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Trigonometric Integrals

Products of Powers of Sines and Cosines
We begin with integrals of the form:
[ sin™ x cos" x dx,

Case 1 If m is odd, we write m as 2k + 1 and use the identity sinx = 1 — cos’x to

obtain
sin”x = sin®*!'x = (sin’x)*sinx = (1 — cos®x)*sinx. (1)

Case 2 Ifmiseven and n is odd in f sin™ x cos" x dx, we write n as 2k + 1 and use the
identity cos’x = 1 — sin” x to obtain

cos"x = cos®*'x = (cos’x) cosx = (1 — sin’x)*cosx.

Case 3 If both m and n are even in f sin™ x cos" x dx, we substitute

.3 _ 1 — cos2x 5. _ 1+ cos2x
sin"x = ————, Cos™Y = —————

EXAMPLE

Ewvaluate
. 7
[ sin® x cos x dx.

Solution

" gl . .
[smjxcornﬁr = fSIHZICGSEISIHId‘E

- f (1 — cos?x) cos®x (—d (cos x))

=f|[1 — ) () —du)

(* — u*) du

. 1'.‘3
-+ C
3
CGSS‘L' C-D'Ss‘l:
_ X _ X,
5 3 ¢
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EXAMPLE m 1s Even and n 1s Odd
[4:055_1:({::.
Solution

& . O - . N
[CDS'IG’I = /cus“xmsxdx = /{I — sin” x)" d(sin x)

= | (1 — v*Vdu

Ewvaluate

/{1 — 2u? + u*)du

_g3+l S_|_C'= 1 —
u 31,{ SH sSin x

“

.3 1.5
35|r1x+551|1 x + C.

EXAMPLE ™ and n are Both Even

/ cos” x dx.
Solution

/CDSSId‘f = [ms“xmsxdx = f{I — sin® x)” d(sin x)
= [{1 — u*) du

Evaluate

[{1 — 2i? + u) du

:f—gu3+l 4+ (C = sinx —
3 5 ’ 3

“

. 1 .
sin” x + ;sulsx + (.
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EXAMPLE m and n are Both Even

/sinzx cos” x dx.
/sm x cos? x dx _/ (1 - CDSEI)(I + SGSEI)_G’I

f{ — cos 2x)(1 + 2 cos 2x + cos® 2x) dx

Evaluate

Solution

[{1 + cos 2x — cos® 2x — cos® 2x) dx

%sm 2x — f{c052 2x + cos? 2t}fir]

. . 2
For the term involving cos” 2x we use

2 1
/COS‘ 2xdx = 3 (1 + cos4x)dx
1 L 4 Omitting the constant of
= 5 ks Z sin4x ). integration until the final resul

For the cos® 2x term we have

[CDSEEIG{I = f{l — sin’ 2x) cos 2x dx

For the cos® 2x term we have

[c+353 2x dx = /{1 — sin” 2x) cos 2x dx
- 1 2 . 1 . X 1 . 3 'l'“:"":]
=3 (1 — uw)du = > sin 2x — 3 sin 2x ). omitting (

Combining everything and simplifying we get

2oy = L[ La Ly
fsm X cos” x dx T x 45|n4_:,+35m 2x | + C.
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Eliminating Square Roots

EXAMPLE

Ewvaluate

w4 _
./ V1 + cos 4x dx.
0
Solution To eliminate the square root we use the identity

cos’f = L;SEH, or | + cos28 = 2cos’ 6.

With & = 2x, this becomes
1 + cos4dx = 2 cos” 2x.

Therefore,

T.I'I."'-'i- . '-'1'_.".4 —_—— W/ 4 — 7 =
/ V1 + cosdxdx f V2 cos® 2x dx = / V2V cos” 2x dx
0 0 0
— /4 £ T.I'I.'r4
V2 [ lcos 2x| dx = V2 f cos 2x dx
0 0

~lsin2x ] A2 V2
—x.-z{ 5 L = =31 - 0] = —5~.

Integrals of Powers of tan x and sec x

We know how to integrate the tangent and secant and their squares. To integrate higher
powers we use the identities tan”x = sec’x — 1 and sec’x = tan’x + 1, and integrate
by parts when necessary to reduce the higher powers to lower powers.

EXAMPLE

Evaluate

/ tan* x dx.

Solution

ftan4xcﬁ = ftanzx'tan:xfix: — ftallzx'{sccl_x — 1) dx
= ftanzx&:czxfix: — ftﬂlll.Yfﬁ'

Wondershare
PDFelement


http://cbs.wondershare.com/go.php?pid=5261&m=db
http://cbs.wondershare.com/go.php?pid=5261&m=db
http://cbs.wondershare.com/go.php?pid=5261&m=db
http://cbs.wondershare.com/go.php?pid=5261&m=db

mm Wondershare
Remove Watermark g PDFelement

=/tan2I5¢c2Id¥—/{sec2I— 1) dx
= /tanzxscczxﬁh: — fsec:_rxﬁ — /cir.

In the first integral, we let u = tanu, du = sec? x dx

[uza’u . S C,.
and have 3

ftan“xah: P %tanjx —tanx + x + (.

EXAMPLE

Evaluate

f sec” x dx.

Solution We integrate by parts, using

U = SecXx, dv = sec? x dh, v = tanx, du = secxtan x dx.

/sec:}x:it = secxtanx — /{tanx][sec.rtanx:ir}

2
= secxtanx — f{sei:'x — 1) secxdx

= secxtanx + fsecxdr — [Sf:{:chir.

Combining the two secant-cubed integrals gives

Zf sec’ xdx = secxtanx + fsecxdx

3 1 1
[Sﬁ{:"xci‘f = 5secxtanx + Eln |secx + tanx| + C.
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Products of Sines and Cosines

The integrals

f sin mx sin nx dx, f sin mx cos nx dx, and / COS mx cos nx dx

sin mx sin ax = %[cos (m — n)x — cos (m + n)x],
o 1. . _
SIN MY COS IX = E[sm{m — n)x + sin(m + n)x],

COS MX COS NX = %[ccrs{m — n)x + cos(m + n)x].

EXAMPLE

Evaluate
f sin 3x cos 5x dx.

Solution From Equation (4) withm = 3 and n = 5 we get

[Sil‘l 3xcosSxdx = %/ [sin (—=2x) + sin 8x] dx

— %f{sin 8x — sin 2x) dx

_ _Ccos8  cosdy C.

16 4

Trigonometric Substitutions

Trigonometric substitutions can be effective in transforming integrals involving \/a® — x?,

Va? + x2, and Vx? — a? into integrals we can evaluate directly.

Three Basic Substitutions
The most common substitutions are x = atan#,x = asinf, and x = a sec 8. They come
from the reference right triangles in Figure 8.2.

Withx = atan@,
a +x*=a +atan’@ = a*(1 + tan”0) = a” sec” H.
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Withx = asiné,

] 7 7 2 2 7
a —x=a — a*sin’f = a*(1 — sin’ f) = a’cos’ @.

Withx = asecd,

X —a*=a*sec’d — a* = a*(sec’f — 1) = a* tan’ 4.

Va? — x?

x=aualtan@ X=asinf

Val+x*=alsecd] Va*>—x*=alcosd| WVx*—a®=altang|

EXAMPLE

Ewvaluate

Solution We set

w

2
4 +x*=4+ 4tan’*8 = 4(1 + tan’H) = 4sec’ 4.

x = 2tan®, dx = 2 sec’ 0 db, ——= = 8 = %

2sec’Bd _ /’ sec’fdd s’

|sec 0|

sec O d0

/ \V4sec?d

In |secd + tanf| + C

V4 + 22

3 +

_ X
ln‘ 2+’C

In|V4+x2+x| +C.
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EXAMPLE |

Evaluate

Solution We set

x =3sinf, dx = 3cosfdb, —% = § = %

9 —x>=9 — 95sin?# = 91 — sin’A) = 9cos’ 6.

X’dx_ _ [ 9sin’6-3cosHdb
VO — 2 |3 cos B

= 9/ sin® A d0

1 — cos 26 _9(, sin26
fﬁm 2(8 > )+C

EXAMPLE

Evaluate

Solution
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to put the radicand in the form x* — a*. We then substitute

x= %sﬂc g, dx = %secﬂtanﬂdﬂ,

2 = iseczﬂ _4
5 25 25

_ 420 v 4. 2
=35 (sec @ — 1) 75 tan- @

\_:'Ixz - (%)_ = % |tan@| = %tﬂn f.

With these substitutions, we have
/ dx B / & B f (2/5) sec 6 tan A df
V252 — 4 SVx® — (4/25) 5+(2/5)tan 6
= fsecﬂffﬂ' = %ln |sec @ + tan@| + C

EXAMPLE

Find the volume of the solid generated by revolving about the x-axis the region bounded
by the curve y = 4/(x* + 4), the x-axis, and the lines x = Oandx = 2.

Solution

2 2
7 ri‘i'
v = Rx)Pax = 16w | —&
£ R dx f% o2 + 4)

x = 2tané, dy = 2sec” 0 db, H

x> +4=4tan’0 + 4 = 4(tan’ B + 1)
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Iﬁﬂf_#
o (x= + 4)

™% 2 sec? B db
l6m P
o (4sec” @)

/4 2 /4
Iﬁﬂf M:n[ 2 cos2 0 db
0 16 sec* @ 0

/4 sin 26 |7*
wf {I+c0529}a’9=4r{9+%-|
0

“

0

EXAMPLE

Find the area enclosed by the ellipse
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The area of the ellipse is

a T
- f % Va' — xdx
0

2

il [ acosB-acos @ db
0

4ab f  cos20do
1]

/2 -
dAab / 1 + cos28 40
0 2

- 2000 + 3220 |

L
g
0

= Am’{% + 0 — {]} = qrab.

Improper Integrals

page619
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DEFINITION Type I Improper Integrals
Integrals with infinite limits of integration are improper integrals of Type L

1. If f(x) is continuous on [a, o< ), then

o0 B
f flx)dx = blin}[ flx) dx.

2. If f(x) is continuous on (—©0, b], then

b b
f flx)dx = lim f flx)dx.
—) a——2a fa

3. If f(x) is continuous on (—o0, 00 ), then

/xf{x}fir - /il flx)dx + fmf[x}xir,

where ¢ is any real number.

In each case, if the limit is finite we say that the improper integral converges and
that the limit is the value of the improper integral. If the limit fails to exist, the
improper integral diverges.

EXAMPLE Evaluating an Improper Integral on [1, o©)

Is the area under the curve y = (In x},hc2 fromx = 1tox = o0 finite? If s0, what is it?

Solution We find the area under the curve from x = 1 to x = b and examine the limit

as b — o0 If the limit is finite, we take it to be the area under the curve - The area from 1to b is

b . b b Integration by parts with
[ [ D] - [(H)E)a
I I_ I I '..'-ElI '..'...I. X, w _ X

b [1]
b X1,

Inb 1
B Tl
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lim M} - 0+1 1 / . |"Hdpital’s Rule

h—s00 :"-' h—00
Thus, the improper integral converges and the area has finite value 1.

(u ]

dx
EXAMPLE Evaluating an Integral on (—00, 00) -["‘ L+ 2

Solution

me dx :u/ﬂ dx + /“” dx
oo 1 + x2 o 1+ x? 0 1+ xF

Next we evaluate each improper integral on the right side of the equation above.

0
0
lim ax 7 = lim tan'x
- ga——oo f, ]_ + X "

g—= — 00 P,

lim (tan'0 — tan 'a) = 0 — (—E) =T

g—» — o0 2 2

b
. b i _
R I dx = lim tan'x
T+ 2 fm 7 b 0
o 1 +x b—oofy 1 + x

T -1 _ -1 _ T w
lim (tan " b — tan ' 0) 5 0 >

h—e

T dx T
== +
Thus, [ 122 B

" dx
The Integral /1 ]

The function y = 1/x is the boundary between the convergent and divergent improper
integrals with integrands of the form y = 1/x”. As the next example shows, the improper
integral converges if p = 1 and divergesif p = 1.

(199)
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EXAMPLE

For what values of p does the integral f lm dx/x? converge? When the integral does con-
verge, what is its value?

Solution Ifp#1,

hﬁ: "{_P_l Ibl;I= 1
, xP —p+ 1 1 —p

because

0, =1
lim —— = { P
h—ei bP“I o0 p << 1.

Therefore, the integral converges to the value 1/(p — 1) if p = 1 and it diverges if

p=1.
If p = 1, the integral also diverges:

b
. {!’I
= lim ==

—_— . IrJ
= lim 1'”"]| = lIJlim (Inh —Inl) = oo,

f;—}r_',;_. ] I IIJ_:""-"‘-‘

Integrands with Vertical Asymptotes

Another type of improper integral arises when the integrand has a vertical asymptote—an
infinite discontinuity—at a limit of integration or at some point between the limits of
integration. If the integrand f is positive over the interval of integration, we can again
interpret the improper integral as the area under the graph of f and above the x-axis
between the limits of integration.

Consider the region in the first quadrant that lies under the curve y = 1/V/x from
x =0 to x =1 (Figure 8.17b). First we find the area of the portion from a to 1
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|

a "'-.;

Then we find the limit of this areaasa — 07
1

im [ %< = 1im (2 - 2Va)
ﬂ—:l-'[] F a "\_.-x a_;,[}' J

The area under the curve from 0 to 1 is finite and equals

|
& _ s,

y=——

o

Area =2 — 2Va

DEFINITION  Type II Improper Integrals

gration are improper integrals of Type 1L

1. If f(x) is continuous on (a, b] and is discontinuous at a then

b b
f flx)dx = cliﬁ:}'f flx)dx.

b C
/ﬂ.ﬂdx= @gf £(x) d.

[a, ¢) U (c, b], then

fﬂbf{x]tir=£cf{x]¢ir+.[bf(x)dx_

gral diverges.

Integrals of functions that become infinite at a point within the interval of inte-

2. If f(x) is continuous on [a, b) and is discontinuous at b, then

3. If f(x) is discontinuous at ¢, where a << ¢ < b, and continuous on

In each case, if the limit is finite we say the improper integral converges and that
the limit is the value of the improper integral. If the limit does not exist, the inte-

|
EXAMPLE Investigate the convergence of j; l —x

Solution The integrand f(x) = 1/(1 — x) is continuous on [0, 1) but is discontinuous

at x = 1 and becomes infinite as x — 1~ 1 We evaluate the integral as

(200)
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b
lim / I -
o ;

dr =

lim [~In |1 —x|];

b—1

lim [~In(1 — ) + 0] = .

b—1

The limit is infinite, so the integral diverges.

EXAMPLE

Ewvaluate / . dx
0 (x — 1)%°

3 i |
f dx _ 2[ dx -
o (x — 1)*° 0 (x — 1*?

I

dx

x — 1R
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EXAMPLE

Evaluate

Solution

Jr (x—1

x4+ 3

lim

h—o0

lim

h—o0

—— —dax
(x — 1)x=+ 1)

-
=

[}Iln{x — 1) =—In(x*+1) — tan_lx:

| |’J
x— 1) . .
{—' . :| Combine the logarithms.

In — — tan ' x
x- + 1

I b — 1)
It ({ﬁ—j) — tan”! b-| — In (l) + tan ' 2
L h= + 1 5

T 4+ In5 + tan' 2 = 1.1458

_ x + I)a’x Partial fractions
+ 1
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