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Course Description:  

Functions, Limits and continuity, Differentiation, Applications of derivatives, Integration, Inverse 

functions. Applications of the Integral 

  

Recommended Textbook(s):  

Calculus, Early Transcendental By James Stewart, 6th Edition, 2008, Brooks/Cole  

 

Prerequisites:  

None  
 

Course Topics:  

 

 

1. Functions and models:  four ways to represent a function , mathematical 

models: a catalogue of essential functions ,  new functions from old functions , 

exponential functions,  inverse functions and logarithms 

 

2. Limits: the tangent and velocity problems. The limit of a function, calculating 

limits using the limit laws. Continuity, limits at infinity, horizontal asymptote. 

Infinite limits, vertical asymptotes. derivatives and rates of change 

 

3. Differentiation rules:  Differentiation of Polynomials. The Product and 

Quotient Rules. Derivatives of Trigonometric Functions. The Chain Rule, 

Implicit Differentiation. Related Rates, Indeterminate forms and l’hospital’s 

rule. 

 

7. Applications of differentiation: maximum and minimum values. The mean 

value theorem. How derivatives affect the shape of a graph. Summary of curve 

sketching.  Optimization problems. Antiderivatives. 

 

10.Integrals:  the definite integral. The fundamental theorem of calculus.  The 

indefinite integral and net change theorem. The substitution rule. 

 

11. Applications of integrals: areas between curves.  Volumes. Volumes by 

cylindrical shells. Average value of a function. 

 

12.Exponential and logarithmic functions. Derivative and integrals involving 

logarithmic functions. Inverse functions. Derivative and integrals involving 

exponential functions. Derivative and integrals involving inverse trig functions. 

Hyperbolic functions. 
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Functions 

 
 
Examples of functions  
 
A. The most useful representation of the area of a circle as a function of its radius 

is probably the algebraic formula A= πr2  
 

B. The vertical acceleration of the ground as measured by a seismograph during 
an earthquake is a function of the elapsed time. Figure below shows a graph 
generated by seismic activity during the Northridge earthquake that shook Los 
Angeles in 1994. For a given value of the graph provides a corresponding value 
of a. 

 
 

 
 

 
 
 

So, function is y = f(x), expressing y as a dependent variable on f and x is an 
independent variable.  
 
 
For example  f(x) = 2x-1  
 
If x = 1 then 2*1-1 = 1  
   X= -1 then 2 *-1-1 = -3  
 
And so on  
  
 

If an absolute value like f(x) = IxI  then 









0xx

0xx
x  



University of Anbar                                                                                               Calculus I 

College of Engineering                                                                                          Calculus I Group 

Department(s): Civil Eng.                                                                1st Year 
Semester I (2019-2020) 

 

 3 

 
Note:  
 
I-aI = IaI 
IabI = IaI IbI  
Ia/bI = IaI/IbI   but b ≠0  
Ia+bI = IaI+IbI  
 
 
 

2. Domain and Range  
 
 
We usually consider functions for which the sets D and E are sets of real numbers. 

The set D is called the domain of the function. The number f(x) is the value of f at x 

and is read “f of x” The range of f is the set of all possible values of f(x) as varies 

throughout the domain. 

Then domains and ranges of many functions are intervals of real numbers.  
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Example5: Find the domain and range of the following functions:  
 
(a) 1x2)x(f       

(b) 
2x)x(f   

(c) xtan)x(f   

(d)  xy   

(e)
6x5x

12x
y

2 


  

 
 
 
 
Solution  
 
 
(a) 1x2)x(f       

 
Domain:   x = R    x  

 
Range f(x) = R            R: denotes as all real number  
 
 

(b)  
2x)x(f   

 
 
Domain:   x = R    x  

 
Range f(x) = R 
 
 
(c) xtan)x(f   

 
 

Domain:   x = R     excluding   ,.....
2

π
5,

2

π
3,

2

π
  

 

(d)  x)x(f           

 
 

Domain     x0     and Range y0   
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(e)
6x5x

12x
y

2 


  

 
 
The denominator not equal to zero  
 

6x5x2  =0  

 

(x-3)(x-2)  then domain all but x≠3  and x≠2  

 

 
 
 

2. Sketch of functions  
 
 
The points in the plane whose (x,y) are the input and output pairs of a function 
make up the graph of the function.  
 
 
 
Definition:  
Even function: if f(x) = f(-x)    
Odd function: if f(x) = -f(-x)    
 
 
Example6: sketch the function y= x+2  
 
Solution:  

-2

-1

0

1

2

3

4

5

6

-4 -2 0 2 4

y

x

 
 
Example7: sketch the power function y= x2 

 

Solution:  
 

 

x 0 1 2 ….. -1 -2 

y 2 3 4 …. 1 0 

x 0 1 2 ….. -1 -2 

y 0 1 4 …. 1 4 
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Notes: if n is odd then symmetric about origin and pass through (1,1) and (-1,-1) 
 
            if n is even then symmetric about y axis and pass through (1,1) and (-1,1) 
           if the power is negative then y=1/xn 

 
like y= 1/x3,  1/x …..   

 
                                                                   Graph of y= 1/x3 

 
 

 
 
 

Example8: Find the domain and range then sketch the function x4y   

 
Solution  

 
Domain : 4-x ≥ 0  then   x ≤ 4 
 
 
Range  y≥ 0 



University of Anbar                                                                                               Calculus I 

College of Engineering                                                                                          Calculus I Group 

Department(s): Civil Eng.                                                                1st Year 
Semester I (2019-2020) 

 

 7 

 

 
2. Polynomials   

 
The general form is  
 
Kn xn + Kn-1 xn-1 + Kn-2 xn-2  + …… + K1 x + K0 

 
 
Ex:  x3 + 5x2 + 3  
       x5 - x3 + x0.5 ………….. etc.  
 

 
The graph is  
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Example8: sketch the function )1x)(2x(f )x(   

 
 
Solution  
 

2x2xxyf 2
)x(   

 

2xxy 2                       cbxaxy 2   

  
The vertex = x= -b/2a  ,      x = -(-1)/2*1 = ½  
y = (1/2)2 -1/2 -2 = -9/4  
 
vertex (1/2, -9/4) 

     
points of intercept  
 
at x= 0 y = -2  
at y= 0  0 = (x-2)(x-1)   
 
x= 2    (2,0) 
x = -1    (-1,0)  
 
 
 

2. Trigonometric functions  

 
Sine           sinx = a/c  
Cosine       cosx = b/c 
Tangent     tanx = a/b = sinx/cosx  
 
 
Cotangent     cotx = b/a = cosx/sinx 
Secant          secx = c/a = 1/cosx  
Cosecant      csecx = c/a = 1/sinx 
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Identities  
 

 
 
 
Graphs:  
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3. Exponential functions 
 
The exponential functions are the functions of the form f(x) = ax , where the base a 
is a positive constant.  
 

 
 

 

If we choose the base a so that the slope of the 
tangent line tangent line to the  y = ax at (0,1) is 
exactly. In fact, there is such a number and it is 
denoted by the letter e. e =2.71828 
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4. Power functions 
A function of the form f(x) = xa , where is a constant, is called a power function. We 
consider several cases. 
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5. Logarithmic functions 
 

The logarithmic function f(x) = loga , where a is  a positive constant, are the inverse 
function of the exponential functions. In each case the domain is(0, ∞) and the range 
is (-∞, ∞) and the function increases slowly when x>1.  

 

 
 

 

Example9: Classify the following functions as one of the types of functions that we 
have discussed.  
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Solution  
 

 
 

 

 
NATURAL LOGARITHMS 
 

 

The logarithm with base is called the natural logarithm and has a special notation: 
 

 

 
 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

x y= lnx 

0 ∞ 

1 0 

2 0.693 

3 1.098 

4 1.386 

5 1.609 

-1 ∞ 

0.9 -0.105 

0.5 -0.693 

0.2 -1.609 

0.1 -2.302 



University of Anbar                                                                                               Calculus I 

College of Engineering                                                                                          Calculus I Group 

Department(s): Civil Eng.                                                                1st Year 
Semester I (2019-2020) 

 

 14 

 
6. Algebra of functions  

 

Let f is  a fynction of x then we get f(x) and g is a function of x  also we get g(x) 

 

Df is the domain of f(x)  

Dg is the domain of g(x) 

 

Then:  

 

f+g = f(x) + g(x)  and Df ∩ Dg 

f – g = f(x) - g(x)   

f.g = f(x) . g(x)   

 

and the domain is as same before 

 

if f/g then Df  ∩ Dg but g(x) ≠ 0 

if g/f  then Dg  ∩ Df but f(x) ≠ 0 

 

and Dfog = {x: x ∈  Dg, g(x) ∈ Df}  

where  

 

fog(x) = f(g(x))              also called the composition of f and g 

 

 

Example10: Find fog and gof  if  x1f )x(    and x5g )x(   

 

Solution  

 

(fog)x= f(g(x)) = f( x5  ) = x51   

(1-x) ≥ 0  then x ≤ 1  Df: x≤1   

5+x ≥ 0 then x ≥ -5 Dg: x≥-5 

D fog = {x: x ≥ -5, x5   ≤1} = {x: -5 ≤ x ≤-4} 
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Example 12: If xf )x(   and x1g )x(   

Find:  

f+g, f-g, g-f, fog, f/g, g/f then graph fog and also f+g.  

 

Solution  

 

xf )x(           domain  x ≥ 0   

x1g )x(    domain  x ≤1 

 

f+g = (f+g)x = x + x1                                                 domain    0 ≤x ≤1 or [0,1] 

f-g = x - x1                                                                domain    0 ≤x ≤1 

g-f = x1 - x                                                                domain    0 ≤x ≤1 

 fog = f(x) g(x)  = f(g(x)) =f( x1 ) = x1 = 4 x1     domain    (-∞, 1] (why?) 

 

f/g = f(x)/g(x) = 
x1

x


                                                       domain    (-∞, 1] 

g/f = g(x)/f(x) = 
x

x1
                                                       domain    (0, 1] 
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Inverse functions  

A function that undoes, or inverts, the effect of a function ƒ is called the inverse of ƒ. 

Many common functions, though not all, are paired with an inverse. In this section we 

present the natural logarithmic function y = ln x as the inverse of the exponential 

function y = ex, and we also give examples of several inverse trigonometric functions. 

 

 
 

Example 63: 

 

 

Note:  

Only a one-to-one function can have an inverse 

 

Q: What is the one to one function ? 
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Note 

 
 

Example:  
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Example 64:  

 

Example 65:  
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Inverse Trigonometric Functions 

 

The six basic trigonometric functions of a general radian angle x were reviewed in 
Chapter 2. These functions are not one-to-one (their values repeat periodically).  
 

 
 

Since these restricted functions are now one-to-one, they have inverses, which we 
denote by 
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Graph of inverse trig functions  

 

 
 

 

Notes:  
To convert from degree to radian 
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Example 66: 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

We can create the following table of common values for the arcsine and arccosine 
functions 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Example 67: 
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Example 68: 



University of Anbar                                                                                               Calculus I 

College of Engineering                                                                                          Calculus I Group 

Department(s): Civil Eng.                                                                1st Year 
Semester I (2019-2020) 

 

 25 

 
 
 
 
 
 
 
 
 
 
 
 
 



University of Anbar                                                                                               Calculus I 

College of Engineering                                                                                          Calculus I Group 

Department(s): Civil Eng.                                                                1st Year 
Semester I (2019-2020) 

 

 26 

 
Identities of inverse trig functions  
 

 

 

 
 

 

 

 

sin-1x    

 

 

cos-1x    

 

 

 

 

 

and so on .. 
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      Limits & Continuity 
 

In this chapter, we’ll define how limit of function values are defined and calculated.  

 

Definition:  the limit of f(x) as x tends to a is defined as the value of f(x) as x 
approaches closer and closer to a without actually reaching it and denoted by: 

 

Lflim )x(
ax




      L is a single finite real number  

 

It’s important to know  

 

1. We don’t evaluate the limit by actually substituting x = a in f(x)  in general, 
although in some cases its possible.  

 

2. The value of the limit can depend on which side its approach  

 

3. The limit may not exist at all.  

 

 

Example 13: to explain the concept of limit, take the function f(x) = 2x – 4 if the  

 

241*2flim )x(
1x




 

 

But the following table express many values of x can be expressed close to 1.  

 

 

 

Question: Why we take values approaches to 2 in example 13 instead we take x = 1 
directly?  

 

Solution:  the answer about this question can be expressed in the following example:  

 

13f
2x

1

)x( 


 

If x = 0 then 1/0 = ∞ 

 

So..  

x 0.5  0.8 0.9 0.99 0.999 1.001 1.01 1.1 1.2 

f(x) -3 -2.4 -2.2 -2.02 -2.002 -1.998 -1.98 -1.8 -1.6 
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In limits we avoid ∞ 

 

 
THE TANGENT PROBLEM 

 

The word tangent is derived from the Latin word tangens, which means “touching.” 

Thus a tangent to a curve is a line that touches the curve. In other words, a tangent 

line should have the same direction as the curve at the point of contact. How can this 

idea be made precise? 

 

For a circle we could simply follow Euclid and say that a tangent is a line that 

intersects the circle once and only once as in Figure (a). For more complicated curves 

this definition is inadequate as shown in Figure (b) 

 

  
 

 

Example 14: Find an eq. of the tangent line to the parabola y = x2 at point (1,1)? 

 

Solution  

 

 

 

 

 

 

 

 

x ±0.2  ±0.5 etc.. 

 f(x) 1.00000 1.012345679 
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THE VELOCITY PROBLEM 

If you watch the speedometer of a car as you travel in city traffic, you see that the 

needle doesn’t stay still for very long; that is, the velocity of the car is not constant. We 

assume from watching the speedometer that the car has a definite velocity at each 
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moment, but how is the “instantaneous” velocity defined? Let’s investigate the 

example of a falling ball. 
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Example 15: Discuss the function  
3x

9x
f

2

)x(



    

If  (1)  x = 1, x = 2 

    (2)  x = 3  

    (3)  x     1, x     2 

    (4)  x     3  
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Solution:  

 

3x
)3x(

)3x)(3x(

3x

9x
f

2

)x( 








   and x ≠ 3    

Its equivalent to g(x) = x+3   and  x ≠ 3,  then:  

f(1) = g(1) = 4     

f(2) = g(2) = 5     

if   x     1 then f(x) = 4      and 4flim )x(
1x




 

if x = 3  then f(3) = 0/0 = ∞   

if x       3  then    6flim )x(
3x




 

 

note: if f(x) is defined by two different forms before and after x = a then we must 

discuss the left limit and the right limit.  

 

Properties of limits:  

If     bflim )x(
ax




    cflim )x(
ax




 

Then:  

  

1. kbfklim )x(
ax




   for any constant k  

2. cbglimflim]gf[lim )x(
ax

)x(
ax

)x()x(
ax




 

3. c.bglim.flim]g.f[lim )x(
ax

)x(
ax

)x()x(
ax




 

4.  
0cifc/bglim/flim]g/f[lim )x(

ax
)x(

ax
)x()x(

ax


  

5. 
nforonlyvaluesrealb]f[lim n/1n/1

)x(
ax


      

 

The limit must exist before applying the above results.  
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Example 16: find the limits of the following functions:  

1. 
3x

9x
lim

2

3x 





   = 633)3x(lim

)3x(

)3x)(3x(
lim

3x3x








  

2. 
22x2x

4)2x(
lim

22x

22x
*

2x

22x
lim

2x

22x
lim

2x2x2x 


















  

 4

1

22

1

222

1






  

3.  
1x7x5

1x2x3
lim

2

2

x 





     ÷ x2   

5

3

x

4

x

7
5

x

1

x

2
3

lim

2

2

x









 

 

Note:   
mn

mn
b

a

mn0

b......xaxb

a......xaxa
lim

o
1m

1m
m

m

o
1n

1n
n

n

x



















  

 

Example 17: find  

3x2x)1x(

1x
lim

2

2

1x 




  

 

Solution:  

 

6

2
62

)3x2x(lim23x2xlim)1x(lim
3x2x)1x(

)1x)(1x(
lim 2

1x

2

1x1x21x










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Theorem I     If g(x) ≤ f(x) ≤ h(x) and     
Lhlimglim )x(

ax
)x(

ax


  

Theorem II    
1

)ax(

)axsin(
lim or   1

θ

θsin
lim

ax0θ







  

 

Example 18:    

1. 7/5

x7.
x7

x7sin

x5.
x5

x5sin

x7sin

x5sin
lim 

0x



 

2. 4/1
)2x(

1

)2x)(2x(

)2xsin(
lim

4x

)2xsin(
lim 

2x22x















 

 

 

Left and right – side limits  

Example 19:   Discuss the 

2xx8

2x4

2x2x3

)x(fif)x(flim 
2x










 

Solution:  

If x > 2   

 

Then f (2+)  = 628)x8(lim)x(flim 
2x2x




 

If x > 2 then  

f(2-) 8)2x3(lim)x(flim 
2x2x


  

 

Then right limit ≠ left limit at x = 2  

Then, we say that 
)x(flim 

2x  doesn’t exists  
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Limits at Infinity: Horizontal Asymptote 

 

 

 

 

The line L is called horizontal asymptote of the graph of the function (f). If the value of 

f(x) increases without bound as x       + ∞ or x       - ∞, then we write:  

 




)x(flim 
x    Or 




)x(flim 
x  

If the value of f(x) decreases without bound as x       + ∞ or x       - ∞, then we write:  

 




)x(flim 
x    Or 




)x(flim 
x  
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Example 20: Find 
x

1
lim
x 

 and 
x

1
lim

x 
 

Solution:  
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Infinite limits and Vertical Asymptotes 

As the line x = a is a vertical asymptote if at least one of the following statements is 

true: 

 
 

Example 21: 

 

 

 

 

 

 

Continuity  

If the limit of a function as approaches can often be found simply by calculating the  

value of the function at . Functions with this property are called continuous at a.  
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Physical phenomena are usually continuous. For instance, the displacement or 

velocity of a vehicle varies continuously with time, as does a person’s height. But 

discontinuities do occur in such situations as electric currents.  

 

 

 

Example 22: In figure below, at which numbers the function f is discontinuous? Why?
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Solution:  

 

 

 

Example 23: Where are each of the following functions discontinuous? 

 

 

Solution:  
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Example 24:  x35

1x2x
lim 

23

2x 



  

 

Solution:  

 

 

 

 

 

 

 

 

 

 

Tangent line, Derivatives and Rates of Change 

 

The problem of finding the tangent line to a curve and the problem of finding the 

velocity of an object both involve finding the same type of limit, as we saw in previous 
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section. This special type of limit is called a derivative and we will see that it can be 

interpreted as a rate of change in any of the sciences or engineering.  

 

 
Example 25: Find an equation of the tangent line to the parabola y =x2  at point P(1,1).  

Solution:  

 

 

 

 

 

 

Using the point-slope form of the equation of a line, we find that an equation of the 

tangent line at (1,1) is  
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Note: 

 

 

 

 

Example 26: Find an equation of the tangent line to the hyperbola y = 3/x at point 

(3,1).  

Solution:  
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Example 27: Find the derivative of the function f(x) = x2 – 8x +9 
 
at  the number a.  

Solution: From Definition 4 we have 
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RATES OF CHANGE 

 

 

 

is called the average rate of change of y with respect to x over an interval  

 

 

 

 

Example 28: A manufacturer produces bolts of a fabric with a fixed width. The cost of 

producing x yards of this fabric is C= f(x) dollars,  
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(a) What is the meaning of the derivative f’(x), what are its units?  

(b) In practical terms, what does it mean to say that f’(1000) = 9?  

(c) Which do you think is greater f’(50) or f’(500), what about f’(5000)?  

 

Solution:  
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 Differentiation 

 
Introduction  

Derivative: it’s a function we use to measure the rates at which things change, like 

slope and velocity and accelerations.  

 

The derivative of a function is a function f′ where value at x is defined in the equation:  

 

h

)x(f)hx(f
lim  (x)f'

0h




  

The function h

)x(f)hx(f 

  is the difference quotient for f at x. 

 h is the difference increment.  

f′(x) is the first derivate of the function f at x.  See figure below.  

 

 

 

 

The most common notation for the differentiation of a function y = f(x) besides f′(x) or 

dy/dx and df/dx Dx(f)   (Dx of f) .. etc..  

 

3 
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Application of differentiation: 

- The velocity and acceleration at time t and   

- Problems of cost , maxima and minima  

- Electrical circuits’ problem  

- Any other problems related to rate of change.  

 

 

Example 29: Find the derivative of f(x) = x2 –  2x using the definition.  

 

Solution    

 f(x) = x2 –  2x    

h

)x(f)hx(f
lim  (x)f'

0h




  

h2x2hxh2x)hx(2)hx()hx(f 222 
 

h

)x2x(h2x2hxh2x

h

)x(f)hx(f 222 




 

h

x2xh2x2hxh2x 222 
 2x2h

h

h2hx2h2





 

We can take the limit as h           0: -  

(lim  (x)f'
0h 

 2x2h  ) =  2x – 2  

 

Example 30: Show that the derivative of   xy    is  x2

1

dx

dy


 

 

Solution:  

 

hx)hx(f     and    x)x(f   
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h

xhx

h

)x(f)hx(f 




            ÷  0   (Not Ok) 

 

xhx

xhx

h

xhx

h

)x(f)hx(f











 

= xhxh

1

xhxh

x)hx(









 

 

x2

1

xhxh

1
lim  

dx

dy

0h





                Ok   

 

 

k 

Example 31: Differentiate   

Solution:  
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Slope and tangent lines:  

 

Example 32: Find an eq. for the tangent to the curve y = 2/x at x = 3  

Solution:  

 

h

)x(f)hx(f
lim  (x)f'm

0h




  

hx

2
)hx(f


    

 

2x

2

x)hx(

h2

h

x)hx(

h2x2x2

h

x

2

hx

2

h

)x(f)hx(f 


















             

 
22/x  (x)f'm 
   at x = 3 m = -2/(3)2 

Then y = -2/9   

 

y + 2/3 = -2/9 (x-3)       
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Rules for differentiation 

If f and g are differentiable functions, the following differentiation rules are valid  

 

 

      0)C(
dx

d
.6   

      
1nn

nx)x(
dx

d
.7

  

      
dx

x

1
or

x

dx
)x(ln

dx

d
.8 

 

      
dxe)e(

dx

d
.9

xx 
 

      
dxalna)a(

dx

d
.10

xx 
 

      
dx

aln

1
.

x

1
e.log

x

1
)xlog  (

dx

d
.11 aa 
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Example 33:  

Solution:  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example 34: 
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Example 35: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Derivatives of trigonometric functions  

- X is measured in radians  

-  

Example 36: Find  d/dx {sinx} ?  



University of Anbar                                                                                               Calculus I 

College of Engineering                                                                                          Calculus I Group 

Department(s): Civil Eng.                                                                1st Year 
Semester I (2019-2020) 

 

 54 

 

Solution:  

 
 

But :     

 
     

 

Then  
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Example  37:  

Solution:  

 

 

 

 

Example  38:  

 

 

 

Solution:  
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Example  39: 

 
 

Example  40: 
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Higher order derivatives  

 

Example 43: Find y′, y′′ , and y′′′  for the following functions:  

1. 
5xx2y

3 
 

2. x21

x2
y




 

 

Solution  

5xx2y
3 

 

1x6y
2 

 

x12y 
 

12y 
 

 

x21

x2
y




 

222
)x21(

2

)x21(

x4x42

)x21(

)2(*x22*)x21(
y














 

34
)x21(

8

)x21(

)2(*)x21(2*2
y








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46

2

)x21(

48

)x21(

)2(*)x21(3*8
y









 

 

The Chain Rule  
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Example 44: Find F(x)′ if    
1xF

2
)x( 
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Example 46:   

 

 

 

 

 

Solution  
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Implicit Differentiation  

 

To find dy/dx for any equation involving x and y differentiation each of term in the 

equation with respect to x instead of finding y in terms of x.  
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Related Rates  
 

In a related rates problem the idea is to compute the rate of change of one quantity in 
terms of the rate of change of another quantity (which may be more easily measured). 
The procedure is to find an equation that relates the two quantities and then use the 
Chain Rule to differentiate both sides with respect to time. 
 

Problem Solving Strategy 

1. Read the problem carefully. 

2. Draw a diagram if possible. 

3. Introduce notation. Assign symbols to all quantities that are functions of time. 

4. Express the given information and the required rate in terms of derivatives. 

5. Write an equation that relates the various quantities of the problem. If necessary, 

use the geometry of the situation to eliminate one of the variables by substitution. 

6. Use the Chain Rule to differentiate both sides of the equation with respect to t. 

7. Substitute the given information into the resulting equation and solve for the unknown rate. 
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Example 72:  
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Example 73:  
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Example 74:  
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 Indeterminate Forms and L’Hospital’s Rule 

John Bernoulli discovered a rule using derivatives to calculate limits of 

fractions whose numerators and denominators both approach zero or +∞. The 

rule is known today as l’Hôpital’s Rule, after Guillaume de l’Hôpital.  
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Example 75: 

 

 

 

Example 76: 
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Example 77: 

 

 

 

 

 

 

 

 

- 

Example 78:  ` 
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Applications of 
 Differentiation 

 

 
Introduction  

We use the derivative to determine the maximum and minimum values of particular 

functions (e.g. cost, strength, amount of material used in a building, profit, loss, 

etc.). 

 

Change of velocity with time                              flow  of tank  

 

 

 

 

     Displacement  

 

                                                           Maximum and Minimum Values 

 

 

Simple circuit with light  

 

                                                                                                     

                             Engineering mechanics 

 

 

      

 

 

4 
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Summary 

 

 

 

Maximum and Minimum Values 

Some of the most important applications of differential calculus are optimization 

problems, in which we are required to find the optimal (best) way of doing 

something.  

These problems can be reduced to finding the maximum or minimum values of a 

function. 

Let’s first explain exactly what we mean by maximum and minimum values. 
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We see that the highest point on the graph of the function f shown in Figure is the 

point (3,5). In other words, the largest value of f is f(3)= 5. Likewise, the smallest 

value is f(6)= 2. We say that f (3)= 5 is the absolute maximum of f and f (6)= 2 is 

the absolute minimum.  

 
 

In general, we use the following definition 
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If f(x2) > f(x1) then the function is called increasing on its interval 

If f(x2) < f(x1) then the function is called decreasing on its interval 

If f(x2) = f(x1) then the function is called constant on its interval 
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Concavity  

 

 
 

Remember:  

The graph of y= f(x) is  

Concve up when y" > 0  

Concave down when y" < 0 
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Example 49:  

 

 

 

 

 

 

 

 

 

 

 

Example 50: The graph of the function 

 

 



University of Anbar                                                                                               Calculus I 

College of Engineering                                                                                          Calculus I Group 

Department(s): Civil Eng.                                                                1st Year 
Semester I (2019-2020) 

 

 76 

We have seen that some functions have extreme values, whereas others do not. The 

following theorem gives conditions under which a function is guaranteed to possess extreme 

values. 

 

Extrema of a function (maxima and minima) 

 

 
 

 

Example 51: Discuss the curve  y = x4 - 4x3 with respect to concavity, points of 

inflection, and local maxima and minima. Use this information to sketch the curve 
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Procedures for finding and distinguishing between stationary points:  

1. Given y = f(x), determine dy/dx (i.e. f′(x) ). 

2. Let dy/dx = 0 and solve for the values of x.  

3. Substitute the values of x into the original function y= f(x) to find the 

corresponding y ordinate values. This would establish the nature of stationary 

points.  

4. Find d2y/dx2 and sub into the values found in 2  above. If the result is: 

i.   Positive then min. point  

ii. Negative then max. point  

iii. Zero then its point of inflexion (inflection)  

5. Determine the sign of the gradient of the curve just before and just after the 

stationary points. If the sign changes for the gradient of the curve is:  

a) Positive to negative then point is max.  

b) Negative to positive then point is min  

c) Positive to positive or negative to negative then it’s a point of inflection. 

 

Example 53: Find the local minimum and maximum values of the function f 
 

4x3xf
23

)x( 
 

Solution  

x6x3f
2

)x( 
 ,   

6x6f )x( 
 

0f )x( 
 ,   

x6x30
2 

   

X = 0 or 3x – 6 = 0   then x = 2  

Finding values of f′′(x) at x = 0, 2      

 

6f )0( 
       Relative maximum point  

6f )2( 
          Relative minimum point  
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 Summary of Curve Sketching 

 

The following checklist is intended as a guide to sketching a curve y = f (x) by hand. 

Not every item is relevant to every function. (For instance, a given curve might not 

have an asymptote or possess symmetry.) But the guidelines provide all the 

information you need to make a sketch that displays the most important aspects of the 

function 
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Example 54:  
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University of Anbar                                                                                               Calculus I 

College of Engineering                                                                                          Calculus I Group 

Department(s): Civil Eng.                                                                1st Year 
Semester I (2019-2020) 

 

 84 

 

 

Example 55:  
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Example 56:  
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Example 57:  

 

 

 
 

 



University of Anbar                                                                                               Calculus I 

College of Engineering                                                                                          Calculus I Group 

Department(s): Civil Eng.                                                                1st Year 
Semester I (2019-2020) 

 

 87 

 
 

 

 

 

 

Optimization Problems  

In solving such practical problems the greatest challenge is often to convert the word 

problem into a mathematical optimization problem by setting up the function that is to be 

maximized or minimized 

 

 
 

Example 58: 
 

A cylindrical can is to be made to hold 1 L of oil. Find the dimensions that will minimize the 

cost of the metal to manufacture the can?. 
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Example 59  

 

 
Solution:  

First, we sketch a figure as below:  
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Example 60:  
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Example 61: a rectangle is to be inscribed in a semicircle of radius 2. What is the 
largest area the rectangle can have, and what are its dimensions?  
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Example 62 ( Homework) Find the volume of the largest  
right circular cone that can be inscribed in a sphere 
 of radius 3?  
 

3/π32V 
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  Integrals  

 

The Indefinite Integral 

 

 

 

 

Example 79: Evaluate the following indifinite integral   dx9x3x
4

 

Solution  

The indefinite integral is  

cx9x
2

3
x

x

1
dx9x3x

254   

 

PROPERTIES OF INDEFINITE INTEGRALS 

 

5 
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Computing Indefinite Integrals  

 

 

Example 80: Evaluate each of the following integrals  
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Solution:  
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Furtehr examples:  
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Substitution Rule for Indefinite Integrals  
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  Inverse Trig Functions & 

 Hyperbolic Functions     

 
 

Derivatves  of inverse trig functions 
 

 

 
 

 

 

 

6 
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Summary  

 

 
 

 

Example 69:  

 

Further examples:  
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Additional Exercise  
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Hyperbolic functions  

 
 

 

 
 

Applications to science and engineering occur whenever an entity such as light, 

velocity, electricity, or radioactivity is gradually absorbed or extinguished, for the 

decay can be represented by hyperbolic functions. The most famous application is 

the use of hyperbolic cosine to describe the shape of a hanging wire. 

 

             
Idealized ocean wave 
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Example 70:  
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Example 71:  Differentiate each of the following functions  

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


