_{ 3(s+1) -4

s +2s+1+4

s?+2s+5 s’ +2s+1+4

_[ 3(s+1) B 4 _3rt (s+1) Y 2
T (5+D)%+4  (s+1)2+4| (s+1)°+4 (s+1)2+4

Ll coswt]zﬁ and Ll sina)t]:(

(s+1)>+4 (s+1)°+4

(0]

}—Cl 3(s+1)—4
T (s+1)?+4

s—a)’ + o’

3£‘1{ﬂ} - 2£‘1[#} =3e'cos2t—2e " sin2t

Example:

5_1{552—7S+17}

(s—1) (s> +4)

552—7S+17= A +BS+C
(s-1)(s°+4) (s-1) (s*+4)

55 —7S+17 A(s*+4)+(Bs+C)(s-1)
(s-1)(s*+4) (s—1) (s* +4)

58 —7S+17=A(s*+4)+(Bs+C)(s-1) =
A=3

B=2

C=-5

532—7S+17: 3 +23—5

(s=1) (s*+4) (s-1) (s*+4)

5_1[552—75;17}:35{ 1 }25‘1{ E }-55‘1[ 1
(s=1) (s +4) (s-1) (s*+4) (s“+4)

_1[532—78 +17

— =3e‘+2c052t—§sin2t
(s-1) (s°+4) 2
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Chapter 5 Laplace Transforms

1.7 Solution of Ordinary D.E's by Laplace transforms:
1.7.1 D.E's with constant coefficients:

Example: y'+4y=16t < y(0)=3 y'(0)=-6
Solution: Let Y =£[y]

cly +ay]=cli6t]
Lly']+acly]=16 L[t]

s*(Y) —sy(0) - y'(0) + 4Y =i—?
y(0)=3 and y'(0)=-6

s’Y —3s+6+4Y :i—?

(s*+4)Y =3S_6+i_?

+ where A=4 B=-4

35s—-6 16 ) _ 16 A
) + 52 from partial fraction =
s°+4 s°(s°+4)

s2(s2+4) s
3s 6 411 1
Y=7 T2 Tl e
S°+4 s°+4 1|s° (s"+4)
3s 10 4
Y = -t
s+4 s*+4 ¢°

y=L]= ﬁ'{ 3 10 4 }

2
- y(t) =3cos 2t —5sin 2t + 4t

(s* +4)

- +
s°+4 s*+4 s
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1.7.2 D.E's with variable coefficients: (First degree polynomial only)
From the properties of Laplace transforms we recall that:

d"F(s)

clt y)= 1" o

Hence for n=1

L[t yt)]=-F'(s) or in another exp ression = —%ﬁ[y(t)]

similarlly
(Ol=—3 v o= _
Llty ©]=- L ©]=-[sF6) -yO)]
=—-SF'(s)-F(s)
similarlly for y"(t)
Llty'Ol=- Ly 0l=-_ s F©) -sy0) -y )

=—s*F'(s)—2sF(s)+ y(0)

Example: Solve the following D.E ?

ty"-ty+y=0 wherey'(0)=1 and y(0)=0
Llty']-Lltyl+cly]=0 and F(s)=£[y]=Y
[-s2v-2sY +0]-[-sY-Y]+Y =0
—82Y'=2sY +sY+Y+Y =0
(=8> +S)Y'+(-2s+2)Y =0
-s(s-1)Y'-2(s-1)Y =0 + —(s-1)

dy

s—+2Y =0
ds

oY __rds
2Y

-2 -2
INY =In(s ) +2c = Y=e"t*2 = y=ght) e

= %InY:—Ins+c = InY =-2Ins+2c

Y=5?%xk = YILZ
S

FY=% o= bl
y=L -0 |-ke) 5
S S
y =kt
applying the initial condition y'(0)=1
y'=k=1
y=t
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1.7.3 Simultaneous Linear D.E's
Example: Solve the D.E’s ?

ﬂ+6y:%
dt dt

3X—%:2Q
dt dt

y(0)=3 and x(0)=2

Solution: assume L[y]=Y and x]=X

clyl+eclyl=clx]
sY —y(0)+6Y =sX —x(0)
SY =3+6Y =SX =2 i @

3£[x]-£[x]=2Lly]
3X —[s X = x(0)]=2[sY - y(0)]

3X —[sX =2]=2[sY =3] .coeiiii 2

—sX+(S+6)Y =1 .. @

(B3=5)X -2sY=-8 ... (2)
_ 2s+16  2s+16 4 2
s?+s-6 (s—2)(s+3) s-2 s+3

3s-1 3s-1 1 2

= = = +
s?4+s-6 (s-2)(s+3) s-2 s+3

x=L"X] :Cl{i - i}

s—2 s+3
x=4e” —2e%

s—2 s+3

e

y=e’"+2e*
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