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Chapter 1. Modeling with Higher Order Linear
Differential Equations

To solve an engineering problem, we first have to formulate the problem as a
mathematical expression in terms of variables, functions, and equations. Such an
expression is known as a mathematical model of the given problem. The process of
setting up a model, solving it mathematically, and interpreting the result in physical or

other terms is called mathematical modeling
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1 Separable ODEs. Modeling
Many practically useful ODEs can be reduced to the form

(1) gy = flx)

by purely algebraic manipulations. Then we can integrate on both sides with respect to x,
obtaining

(2) Jg(ﬁ-‘} y'dx = Jﬁ;x]cir + c.

On the left we can switch to y as the variable of integration. By crﬂ]cﬂ]us, v'dx = dy, so that

(3) Jg(y}dy = Jﬂx}dx +ec.
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EXAMPLE 1 Separable ODE

The ODE y' = 1 + y® is separable because it can be written

:1‘}3 = dx. By integration, arctany = x + ¢ or ¥ =tan{x + .
1+

Example Heating an Office Building (Newton’s Law of Cooling)

Suppose that in winter the daytime temperature in a certain office building is maintained at T0°F. The heating
is shuot off at 10 p.M. and turned on again at 6 A.M. On a certain day the temperature inside the building at 2 A.M.
was found to be 65°F. The outside temperature was 50°F at 10 .M. and had dropped to 40°F by & A.M. What
was the temperature inside the building when the heat was turned on at 6 AM.7

Solution. Step 1. Setting up a model. Let T(f) be the temperature inside the building and T, the outside
temperature (assumed to be constant in Newton's law). Then by Newton's law,

(&) g = KT — Ty

Step 2. General solution. We cannot solve (6) because we do not know T, just that it varied between 50°F

and 40°F, so we follow the Golden Rule: If you cannot solve your problem, try to solve a simpler one. We

solve (6) with the unknown function T, replaced with the average of the two known values, or 45°F. For physical

reasons we may expect that this will give us a reasonable approximate value of T in the building at 6 A.M.
For constant Ty = 45 (or any other constant value) the ODE (6) is sepa:';‘tble. Separation, integration, and

taking exponents gives the general solution

= kdt, In|T — 45| = kt + c*, T(t) = 45 + ce (c= &)

T—45

Step 3. Particular solution. We choose 10 .M. to be ¥ = 0. Then the given initial condition is T{0) = 70 and
yields a particular solution, call it T,. By substitution,

T(0) = 45 + ce® = 70, c =70 — 45 = 25, Tot) = 45 + 25¢,

Step 4. Determination of k. We use T(4) = 65, where t = 4 is 2 A.M. Solving algebraically for & and inserting
k into Ii',lir} gives (Fig. 12)

Tf(4) = 45 + 254 = 65, et = 0.3, k=4In08 = —0.056, T,(f) = 45 + 25¢ 0056,
Step 5. Answer and interprefafion. 6 AM. is t = B (namely, 8 hours after 10 p.M.), and
T,(8) = 45 + 2570508 = g1 [°F].

Hence the temperature in the building dropped 9°F, a result that looks reasonable.
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Particular solution (temperature) in Example &

Leaking Tank. Outflow of Water Through a Hole (Torricelli's Law)

This is another prototype engineering problem that leads to an ODE. It concerns the outflow of water from a
eylindrical tank with a hole at the bottom (Fig. 13). You are asked to find the height of the water in the tank at
any time if the tank has diameter 2 m, the hole has diameter 1 cm, and the initial height of the water when the
hole is openad is 2.25 m. When will the tank be empty?

Physical information. Under the influence of gravity the outflowing water has velocity

(7 vty = 0.600% 2gh(r) (Torricelli’s law®),

where hif) is the height of the water above the hole at time f, and g = 980 n::m,-"s:zs-::2 = 3217 ft;":aoa::2 is the
acceleration of gravity at the surface of the earth.

Solution. Step 1. Setting up the model. To get an equation, we relate the decrease in water level h(f) to the
outflow. The volume AV of the outflow during a short time Af is|

AV = Av As (A = Area of hole).
AV must equal the change AV* of the volume of the water in the tank. Now
AV¥ = —R Al (B = Cross-sectional area of tank)

where Ah (> 0) is the decrease of the height hi#) of the water. The minus sign appears because the volume of
the water in the tank decreases. Equating AV and AV* gives

—B Ah = Av At

We now express v according to Torricelli’s law and then let At (the length of the time interval considered)
approach O—this is a sfandard way of obtaining an ODE as a model. That is, we have
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1= g = 5 V600V

and by letting Ar — 0 we obtain the ODE

dh A _
— = —2656—=\F,
dr B

where 26.56 = 0.600°/2 - 980, This is our model, a first-order ODE.
Step 2. General solution. Our ODE is separable. A /B is constant. Separation and integration gives

dh A s A
— = —26.56 —dt and 2vh =% — 2656 —1.
“h B B

Dividing by 2 and squaring gives h = (¢ — 13.284¢/B)%. Inserting 13.284/F = 13.28 - 0.5%7/100%7 = 0.000332
yields the general solution

h(f) = (c — 0.000332¢2.

Step 3. Particular solution. The initial height (the initial condition) is (0} = 225 cm. Substitutionof t = 0
and i = 225 gives from the general solution ¢® = 225, ¢ = 15.00 and thus the particular solution (Fig. 13)

hylt) = (15.00 — 0.000332)%.
Step 4. Tank empty. hplf) = 0if t = 15.00/0.000332 = ﬂ,lﬁlisec] = 12.6 [hours].

Here you see distinctly the impertance of the choice of units—we Rave been working with the cgs system,
in which time is measured in seconds! We used g = 980 cm/sec?.

Step 5. Checking. Check the result. |
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Fig. 12, Example 7. Outflow from a cylindrical tank (“leaking tank”).
Torricelli's law
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