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Areas and Lengths in Polar Coordinates

Area of the Fan-Shaped Region Between the Origin and the Curve

r flO),x =0 =p
ﬁ] .
A—]; 7 do.

This is the integral of the area differential (Figure 10.49)

1 2. 1 2
dA = 3> db = 3 (f(6))* db.

s

(fl8), #)

EXAMPLE Find the area of the region in the plane enclosed by the cardioid r = 2(1 + cos#).

r=21+cos#
Pir, @)

28
2

4(1 + cosB)’ de

2

/_ 2(1 + 2cosf + cos’#8) db :[“(2+4c959+2] +c0529)dﬂ
0

1]

5‘“23}_ = 67 — 0 = 6.

[_ {3+4cosﬂ+cos}3ﬂ]dﬂ=[39+45inﬂ+ )
0 0

(211)
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EXAMPLE

Find the area inside the smaller loop of the limagon

r2=(2cos@ + 1) = 4cos”® + 4cosh + 1

_ 1 + cos28
= 4 —

=2+ 2cos28 + 4cos8 + 1
=3+ 2cos20 + 4cosh,

+ dcosf + 1

mw

(3 +2cos28 + 4cosf)db

213

A=

m

[39 + sin 28 + 4sinﬂ}
23

V3 V3
+ 4 3 )

= {3'?1’] - (211‘ _T

-
3

7
=
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r=2cosf + 1.

r=2cosf + 1
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@) =r= @)

Hl . B
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Area of the Region 0 -

3

Erﬂ dﬂ_

o -

0=p

%(f‘gz — I 12} de

EXAMPLE

Find the area of the region that lies inside the circle r

r=1—cosd.

(J“f - r [2) dn

Symmetry

2

=/l (1 = (1 — 2cos# + cos*0)) db
0

w2 2
/ (2cosf — cos’ @) db = / (2 cos A —
D

sin 26
4

1 + cos 26
2

)i

w2

—9 I
=2 1

[25”19 — 5 —

0

1 and outside the cardioid

¥ Upper limit

rn=1—cos@

Lower limit
f=—a/2

(212)
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Length of a Polar Curve
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Length of a Polar Curve
If r = f(#) has a continuous first derivative for « = # = 8 and if the point
P(r, @) traces the curve r = f(#) exactly once as # runs from « to 8, then the

length of the curve is

(3)

EXAMPLE Find the length of the cardioid r = 1 — cos#.

r=1-—cos8, j—;=sin9,

- (%) = (1 — cos8)® + (sin8)

=1 —2cosf + cos’ 0 + sin’@ =2 — 2cos#

T A,
f 1 (E) df = /u- V2 — 2cos0do
I D PR L 1 —cosd = 2si 1%
= j; ,\_- 4 sin 5 df 2

r=1—cos@

Silli Ao Pir, #) -
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Sequences and Series

Seqguences of Numbers

A sequence of numbers 1s a function whose domain is the set of posifive integers.

Example

n—1, . . .forasequence whose defining ruleis a, =n—

term. or the term with index n .

n+1
Example a, = » then the terms are

15t d d
I term 2™ term 37 term
3
a, =2, a, =—,
2
and we use the notation {an} as the sequence a, .
Example

Find the first five terms of the following:

2n -1 1=y X
(a){3n+2}‘ (b){ "’ } {( D (2;::—1)!

Solution

()1 3
a) —, —.
5 8
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Example

Find the n®™term of the following;

1 In2
03 R ) T3 b 01 ]
(a) > 3 2 (b)

23
d) 2. L — .
(d) 3
Solution

n—1 Inn
(ﬂ) an = * (b) an EEE

n n

Convergence of Sequences

The fact that {an} converges to L is written as

lima, =L or a —>L as n—ow

n—o
and we call the limit of the sequence {an}. If no such limit exists, we say that {an
diverges.
From that we can say that

1) lima, =L (Conv.)

n—w

2) lima, == (Div.)

n—w

n—o

3 1i L Di
3) lima, = L, (D1v.)

Also, if 4 =lima, and B =1imb, both exist and are finite, then

n—»o H—oC

i) lim{a, +b,}=A4+B

H—»0

i) lim{ka, } = kA

n—
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iii) lim{a, -5, }= 4-B

n—w

. | 4
1v) lim G 2’ provided B # 0 and b, 1s never 0

H—o

Example

Test the convergence of the following:

l (b) 1"’( 1) } \ (d) {\m — '\,f;}
f’?

3n®—5n 0 3n® —4n . | - T W 20’ —4n’
Sn*+2n+6 2n-1 | \3n “ 3n’ +n° =10
lrm
{ ool

Solution

(Conv.)

®) lim(1 +(=1)")=1+lim(-1)" = (Div.)

A—s0 n—oo

n even

{ 0 n odd

(©) lim(ﬁ2 ): o0 (Div.)

H—0

n—0 n—e

n+l+a/n

_ (s n+ . 1-
(d) 1?1_1;%(\57 +1-— w/n): 11111[ (x n+1l—4/ n)x mtleJn ] = llm[ n +_ n:_]

=l —1 ]: . =0 (Conv.)

e n+l4+n) w+om
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3n®  Sn

. 2n° —4n’ . 2
(h) 1 — =lim| ————
e\ 3n" 40T =10 g
- 5

(i) lim| —

n—wx| §

Example

Prove the following limits

(a) 1im(h‘—”J:0, () im(3/7)=1. (o) lim(x"")=1

H—00 7 H—HIT

(d) lin{l + l] =e'  (any x), (e) lillt{ al J =0

n—»0 H—»00

n n!
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Solution

() lim(ln—nJ = lin{
n—oo H H—0C

(b) Let a, = n"" . then

1/n

~ 20

v
I

!
Ina, =lnn'"

. - 1/ In 0 ;
So. lmn'" =" e =1

H—30

!
(c)Let @, =x'", then

!
Ing, =Ilnx""

. . 1/ In 0 ;
So. Iimx"" =™ e =1

H—»0

x n
(d)Let a, = (1 + —] . then

n

Ina, = ln(l+“—
n

—»0

So. limn.ln(l +=

IJ

n

. X
Thus. (l +—
n

H—¥0 H—»0

n!

(e) lim{x] = lim

=lim

TJ :I’?.lﬂ(l-i-i)
n

z

= lim

o]+ x/n

Wondershare
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lhm—)@,

Inx —>0,

In(1+x/n) —lim(

oo 1/n
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Exercises on Sequences

Find the values of a,, a,, a,and a, for the following sequences

]__ ’ . n+l
an — ﬁn n 3) air - ( 1)

n- . 2n—1
3 2" —1

a, =2+(-1)" 6) a, >

Find a formula for the n” term of the following sequences

1 L-11-LL... 1-11-1... 3) 1-49-16.25....
L L s 0381524 6 —3.-2-101..
1625

8) 2.61014.18.... 9y L1010.L..

Which of the following sequences converge and which diverge?
1) a,=2+(0.1)" Ans. Converges, 2

_’l—2n

a, =- Ans. Converges, —1
1+2n

2)

. - 4
1-5n
) g =—— Ans. Converges, —5

T4 3
n +8n

2 .
n —2n+1

1 Ans. Diverges
n J—

=1+ (-1)" Ans. Diverges
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Converges,
Converges,
Converges,

Converges,

S1n 77
= . Converges,
n

_n
H 2?‘]
1 1
. - n(n+1)

a C onverges,

Converges,

Converges,

Converges,

Converges,

Converges,

Diverges

Converges, 4
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Diverges
Converges,
Converges,

— : i . Converges,
2n+1

3" x6"
= . Converges,
—n l [
2 xn!

= tanh(n) . Converges,

.
n- .1

= sl — . Converges,

2n—1 m

-1 g “
=tan (n) . Converges,

Converges,

Converges,

Converges,

Converges,
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Infinite Series

- - - - - . J .
Infinite series are sequences of a special kind: those in which the n”-term is the
sum of the first # terms of a related sequence.

Example

Suppose that we start with the sequence

I 1 1

If we denote the above sequence as ¢, . and the resultant sequence of the series as s .

then

1

=1+ =
2

7
s;=a,+a,+a, =1+—+ —,
2 4

1
4

as the first three terms of the sequence {,S‘n }
When the sequence {_,S‘n} 1s formed in this way from a given sequence {an} by the

rule

"
S,=a,+a,+..+a,=> a,
k=1

the result 1s called an Infinite Series.

n
¢ The number s, = Z a, 1s called the n™ partial sum of the series.
k=1

+ Instead of {,S‘H } we usually write Z a, or simply Z a, -

n=1

%+ The series Z a, 1s said to converge to a number L if and only if
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n

L=lms, =hm Z a,
H—C H—OC A 1

in which case we call L the sum of the series and write

a+a,+..+a +..=1L

If no such limit exists, the series 1s said to diverge.

Geometric Series

A series of the form

a+ar+art+ar’+.. ++ar™ + ..

1s called a Geometric Series. The ratio of any term to the one before it 1s r. If H <.

the geometric series converges to a/(1—7). If M > 1. the series diverges unless a =0 .
If @ =0, the series converges to 0.

Example

. . . 1
Geometric series with @ = — and » =

I 1 1 1( 1 1
—+—+—F. == 1+—+=+
9 27 &8l 9 3 3

3

. . . 1
Geometric series with ¢ =4 and r = ——.

PR B S
2 4

—
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Example

Determine whether each series converges or diverges. If 1t converges, find its sum.

(a) Z( ] -. (b)g(%) (C)Z"’(cos—) (d)Z( ) ()Zi( 1)”

n=0 n=1 n=0 n=1

Solution

(a) Since the series 1s a geometric series with ; — = - 1, so the series 1s convergent with

1

asumof -~ _
1-(2/3)

(b) Since the series is a geometric series with » = = > . so the series 1s divergent.

A

(¢) cosm/3=1/2. This 1s a geometric series with first term a;, =1 and the ratio
7 =1/2: so the series converges and its sum is 1/(] _%) _9.

(d) tanz/4=1. This is a geometric series with 7 =1, so the series diverges.

(e) This 1s a geometric series with first term a, =—5/4 and ratio »=-1/4. So the series

converges and 1ts sum 1s i ——]6€

1+(1/4)

Test Convergence of Series with Non-negative Terms

1) The n"- Term Test

v o)

% If lima, # 0. orif lima, fails to exist, then Za diverges.

n—o n—30
n=1

o If Za” converges, then a_ — 0.

n=1

< If lima, = 0. then the test fails.
H—
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From the above. it can not be concluded that if ¢, — 0 then Z”n converges.

m=l

n—»o

[+ o]
The series > a, may diverge even though a, — 0. Thus lim ¢, = 0 1s a necessary
n=l

o
but not a sufficient condition for the series > a, to converge.
n=l

Examples

: 2
diverges because n° — 0,

. n+l
diverges because —>1=20,
n

diverges because lim(—1)""
N0

does not exist,

|

. : n
diverges because lm—=—%=0,
e dp+S5 2

can not be tested by the n™term test for divergence because — — 0.
n

2) The Integral Test

Let the function y = f(x). obtained by introducing the continuous variable x

place of the discrete variable # n the n™-term of the positive series i a, - then

n=1

. + o0 Div.
If(x)dx = — w0 Div.
1

—m<Ce<D Conv.
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Example
Prove that, for the p -series, if p 1s a real constant, the series

=1 I 1 1 |

d—=—t+—+—+.+—+..
S n? 17 27 37 n?

converges if p > 1 and diverges if p <1.
Solution
To prove this, let
1
f(x)= x_‘”

Then, 1f p > 1, we have

b
© —pH
x 7 1

IA‘_pdA‘:lilll | = :
1 be—p+1), p-1

which is finite. Hence. the p -series converges if p > 1.

If p =1, which is called a harmonic series, we have

1 1 1
l+—+—+  +—4 ...
2 3 n

and the integral test 1s

v o]

Ix dx=lm Inx
1 bh—x

b
1

= 40

which diverges.

Wondershare
PDFelement

Fmally, for p <1, then the terms of the series are greater than the corresponding

terms of the divergent harmonic series. Hence the p -series diverges for p < 1.

Thus, we have a convergence for p > 1. but divergence for p <1.
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Example

Test the convergence of

=1 © 1
(a) Ze_”’ (b) >
n=1

S n(lnn)’

Solution
oo

(a) J‘e_xdx ——e
1

)J‘ _T I/T 1|
,\(ln,\) (111,\) 111.?\

3) The Ratio Test

Let Z a, be a series with positive terms, and suppose that

11111 Jf+1 L /_)
H—*0 a

Then
The series converges if p <1,

The series diverges if p > 1.

The series may converge or it may diverge if o =1. (Test fails)

The Ratio Test 1s often effective when the terms of the series contain factorials of

expressions involving # or expressions raised to a power mvolving # .
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Example

Test the following series for convergence or divergence . using the Ratio Test.

= 2" +5

F71 ! ®
()Z?’?ﬁ' Z ?}?. Z = , ()Z— (e)z_
n=0 - .

(2 )' =1 (2 )[ n—l n=l1

Solution

_ nln! _(n+D!'(n+1)!
(a)Ifa, = aml then a, , = 20+ )] and
a,  (m+DIH+DI2Cn)! (m+Dn+])

a, nlnl(2n+2)2n+1)2n)!  (2n+2)(2n+1)

n+1 I
= ——<1
dn+2 4

4" nln! 4™ (n+D(n+1)!
(b)Ifa, = T .then a,_, = (n+ D +1) and
(2n)! 2n+2)!

a,., _ A+ D +1)! (21’:)' dn+D)(n+1)

a 2n+2)2n + 1)(2;?)’ 4"l 2n+2)2n+1)

n

:2(J7+1)_>1
2n+1

(Test fails)

25

D
—, then a, ., = — and

B (2n+1 +5) f-'3n+1 B l 2n+l + 5

X
2" +5)/3" 3 2"45

2+45x27") 1 2 2
T N
+5x27 ) T371 3

Wondershare
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n! _(n+D)!

(dIfa, = ’3_” then a, , =———> and

a

n+l

(n+1)! 3" n+l
= X = |
a 3" n! 3

n

"
. n
(e)Ifa, = ; then a, ., =

a (n+1)"™" n (m+D)"(n+Dn!
— W — =

m

a (n+D)! n (n+Dn'n"

_(n+]) :(HJFJJ :(1+i) el =271 (Div.)

n" n n

n+l

4) The n™ Root Test
Let Z a, be aseries with a, = 0 for n > n, and suppose that
va, > p
Then
% The series converges if p <1.
% The series diverges if p > 1.

% The test is not conclusive if p =1.

Example

- . . . h
Test the convergence of the following series using the n™ Root Test.

2
n
2

® ] = (1Y =( n Y >( 2n Y
L 2 1-=| . —
(a);n”' ®) > 5. (C)Z( ) | (d);[ﬁwl} @ Z(’H‘J

n=1 1 n=1 n n=l1
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Solution

(Test fails)

[EEREE
=|—— | = e |
n+1 1+1/n e 27

Exercises on Series

Find the sum of the following series

Y

2)

3)
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>

(4n — 3)(4}1 +1)

1 (2n — 1) (2;? +1)°

: | 1
; *\,; v+l ]

1 1
In(n+2) N In(n+1) J

Which of the following series converges and which diverges? Find the sum

of the convergent series.

w0 1 n
1) Z («1—2] . Converges,

n=0

Converges,

2) Z(_l)nﬂ
n=l

3
2:‘1‘

3) Zcos(n;r) . Diverges

n=0

o
—2n
Z e . Converges,

n=0

Converges,

Converges,
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Ans.

Ans.
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Diverges

Diverges

Converges,
T—e

Which of the following series converges and which diverges?

1) g‘lé” Ans.
2) Ans.
3) . Ans.
Ans.
Ans.

Ans.

Ans.

Converges (Geometlric)

Diverges ( n"-term test)

Diverges ( p-series)

Converges (Geometric)

Diverges (Integral Test)

Converges (Geometric)

Diverges (Integral Test)
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Ans.

Ans.
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Diverges ( n"_term fesr)

Diverges ( n"_term fest)

Diverges (Geomelric)

Converges (Integral Test)

Diverges ( n"-term test)

Converges (Integral Test)

Converges (Integral Tesr)

Diverges ( n"-term fest)

Converges (Ratio Test)

Diverges (Ratio Test)

Converges (Ratio Test)

Diverges ( n"_term fesr)
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Converges (Ratio Test)

Converges (Ratio Test)

Converges (Ratio Test)

Converges (Root Test)

Diverges (Root Test)

Converges (Root Test)
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Alternating Series

A series in which the terms are alternately positive and negative.

Example

|
+
1 -24+3-4+5-6+..+(-)"n+..

The Convergence Test of Alternating Series

The series
x
n+l ) )
D D", = =y vy =,
=1
converges if all three of the following conditions are satisfied:
1) The u,’s are all positive.
2) u, zu,, forall n = N, for some integer NV .

3) u, > 0.

Example

The alternating harmonic series

Z(—l)n_lizl—l—i—l—l—i—...
n=1 1

n 2 3 4

satisties the three requirements of convergence; it therefore converges.
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Absolute Convergence

A series > a, converges absolutely (is absolutely convergent)

corresponding series of absolute values, »° ‘aﬁ|, converges. 1.e.,

o o
If Z‘”n‘ converges, then > g converges.

n=1 n=1

Example
The geometric series '1—£+%—é+__ converges absolutely because the

. . ] , 1 1 1 o
corresponding series of absolute values | + =+ = + =+ converges .
4 8

2 4

Conditional Convergence

A series that converges but does not converge absolutely converges conditionally.

Example
1

. : . 1 1
The alternating harmonic series | — —+ — — — 4 does not converge absolutely. The
2 3

corresponding series of absolute values 1+l+l+l+___ 1s the divergent harmonic
2 3 4
series.

Power Series

% A power series about x = 0 is a series of the form

oo

g . 2 R
Zc”,x =¢, +CX+0, X+ e X"+
n=0

% A power series about x = a 1s a series of the form
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ch(x—a)” =c,+e(x—a)+c,(x—a)’ +..+c (x—a)" +...

n=0

i which the center @ and the coefficients ¢;.c¢,.c,...., ¢, .... are constants.

Example

®
The series Z x" 1s a geometric series with first term 1 and ratio x . It converges to
n=0

1 _
- —l+x+x +. X"+ for |x| <1
_;\"

Convergence of Power Series

o
If the power series Znnx" =a,+a,x+ a,x” +... converges for x =c¢ # 0, then it
n=0

converges absolutely for all x with |x| < ‘C‘ If the series diverges for X =d . then it
diverges for all x with |x| > ‘d ‘
The test of power series 1s done using the Ratio Test.
<1 Conv.
: C}I+1 -
lim—"= = pi>1 Div.
H—w C

" =1 Fails

Notes:

++ Use the Ratio Test to find the mterval where the series converges absolutely.

+ It the interval of absolute convergence is finite, test the convergence or

divergence at each endpoint. Use the integral test or the Alternating Series Test

for endpoints.
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+»+ If the interval of absolufe convergence i1s x—a‘ < R. the series diverges for

] .- th
X —a| > R (it does not even converge conditionally). because the n"-term does

not approach zero for those values of x'.

Example

For what values of x do the following power series converge?

o7 .2 23 o L2n-1
1”1* e D) S ()T
(a)Z( ) >3 ()é( "5

2 )

_ xX° x ©
—l+x+—+—+... d Alx" =1+x+21x7 +30x° + .
(c)z R @

n=0 f? i 2! n=0

Solution

n+l
X n n

U
ntl | _ .
(-1] — = X_n = X| —>

u | In+l x| n+l

The series converges absolutely for |x| < 1. It diverges if |x| > 1 because the n™term

does not converge to zero. At x=1. we get the alternating harmonic series
1-1/2+1/3—-1/4+.... which converges. At x =—1, we get —1-1/2-1/3-1/4—....
the negative of the harmonic series; 1t diverges. So, the series converges for

—1 < x <1 and diverges elsewhere.

ty| |2 2l 2m1

2n-1 —> X
‘ 2n+l by ‘ 2f?+l

. 2 - . - 2
The series converges absolutely for x~ < 1. It diverges for X~ >1 because the n™-
term does not converge to zero. At x =1, the series becomes 1-1/3+1/5-1/7 + ...,
which converges because it satisfies the three conditions of convergence of

alternating series. It also converges at X = —1 because it is again an alternating series
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that satisfies the conditions for convergence. The value at x = —1 is the negative of

the value at x =1. So, the series converges for —1 < x <1 and diverges elsewhere.

(C) uif+1 —

x | |x
_ ™ 7|
u | |(m+D! 2" n+1

— 0 forevery x.

The series converges absolutely for all x.

‘ n+1 !:\*”H‘ |
‘( ) ‘: (n+1)|x| — 0 unless x =0.

(d)

u
14"
", nx

The series diverges for all values of x except x =0.

Exercises on Alternating & Power Series

Which of the following series converges and which diverges?

oo ) - 1
1) Z(—1)+l ,, Ans. Converges

n= n

2) -1 %] Ans. Diverges, a, — =
n=l

© 1
3 B Ans. Converges
) Z( ) Inn &

Inn

In (n' .

(_ 1')?‘.I+l

. 1
Ans. Diverges, a, — —
2

|'Ir -
4\ ! J’? + 1 -
(—1y X Ans. Converges
n+1
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Which of the following series converges absolutely, conditionally, and

which diverges?

1)

2)

3)

i (_ 1'):;+1 (0-.1);?

n=1

2 (=)=

n=l mn

-1
w tan - n

;(_1) nt+1

(—1y
n+1

=z (—100)"
”Z:;‘ n!

v e

cos(nr)

—

1 N\ R

(—1)'(n+D)"

>

n=1 (2”)”
w (2n)!

2"nn

2(_”

Converges absolutely

Converges conditionally

. Diverges, a, —1

Converges absolutely

Converges absolutely

. Diverges, a, —1

Converges absolutely

Converges absolutely

Converges absolutely

. Diverges, a, — =
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Find the interval of convergence for the following series

n D" Ans. —l<x<l

n=0

el

. ) 1
2) Z(—l)(4x+l) Ans. —E<x<0

3) w=2) Ans. —8<x<l12

p— —3<x<3
n=l X NN H

Z% . Forall x
n=0 n:

2nHl

Forall x

in(x+3)

1
n=0 5

= /nx"

2

n=0 -

_(
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Ans. x=0

D)™ (x+2)

Ans. —4<x<0

Find the interval of convergence and the sum within this interval for the
following series

o . 2n
1) ZQ —l<x<3,

=  4n 3+2x—x"

2

0<x<16,
4—/x

= = 3
—\2<x<A2, .

2—x
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Tavlor Series & Maclaurin Series

Let f be a function with derivatives of all orders throughout some interval

containing @ as an interior point. Then the Taylor Series generated by [ at x =a is

[ (a)

(x—a) +..+ : (x—a)" +...
n!

w k)
> L Doy = f@+ r@e-a+ 2
—0

The Maclaurin Series generated by f is

(fr) " (n)
© = f(0) + f-'(O)Hf © oy LSO

k! 2! !

55

which is a Taylor series generated by f at x =0.

Example

Find the Taylor series and the interval of convergence for the following functions
(a) f(x)=1/xatx=2, (b) f(x)=In(x) at x=1.
Solution

(a) We need to find f(2). £'(2), f"(2)..... Taking derivatives we get

) =x" 1) :%.

Py — a2 ’ __L
J(x)=—x", S')=-7.

/1)

fM(x)=2x"

)=
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7@ (D

- +
n! 2"

f(rf) (JL‘) — (_l)ir n x—(n+l) ,

The Taylor series 1s

F0) = FQ+ F -2+ L2 ( ) (»

—2) +.. 4+

1.1 (-2 (- 2)2_

x 2 2° 2’

This is a geometric series with first term 1/2 and ratio r=—(x—2)/2. It

converges absolutely for ‘x - 2‘ <2o0<x<4.

® f(x)=In(x). S(1)=0.
f'(x):% =1

@ =-=. r=-

2 m
S = = 0=

[P (x) = _—f P =-6,
.
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M) =D -1

FO = O
x"

" (n)
S ) :f(1)+f'(lJ(x—lH%(x—1)2 I A O Y\

n!

. _ 132 13 _1v¢ 1y _1\
(x—1) +2(x D”_ 6(x—1) +...+( D l)'(x—l)”+...
2! 3! 41 7!

a5 2 3 1y 4 n+l1
=1’ =D’ x-D* (=D
2 3 4 n

In(x)=0+(x—1)—

(x—1D"+...

=(x-1)—

In(x) = i (=™ (1)

n

x—1)™ n
(
=

e IR (x=1D" row n+1

= lmm|(x —1) ‘\—l‘<l

lim

So, —l<x—-1<1 or O<x<2 Forx=0,weget—1-1/2-1/3-1/4-—...
which diverges because it is the negative of the harmonic series. While, for x =2, we
get |—1/2+1/3—1/4+... which converges because it is an alternating series that
satisties the three conditions of convergence of alternating series. So, the region of

convergence willbe 0 < x < 2.
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Example

Find the Maclaurin series generated by the following functions
(a) e, (b) cosh(x). (¢) sinh(x)
Solution
(@) f(x)=e f(0)=1.
f(x)=¢ F0)=L.
fe=e =1,
) =e £r0)=1,

fP)=e = [7(0)=

. X x" & X"
e =1l+x+—+. + :Z .
2! n N

To find the interval of convergence, we have

x n+l ?’?r x

lim = lim x—=lim——-=0<1.
n—% g o (n+1)! x n—=op + |

mn

d n+l

So, the series 1s convergent for all values of x .

(b) cosh(x) = %

Wondershare
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cosh(x) =
; (2n)!
To find the mterval of convergence, we have

2

a, ‘ 7 (2n)! ‘ x°
lhim|— = 11111 =
ol g | | (2n )l x” S5 (2n+ D)(n+1)|

So. the series 1s convergent for all values of x .
(¢) sinh(x) = f"(cosh(x))

2 4 20

x y

= fl+—+—+...+
! 20 4 (2m)!

2y 4x° 6x° 2px
=0+ —+ +— o +—
2! 41 6! (2n)!

) .:\.3 xi x2n—l
sinh(x) =x+—+—+.. +—
3r 5 (2n—1)!

@ 2n-1 @© 2n+l

. X ) 3
sinh(x) = E — .  or sinh(x)= E S
= (2n—1)! = (2n+1)!

To find the interval of convergence. we have

‘ O @e=DY x°

llllla = lum s——| = lim : =
g | e 2nr D)l x |27+ 1)(2n)

n

So. the series 1s convergent for all values of x .
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Exercises on Taylor Series

Find Maclaurin series for the following functions

Ans.

Ans.

®© (_1)71323r+1x2n+l

2

n=0 (2?’? _|_l)f

o (_1)?? x2ir

72

o (2m)!

x' =23 —5x+4

Find the Taylor series generated by [ at x = a for the following functions

) f(x)=x"-2x+4,g=2 Ans. 8+10(x—2)+6(x—2) +(x—2)

21-36(x+2)+25(x+2) —8(x+2)

2) )=x'+x"+1,a==2 Ans.
£() a2
5 f()=—5.a=1 - 1)1y

X n=0

o 2

H fx)=¢.a=2 LY (x-2)

= n!
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Ans.

o 5(_1)?? (_3,)2:%1

—  (2n+1)!

l M
cos/x+1 . z( (2;;)

2
X
— —1+cosx

f_n 2+l

xcos(7-x) (2”)1

—1)"(2x)*
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