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INTEGRATION

The Definite Integral

DEFINITION The Definite Integral as a Limit of Riemann Sums

Let f(x) be a function defined on a closed interval [a, b]. We say that a number [/
is the definite integral of f over [a, | and that [ is the limit of the Riemann
sums 2 ;-1 flcp) Ax if the following condition is satisfied:

Given any number € = 0 there is a corresponding number 6 = 0 such that
for every partition P = {xg,x),...,x,} of [a, b] with ||[P| < & and any choice of
cp in [xg_p, xg], we have

i
> fler) Axg — I| < e.
k=1

The symbol for the number [ in the definition of the definite integral is

b
f flx) dx

which is read as *“the integral from a to b of f of x dee x™ or sometimes as “the integral
from a to b of f of x with respect to x.” The component parts in the integral symbol also

have names:

The function is the integrand.

Upper limit of integration
“H“"“: b / x is the variable of integration.

Integral sign v
T f(x) dx
(l

Lower limit of integration '“'f:} J When you find the value
=y of the integral, you have

evaluated the integral.

Integral of f from a to b
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The value of the definite integral of a function over any particular interval depends on
the function, not on the letter we choose to represent its independent variable. If we decide

to use ¢ or u instead of x, we simply write the integral as

b b b
/ f(t) dt or f flu) du instead of / flx) dx.
a ia i

THEOREM 1 The Existence of Definite Integrals
A continuous function is integrable. That is, if a function f is continuous on an

interval [a, b], then its definite integral over [a, b] exists.

Order of Integration: A Definition

Also a Definition

Levo Width Interval:

b b
Constant Multiple: / kf(x)dx = k| flx)dx Any Number &
i i

b b
/ —flx) dx = —f flx) dx

b b b
Sum and Difference: / (f(x) + glx)) dx = / flx) dx + f glx) dx

b c c
Additivity: f flx) dx + f flx)dx = f flx) dx
a b a

If f has maximum value max f and minimum value
min f on [a, b], then

b
mi|1f+{b—a]£/f{x]dx£ max [+ (b — a).

Max-Min Inequality:

b b
Domination: fix) = g(x)on[a, b] = / flx)dx = / glx) dx

b
f(x) = 0onla, b] = f f(x)dx = 0 (Special Case)


http://cbs.wondershare.com/go.php?pid=5261&m=db
http://cbs.wondershare.com/go.php?pid=5261&m=db
http://cbs.wondershare.com/go.php?pid=5261&m=db
http://cbs.wondershare.com/go.php?pid=5261&m=db

mm Wondershare
Remove Watermark g PDFelement

y = 2f( Y
= v=flx)+ glx)
/\/’ y = ()

¥ =f(x)

y=flx)

0]

X

a o] a b 0 a o

(a) Zero Width Interval: (b) Constant Multiple: (c) Sum:

a b b b b b
f flx)dx = 0. / kf(x)de = k| flx)dx. f (flx) + gix))dx = / flx)dx + /g(x)dx

(The area over a point is 0.) (Shown fork = 2.) {Areas add)

¥

max f
min f —/—\[\

1]

0] a 0la

(d) Additivity for definite integrals: (e) Max-Min Inequality: (f) Domination:

b c c b
/ flx)dx + / flx)dx = f flx) dx min f+(b—a) = f flx) dx flx) = glx) on [a, b]
a b a a

FIGURE 5.11

b b
=max f-(b— a) =>f f(x)dx&fg{x)dx

DEFINITION Area Under a Curve as a Definite Integral

If y = f(x) is nonnegative and integrable over a closed interval [a, b], then the
area under the curve y = f(x) over [a, b] is the integral of f from a to b,

b
A =ff[x}dx.

The Fundamental Theorem of Calculus

THEOREM 4 The Fundamental Theorem of Calculus Part 1
X

If f is continuous on [a, b] then F(x) = fﬂ f(t) dt is continuous on [a, b] and
differentiable on (a, b) and its derivative is f(x);

F'(x) = %/If(”ffr = f(x). (2)
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EXAMPLE !

Use the Fundamental Theorem to find

(a) —f cost dt
(b) —/
- r~

(¢) — if }-'=/3rsi|1rdr

dy o X
d) Zr if y= ] cos f dt

Solution

d X
(a) El cosfdf = cosx

1 1. 2 with f(f) = ——

a fo 1+ 1422 T 14

(c¢) Rulel fori mte;_.,ra s in Table 5.3 of Section 5.3 sets this up for the Fundamental Theorem.

r::h: T / Atsintdt = ( / 3tsint dr) Rule 1
& —/ 3tsint dt

—3xsinx

(d) The upper limit of integration is not x but x*. This makes y a composite of the two
functions,
u
y = / cosfdf
1

We must therefore apply the Chain Rule when finding dy/dx.

dy dy ay d [ du du
au = [ il _ ]
dx  du dx (a’u [ costdl ) g =cosu-z = cos(x)

2

= 2xcosx
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EXAMPLE  Find a function y = f(x) on the domain (—/2, 7/2) with derivative

that satisfies the condition f(3) = 5.

Solution  The Fundamental Theorem makes it easy to construct a function with deriva-
tive tan x that equals 0 at x = 3:

X
}-'=/ tan f df.
3

3
Since y(3) = / tant dt = 0, we have only to add 5 to this function to construct one
3

with derivative tan x whose value atx = 3 is 5:

X
flx) = / tantdt + 5.
3

THEOREM 4 (Continued) The Fundamental Theorem of Calculus Part 2

If f is continuous at every point of [a, b] and F is any antiderivative of f on [a, b].
then

b
/ f(x) dx = F(b) — Fla).

The theorem says that to calculate the definite integral of f over [a, b] all we need to
do is:
1. Find an antiderivative F of f, and
2. Calculate the number f:f{x] dx = F(b) — Fla).

The usual notation for F(b) — Fla) is

(a) / cosxdx = sinx} =sinm —sin0=0—-0=10
0 0

0
T
= sec( — sec (—

0
(b) / secxtanx dx = sec x}
—iT_,-"4

—ar/d

4 4
3.~ 4 | 4
© [ (E Vi - F);ﬁ _ [ N fl

_ n, 4| 2, 4
{{4} +4} [{]} +]

= [8 + 1] — [5] = 4.
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Total Area

EXAMPLE Calculate the area bounded by the x-axis and the parabola y = 6 — x — x2.

Solution ~ We find where the curve crosses the x-axis by setting

y=0=6—-x—x>=(3+x)(2 —x),

which gives X = —3 or x=2.

The curve is sketched in Figure 5.21, and is nonnegative on [—3, 2].
The area is

2
/ (6 —x — x%) dx
-3

EXAMPLE ' the function flx) = sinx between x = 0 and x = 27.
(a) the definite integral of f(x) over [0, 27].
(b) the area between the graph of f(x) and the x-axis over [0, 27].

Solution  The definite integral for f(x) = sinx is given by

/ sinxdx = —ccsx} = —[cos 27 — cos0] = —[1 — 1] = 0.
0 0

The area between the graph of f(x) and the x-axis over [0, 27] is calculated by break-
ing up the domain of sin x into two pieces: the interval [0, 7] over which it is nonnegative
and the interval [, 27r] over which it is nonpositive.

/ sinx dx = —cosx} = —[cosm —cosl] = —[—-1 — 1] = 2.
0 0

2 2ar
/ sinx dx = —c:c:sx} = —[cos 27 — cosw] = —[1 — (—1)] = —2.

™
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Summary:

To find the area between the graph of y = f(x) and the x-axis over the interval
[a, b]. do the following:

1. Subdivide [a, b] at the zeros of f.

2. Integrate f over each subinterval.

3.

Add the absolute values of the integrals.

The second integral gives a negative value. The area between the graph and the axis is ob-
tained by adding the absolute values

Area = 2| + |—2| = 4. u

EXAMPLE

Find the area of the region between the x-axis and the graph of f(x) = xt —x? — 2x,
-1 =x=12.

Solution  First find the zeros of f. Since

flx) = - -2 =x(x —x - 2)=x(x + (x — 2),

the zeros are x = 0, —1, and 2 (Figure 5.23). The zeros subdivide [—1, 2] into two subin-
tervals: [—1, 0], on which f = 0, and [0, 2], on which f = 0. We integrate f over each
subinterval and add the absolute values of the calculated integrals.

3

2

Total enclosed area =
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Indefinite Integrals and the Substitution Rule

A definite integral is a number defined by taking the limit of Riemann sums associated
with partitions of a finite closed interval whose norms go to zero. The Fundamental Theo-
rem of Calculus says that a definite integral of a continuous function can be computed eas-
ily if we can find an antiderivative of the function. Antiderivatives generally turn out to be
more difficult to find than derivatives. However, it is well worth the effort to learn tech-
niques for computing them.

The Power Rule in Integral Form

If 4 is a differentiable function of x and » is a rational number different from —1, the

Chain Rule tells us that
i Hi‘?+] _ ”nﬂ
de\n+ 1 dx

From another point of view, this same equation says that "' /(n + 1) is one of the anti-
derivatives of the function u"(du/dx). Therefore,

The integral on the left-hand side of this equation is usually written in the simpler “differ-
ential” form,

f:f” du,

If u is any differentiable function, then

(n # —1, n rational).
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EXAMPLE

2 . 3 y — ‘ _ . @ ]
f'&- I + y°+2ydy /k u (d}__).:ix
= / u'? du

gy (1/2)+1
Y T
(1/2) + 1

[ntegrate, using Eq. (1)

with m /2

C

2 3 .
= itrl-'z + C Simpler form

(1 + _1»'2]3":2 + C Replace uby 1 + »°.

EXAMPLE

/ Vit — 1dt =

With the.l/4 out front,
the integral is now in
standard form.
Integrate, using Eq. (1)

with n /2.

Simpler form

= %[44* - 1Y%+ c Replace u by 4

Substitution: Running the Chain Rule Backwards

THEOREM 5 The Substitution Rule

If u = g(x) is a differentiable function whose range is an interval [ and f is con-
tinuous on [, then

/f{g{x)]lg"{x}rb; = /f{u) du.

Wondershare
PDFelement
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Proof The rule is true because, by the Chain Rule, F(g(x)) is an antiderivative of
flg(x))- g'(x) whenever F is an antiderivative of f:

%F{g{x}) = F'(g(x))-g'(x) Chain Rule
= flg(x))-g'(x). Because F*

If we make the substitution u = g(x) then

/f{g{x))g'{x}fir = /iﬂg{x)}dr

= Flg(x)) + C Fundamental Theorem = F(y) + C

= fF“{H) du Fundamental Theorem = /ﬂuj du

The Substitution Rule provides the following method to evaluate the integral

ff{g(ﬂ)g’ix) dx, /fl[r.f}du.

when f and g’ are continuous functions:

1. Substitute u = g{x) and du = g'(x) dx to obtain the integral

2. Integrate with respect to u.

3. Replace u by g(x) in the result.

EXAMPLE Using Substitution

_ 1 Let u T
fces{?9+:ﬁ}d9=/cosu*?du (1/7) du
_ 1 d With the (1/7) out front, the
T Cos u du integral is now in standard form

1 . Integrate with respect to u,
= —sinu + C T 4
7 [able 4.2.

= %5in (76 + 5) + C Replace u by 78 + 5.

Wondershare
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We can verify this solution by differentiating and checking that we obtain the original
function cos(76 + 5). [ |

EXAMPLE  Using Substitution

/12 sin (x?) dx = /sin (x*) - x? dx

ar

o] S
= sin - = du ai 3T X,
3 (1/3)d

Gl

LI s 1
T3 sin u du = E {—CDS uj + C [ntegrate with respect to w.

1 3 .
= —3cos (x') + C Replace u by x°.

EXAMPLE Using Identities and Substitution

f I_'_. vl.'-bt- = /S‘Ecz 2_1' I'.'it CO8 Ly O
cos” 2x o
_ 2.1

f SecT ) du t _| :I du

2

au

1 3 1 ]
= — | seccudu = > tanu 1+ C = tanu

2z dz
EXAMPLE . Using Different Substitutions V22 + 1

Solution ~ We can use the substitution method of integration as an exploratory tool: Sub-
stitute for the most troublesome part of the integrand and see how things work out. For the
integral here, we might try u = z% + 1 or we might even press our luck and take u to be
the entire cube root. Here is what happens in each case.

Solution 1: Substitute u = z% + 1.

V22 + 1 13 du = 2z d-

mm Wondershare
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[ntegrate with respect to u

3.2 \2/3 L
@+ )P+ C Replace u by

........

rrate with respect to u.

Replace u by
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The Integrals of sin® x and cos? x

Sometimes we can use trigonometric identities to transform integrals we do not know how
to evaluate into ones we can using the substitution rule. Here is an example giving the in-
. . . . . .

tegral formulas for sin” x and cos” x which arise frequently in applications.

EXAMPLE

(a) fsillz.tdt = f%dx sin® x
-1 {1—c052x)r£x=l dx—l cos 2x dx
2 2 2

1 _lEiHEI+C: sin2r+c

X
2¥ 272 2 4

(b) fc:c-szx dx = /%dx cos? x - 3

_ X sin 2x As in parf{a), but
) - 4 +C with a sign change

EXAMPLE Area Beneath the Curve y = sin®x
(a) the definite integral of g(x) over [0, 27].

(b) the area between the graph of the function and the x-axis over [0, 27].

Solution

2a . 1w .
. 2 x _sin2x | _ |2w  sindaw
e e

[ — 0] — [0 — 0] = 7.

{b) The function sin® x is nonnegative, so the area is equal to the definite integral, or 7.
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Substitution and Area Between Curves

Substitution Formula

In the following formula, the limits of integration change when the variable of integration
is changed by substitution.

THEOREM 6 Substitution in Definite Integrals
If g’ is continuous on the interval [a, b] and f is continuous on the range of g, then

glh)

b
/ flg(x)) g'(x)dx = flu) du

gla)

EXAMPLE Substitution by Two Methods

1
Evaluate f iV x? + 1 dr.
-1

Solution  We have two choices.

Method 1: Transform the integral and evaluate the transformed integral with the trans-
formed limits given in Theorem 6.

| _
f 2V + 1dx
—1

letu =x" + 1,4
When x 1,1
When x l. u

Evaluate the new definite integral

_ 2132 _g32l =2
2 [2 0 }

Method 2: Transform the integral as an indefinite integral, integrate, change back to x, and
use the original x-limits.

f IV 4 1dy = f Vi du

Wondershare
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2y _ _
- EHJJE +C [ntegrate with respect to 1.
2 _ |
= 3{13 - 1].1,-1 + Replace u by x

Use the integral just found,

with limits of integration for x.

|

4\

EXAMPLE Using the Substitution Formula

rf 0 Let u
cotf csc2 B d = / [ —du)
: V1

13y S
¥ e &

0 When #
= — u du
|
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Definite Integrals of Symmetric Functions

0
(a)

(a) feven, [ flx)dx =2 [ f(x)dx (b) fodd, [ f(x)dx =0

Theorem 7

Let f be continuous on the symmetric interval [—a, a].

(a) If f is even, Thﬂll] f(x) dx = 2/ flx) dx.
—a 0

(b) If f is odd, then/ flx)dx = 0.

2
Evaluate f (x* — 4x® + 6) dx.
EXAMPLE -2

Solution  Since f(x) = x* — 4x? + 6 satisfies f(—x) = f(x), it is even on the symmet-
ric interval [—2, 2], so

2 2
/{14—4I2+6}dx=2/{x4—412+6]dx
.y 1]

S 4, oo, (32_32 _ 232
2{%—31 +EL1:L 2|3 3"‘12 15
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Areas Between Curves

(cp. fleg )

=T

|| fley) — gleg)

|

sl ]!
fll.

T
|
A
— ;. glcg))
|.1'1

DEFINITION Area Between Curves

If f and g are continuous with f(x) = g(x) throughout [a, b], then the area of
the region between the curves y = f(x) and y = g(x) from a to b is the inte-
gral of (f — g) from a to b:

b
A= / [f(x) — g(x)] dx.

EXAMPLE
Find the area of the region enclosed by the parabola y = 2 — x? and the line V= —X.

Solution  First we sketch the two curves The limits of integration are found

by solving y = 2 — x? and y = —x simultaneously for x.

y

(x, flx))
a4 ) i y= 2 Xl
2—x"=—x Equate f(x) and gx) : "y
> .
x*—x—2=0 write

— Rewrite. L’J

{I + ]](I — 2} =10 Factor. [, gfx))

x=—1, x=2. Solve. I \(2,—2}

The region runs fromx = —1tox = 2. The limits of integration area = —1,b = 2.
The area between the curves is

A—/[}‘h)—g ]dx—f[{i—x ) — (—x)] dx

/{2+r—12}rh {h+;—%}

_ 4 _8)\_ (5.1
—(4+2 3) (2+2+
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EXAMPLE

Find the area of the region in the first quadrant that is bounded above by y = “/x and be-
low by the x-axis and the line y = x — 2.

The limits of integration for region 4 area = Oand b = 2. The left-hand limit for re-
gion B is a = 2. To find the right-hand limit, we solve the equations y = \/x and

y = x — 2 simultaneously for x:

¥ J2 Illl

Vi=x—2 2t Area = l\;’}dr Hi,h(
x=(@x—-27=x—4x+4 (x, fx))
x? -5 +4=0 w
(x—1)x—4)=20

X = 1.. (x, g(x)

= x = 4.
2 4
/ Fdr f (VE - x +2) dx
Total area = Ji 2

area of A area of B

II 4
— T + 21’:|j

Integration with Respect to y

[f'a region’s bounding curves are described by functions of y, the approximating rectangles

are horizontal instead of vertical and the basic formula has y in place of x.
v

A -,

d
4= / [f(y) — g(y)]dy.
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EXAMPLE

b 2
A= / [fly) — gly)]dy = f [v +2— }-'2] dy
a ]

y.
= 2+1:—'2d1: . i_
ﬁ[ ) yld _4+2

EXAMPLE fing the area

. 1
/\.-’xdx—E{Z]I[Z}
0

4
_ gxz_.-z] 9

3 0

3

Remove Watermark g
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r=y+2

f=fy) — ie(_ﬂ—»ﬂ

y=10

~

=
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