University of Anbar Calculus |

College of Engineering By Group of Calculus |
Department(s): Elec. Eng. Dep. Phase: 1

. Semester | (2018-2019)

2 LIMITS & CONTINUITY

In this chapter, we’ll define how limit of function values are defined and calculated.

Definition: the limit of f(x) as x tends to a is defined as the value of f(x) as x
approaches closer and closer to a without actually reaching it and denoted by:

limf,,=L Lisasingle finite real number

X—a
It's important to know

1. We don’t evaluate the limit by actually substituting x = a in f(x) in general,
although in some cases its possible.

2. The value of the limit can depend on which side its approach

3. The limit may not exist at all.

Example 13: to explain the concept of limit, take the function f(x) = 2x — 4 if the

x—1

But the following table express many values of x can be expressed close to 1.

X 0.5 0.8 0.9 099 | 0999 | 1001 | 1.01 1.1 1.2
f(x) -3 -2.4 -22 | -2.02 | -2.002 | -1.998 | -1.98 | -1.8 -1.6

Question: Why we take values approaches to 2 in example 13 instead we take x = 1
directly?

Solution: the answer about this question can be expressed in the following example:

1

f(X):3 X2 +1
If x=0then 1/0 = =

So..
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X +0.2 +0.5 etc..
f(x) |1.00000 | 1.012345679

In limits we avoid «

THE TANGENT PROBLEM

The word tangent is derived from the Latin word tangens, which means “touching.”
Thus a tangent to a curve is a line that touches the curve. In other words, a tangent
line should have the same direction as the curve at the point of contact. How can this

idea be made precise?

For a circle we could simply follow Euclid and say that a tangent is a line that
intersects the circle once and only once as in Figure (a). For more complicated curves

this definition is inadequate as shown in Figure (b)

Y

Example 14: Find an eq. of the tangent line to the parabola y = x? at point (1,1)?

Solution

We will be able to find an equation of the tangent line £ as soon as we know its
slope m. The difficulty is that we know only one point, P, on f, whereas we need two
points to compute the slope. But observe that we can compute an approximation to m by
choosing a nearby point Q(x, x*) on the parabola (as in Figure ) and computing the
slope mpg of the secant line PQ.

We choose x # | so that Q@ # P. Then
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x2—1
Mmpyg = ———
Fe x— 1

For instance, for the point Q(1.5, 2.25) we have

= = = =25
e T 5

The tables in the margin show the values of mpg for several values of x close to 1. The
closer Q is to P, the closer x is to I and, it appears from the tables, the closer npg is to 2.
This suggests that the slope of the tangent line f should be m = 2.

We say that the slope of the tangent line is the limif of the slopes of the secant lines,
and we express this symbolically by writing

2|

. . X
lim mpp = m and Iim——=2
0—FP —1 x — 1

Assuming that the slope of the tangent line is indeed 2, we use the point-slope form
of the equation of a line  to write the equation of the tangent line

y—1=2(x-1 or y=2x-1
X Mpg
’ 2 3
1.5 2.5
1.1 2.1
1.01 2.01
[ 1.001 2.001
Q approaches P from the right | —_
s
0 I
0.5 1.5
0.9 1.9
0.99 1.99
/ 0.999 1.999

@ approaches P from the left

THE VELOCITY PROBLEM
If you watch the speedometer of a car as you travel in city traffic, you see that the

needle doesn’t stay still for very long; that is, the velocity of the car is not constant. We

assume from watching the speedometer that the car has a definite velocity at each
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moment, but how is the “instantaneous” velocity defined? Let's investigate the

example of a falling ball.

Suppose that a ball is dropped from the upper observation deck of the CN
Tower in Toronto, 450 m above the ground. Find the velocity of the ball after 5 seconds.

" Through experiments carried out four centuries ago, Galileo discovered that the
distance fallen by any freely falling body is proportional to the square of the time it has
been falling. (This model for free fall neglects air resistance.) If the distance fallen after
t seconds is denoted by s(f) and measured in meters, then Galileo’s law is expressed by
the equation

s(f) = 4.9¢*

The difficulty in finding the velocity after 5 s is that we are dealing with a single
instant of time (f = 5), so no time interval is involved. However, we can approximate the
desired quantity by computing the average velocity over the brief time interval of a tenth
of asecond fromi = 5tor=35.1:

change in position

average velocity = . lapsed
ime elapse

s(5.1) — s(5)
0.1

The following table shows the results of similar calculations of the average velocity over
successively smaller time periods.

Time interval Average velocity (m/s)
5=r=6 33.9
5=t=25l1 4949
5=r=505 49245
5=r=501 49.049
5=1t= 5001 49.0049
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It appears that as we shorten the time period, the average velocity is becoming closer to
49 m/s. The instantaneous velocity when 1 = 3 is defined to be the limiting value of
these average velocities over shorter and shorter time periods that start at t = 5. Thus
the (instantaneous) velocity after 5 s is

v=49m/s O

You may have the feeling that the calculations vsed in solving this problem are very sim-
ilar to those used earlier in this section to find tangents. In fact, there is a close connec-
tion between the tangent problem and the problem of finding velocities. If we draw the
graph of the distance function of the ball (as in Figure 5) and we consider the points
P(a.4.9a") and Qla + h,4.9(a + h)*) on the graph. then the slope of the secant line
PO is

4.9(a + h)* — 4.9a°
(a+h) —a

Mpg =

which is the same as the average velocity over the time interval [a, a + h]. Therefore, the
velocity at time f = a (the limit of these average velocities as i approaches 0) must be
equal to the slope of the tangent line at P (the limit of the slopes of the secant lines).

Ly g

A/ .S
.;=4.9r£..-’ s=49c0)  /

slope of secant line

= awi T i
average velacity slope of tangent

= instantaneous velocity

i 0 / a i
, . x? -9
Example 15: Discuss the function f,, = 3
X —

If (1) x=1,x=2
(2) x=3
(3B) x> 1, x>»2
(4) x—=>»3
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Solution:
2

f, =X "9 (X23)XH3) ) 13 andx#3
X—3 (x=3)

Its equivalent to g(x) = x+3 and x # 3, then:

f(1)=9(1) =4
f(2)=0(2)=5
if x—=>1thenf(x)=4 and limf,,=4

x—1
if x=3 then f(3) =0/0 = =

ifx =3 then lim f,,=6

X—3

Calculus |
By Group of Calculus |
Phase: 1

note: if f(x) is defined by two different forms before and after x = a then we must

discuss the left limit and the right limit.

Properties of limits:

X—a X—a

Then:

1. limk f,,=kb for any constant k

x—a
2. Jiml 25001 = i f 2 fimoi b

3 1m0 fy )1 = i o fimg =be

)I(|_>r2[ foo !/ 9001 =l|_>n21 foo ! )!Lngg(x) =b/cifc=0

lim foy1¥"=Db""  real values only for n

The limit must exist before applying the above results.
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Example 16: find the limits of the following functions:
2
1lim=2"2 = im=X3X+3) ik +8)=3+3-6
x—>3 X—3 x—3 (x=3) x—3
5 lim = VX+2-2 lim = VX+2 -2, NX+2+2 lim = (x+2)-4
Txo2 X=2 x52 X=2  Xx+2+42 x52 Xx—2/x+2+2

__ 1 1 1
N2+2+2 2+2 4

2
3 lim _3XT+2x+1

== :
x> BXT+7x+1
2 1
3+—+—
. X x2 3
||m:ﬁ:g
X—00 5+7+72
X X
0 n<m
n n-1
. ax'+a, X T4 +a a
lim = ————-1- ° —( = n=m
Note: x—= b X" +a,4X ~ +....+b, b
o n>m

Example 17: find

. x? -1
lim =
1 (x—1)4X2 +2x+3

Solution:
Clim=— XD ik 1) lim x2+2x+3=2+\/lim(x2+2x+3)
x—1 (X—l)\/X2+2X+3 x—1 x—1 x—1
2
=2+6 =——
J6
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Theorem | If g(x) =f(x) <h(x)and x—a x—a

im0 1 o fim $NX=3) _4
Theorem Il ¢-0 0 x»>a (X—a)

Example 18:

sin5x

1. fim SN9X__5x
x—0 sin7x SIN7X
X

5 lim singx—2):im sin(x—2) _ 1
x>2  X°—4 x>2 (X=2)(x+2) (x+2)

5x

=5/7
X

=1/4

Left and right — side limits

3X+2 x<2

Example 19: Discuss the Iirr21 f(x)if f(x)=(4 X=2
X—>

8-x x>2

Solution: .
If x> 2 +
y 8
Thenf (2*) = lim f(x)=Ilim (8-x)=8-2=6 A N
X—2 X—2 ,// \\\\
If x < 2 then rTT 11 v, ‘ ~
f(2) lim f(x)=Ilim (3x+2)=8 /1
X—2 X—2 i

Then right limit # left limit at x = 2

lim f(x)
Then, we say that *—2 doesn’t exists
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Limits at Infinity: Horizontal Asymptote

[T] DEFINITION Let f be a function defined on some interval (a, =). Then
lim f(x) =L

means that the values of f(x) can be made arbitrarily close to L by taking x suf-
ficiently large.

v ] v
T ¥=L
[~ ¥ = fix ¥y=L
— e —
' - _ A .:%’ .
T T —— . -
L ¥=fixy —— ! _
M v= 1 ¥ = flx)
o x o z i x

The line L is called horizontal asymptote of the graph of the function (f). If the value of
f(x) increases without bound as x —»+ « or x — - «, then we write:

lim f(x)=+w lim f(x)=-w

X—>+0 Or X—>—00

If the value of f(x) decreases without bound as x + % Or X - «, then we write:
lim f(x)=-o lim f(x)=+w

X—>+00 Or x>

[2] DEFINITION Let f be a function defined on some interval (—oo, a). Then
lim flx)=1L

means that the values of f(x) can be made arbitrarily close to L by taking x suf-
ficiently large negative.

DEFINITION The line y = L is called a horizontal asymptote of the curve
y = f(x) if either

lim f(x)=L  or lim f(x) =L

I—® I—s—m
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Example 20: Find Iim1 and lim 1

X—o0 X X——0 X
Solution:

Observe that when x is large, 1/x is small. For instance,

1
100 _ 001 10,000

= 0.0001

1,000,000

Calculus |
By Group of Calculus |
Phase: 1

= 0.000001

In fact, by taking x large enough, we can make 1/x as close to 0 as we please. Therefore,

according to Definition 1, we have

1
lim—=20

r—= X

Similar reasoning shows that when x is large negative, 1/x is small negative, so we also

have

1
lim —=10

X—>—a x

It follows that the line y = 0 (the x-axis) is a horizontal asymptote of the curve y = 1/x.

(This is an equilateral hyperbola; see Figure 6.)

O

THEOREM If r = 0 is a rational number, then

If r == 0O is a rational number such that x” is defined for all x, then

1
lim —=20

x——= x"

10
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Infinite limits and Vertical Asymptotes

As the line x = a is a vertical asymptote if at least one of the following statements is

true:
lim f(x) = o= lim f(x) = o=
lim f(x) = —o lim f(x) = —o
Example 21: lim In(4 — x?) = —o lim In(4 — x?) = —
yi
I (0, In 4:-4* I
x=—2 I e \ I =2
! "':lr .. !
| 0 AN x
|l =+/3.0) (V3,0) 1
Il (
| |
I ||
Continuity

If the limit of a function as approaches can often be found simply by calculating the

value of the function at . Functions with this property are called continuous at a.

[I] DEFINITION A function f is continuous at a number a if

lim (x) = f(a)

11
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Notice that Definition | implicitly requires three things if f is continuous at a:

I. fl(a) is defined (that is, a is in the domain of f)

2. lim f(x) exists

r—a

3. lim f(x) = f(a)

Physical phenomena are usually continuous. For instance, the displacement or

velocity of a vehicle varies continuously with time, as does a person’s height. But

discontinuities do occur in such situations as electric currents.

As illustrated in Figure 1, if f is continuous,
then the points (x, £(x)) on the graph of f
approach the point (a, f(a)) on the graph. So
there is no gap in the curve.

fix)

L

approaches -

fla).

y=fx)

0

X

As x approaches a,

Example 22: In figure below, at which numbers the function f is discontinuous? Why?

12



University of Anbar Calculus |
College of Engineering By Group of Calculus
Phase: 1

Department(s): Elec. Eng. Dep.
. Semester | (2018-2019)

Solution:

It looks as if there is a discontinuity when a = 1 because the graph has a break
there. The official reason that fis discontinuous at 1 is that f(1) is not defined.

The graph also has a break when a = 3, but the reason for the discontinuity is differ-
ent. Here, f(3) is defined, but lim,_.; f(x) does not exist (because the left and right limits
are different). So fis discontinuous at 3.

What about a = 57 Here, f(5) is defined and lim,_.s f(x) exists (because the left and
right limits are the same). But

lim f(x) = f(5)

So f is discontinuous at 5.

Example 23: Where are each of the following functions discontinuous?

I _ox—2 — ifx=0
(a) f(x}=% ) fx) ={x* =
1 if x=10
xXx- — X —
if x =2
©f—{ x-2 " @ f(x) =[]
1 if x=2
Solution:

13



University of Anbar Calculus |

College of Engineering By Group of Calculus |
Department(s): Elec. Eng. Dep. Phase: 1

. Semester | (2018-2019)

(a) Notice that f(2) is not defined, so f is discontinuous at 2. Later we’ll see why f is
continuous at all other numbers.

(b) Here f(0) = 1 is defined but
S = i

does not exist. (See Example 8 in Section 2.2.) So f is discontinuous at 0.
(c) Here f(2) = 1 is defined and

xr—x—2 (x—2)x+1)

i e e - R
exists. But
lim f(x) = f(2)

so f is not continuous at 2.

(d) The greatest integer function f(x) = [x] hlas discontinuities at all of the integers
because lim,_., [x] does not exist if  is an integer.

Figure shows the graphs of the functions in Example 23 In each case the graph can’t
be drawn without lifting the pen from the paper because a hole or break or jump occurs in
the graph. The kind of discontinuity illustrated in parts (a) and (c) is called removable
because we could remove the discontinuity by redefining f at just the single number 2.
[The function g(x) = x + 1 is continuous.] The discontinuity in part (b) is called an infi-
nite discontinuity. The discontinuities in part (d) are called jump discontinuities because
the function “jumps” from one value to another.

y 5 | y y
/ | \ / —
| | -— 2
1 1 . 1

_/f AN
] ]I 2| x 0 x ] i 2| x 0 ; é |3 x
N | . P*-x—2 .
2_y_ L irx=o0 :
(@ fly =272 ) f={ = Lc)f|1x3=[ x—z M2 @ s =Ix]
1 ifx=0 1 if x=2

14
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|E| THEOREM

(a) Any polynomial is continuous everywhere; that is, it is continuous on
R = (—oo, o).

(b) Any rational function is continuous wherever it is defined; that is, it is contin-
uous on its domain.

|7] THEOREM The following types of functions are continuous at every number in
their domains:

polynomials rational functions root functions
trigonometric functions inverse trigonometric functions
exponential functions logarithmic functions

x3+2x% -1

im
Example 24: x>2  5-3X

Solution:

The function

(x) = 42— 1
T =575
is rational, so by Theorem 5 it is continuous on its domain, which is {x|x = 3}.
Therefore
x4+ 2 -1 , _
11—1”—11 5—3x ; -1'1—*”1-13 f@) =1(=2)
=2 +2(—-2)* -1 1
_Cpracyot 1 .
5 —3(—2) 11

Tangent line, Derivatives and Rates of Change

The problem of finding the tangent line to a curve and the problem of finding the

velocity of an object both involve finding the same type of limit, as we saw in previous

15
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section. This special type of limit is called a derivative and we will see that it can be

interpreted as a rate of change in any of the sciences or engineering.

[1] DEFINITION The tangent line to the curve y = f(x) at the point P(a, f(a)) is
the line through P with slope

m = lim —f{” G

x—*a X —da

provided that this limit exists.

Example 25: Find an equation of the tangent line to the parabola y =x? at point P(1,1).
Solution:

Here we have @ = 1 and f(x) = x?, so the slope is

m = IimM — Hmu
x—+] X — ] — X — 1
o x—=Dx+1)
= lim
x—l xr—1

=limx+1)=1+1=2

x—l

Using the point-slope form of the equation of a line, we find that an equation of the

tangent line at (1,1) is

y—1=2{x—-1) or y=2x-—1

16
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Note:

There is another expression for the slope of a tangent line that is sometimes easier to
use. If h = x — a, then x = a + h and so the slope of the secant line PQ is

fla + h) — fla)

Mpp = I
= tiy L) = JC@

Example 26: Find an equation of the tangent line to the hyperbola y = 3/x at point
(3,2).

Solution:

Let f(x) = 3/x. Then the slope of the tangent at (3, 1) is

3 . 3—(3+h)
+ h) — + +
m = lim f@+h) — fG) = limL = lim#
k=0 h h—=0 h h—=0 h
e =h 11
o0 (3 + h) m=0 3+ h 3

Therefore an equation of the tangent at the point (3, 1) is
y—1=—3(x—3)

which simplifies to x+3y—6=0

17
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_‘_}'Jl.
x+3y—6=0

[4] DEFINITION The derivative of a function f at a number a, denoted by
f'(a), is
fla +h) — fla)

h

@) = lim

if this limit exists.

Example 27: Find the derivative of the function f(x) = x2 — 8x +9 at the number a.

Solution: From Definition 4 we have

lim fla+h) = fla)

fla) = lim p
i [(a+ h)?— 8a+ h)+9] —[a* — 8a + 9]
_}rl—~ngr h
i a*+2ah+h"—8a—8h+9—a* + 8a—9
kl—[]gr h
2ah + h* — 8h
— im 2" —lim(2a + h —8)
h—0 h fi—=0
=2a— 8§

18
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RATES OF CHANGE

Suppose y is a quantity that depends on another quantity x. Thus y is a function of x and
we write y = f(x). If x changes from x, to x, then the change in x (also called the incre-
ment of x) is

Arx=x— x4

and the corresponding change in v is

Ay = f(x2) — f(x))
The difference quotient

£= flx2) — flx)

Ax X: — X

is called the average rate of change of y with respect to x over an interval

: . Ay o fx) = flxa)
[6] instantaneous rate of change = lim — = lim —————
Arv—0 Ay Xz—*1 X — Xi
Qxz flx;))

average rate of change = mpp
instantaneous rate of change =
slope of tangent at P

Example 28: A manufacturer produces bolts of a fabric with a fixed width. The cost of

producing x yards of this fabric is C= f(x) dollars,

19
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(a) What is the meaning of the derivative f'(x), what are its units?
(b) In practical terms, what does it mean to say that f(1000) = 9?

(c) Which do you think is greater f(50) or f(500), what about f(5000)?

Solution:

(a) The derivative f'(x) is the instantaneous rate of change of C with respect to x; that
is, f'(x) means the rate of change of the production cost with respect to the number of
yards produced. (Economists call this rate of change the marginal cost.

Because
, . AC
flx) = lim A
the units for f'(x) are the same as the units for the difference quotient AC/Ax. Since
AC is measured in dollars and Ax in yards, it follows that the units for f'(x) are dollars
per yard.
(b) The statement that f'(1000) = 9 means that, after 1000 yards of fabric have been
manufactured, the rate at which the production cost is increasing is $9/yard. (When
x = 1000, C is increasing 9 times as fast as x.)
Since Ax = 1 is small compared with x = 1000, we could use the approximation

AC AC
(1000) = — = ——=AC
A ) Ax 1
and say that the cost of manufacturing the 1000th yard (or the 1001st) is about $9.

(c) The rate at which the production cost is increasing (per yard) is probably lower
when x = 500 than when x = 50 (the cost of making the 500th yard is less than the cost
of the 50th yard) because of economies of scale. (The manufacturer makes more efficient
use of the fixed costs of production.) So

f(50) = f'(500)
But, as production expands, the resulting large-scale operation might become inefficient

and there might be overtime costs. Thus it is possible that the rate of increase of costs
will eventually start to rise. So it may happen that

£'(5000) = £'(500) m

20



