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5 INTEGRALS

The Indefinite Integral
An integral can be considered to be an antiderivative. Thus, if we know that the derivative of F(x)
is f(x) [=F'(x)], anintegral of f(x) is F(x). For example, the derivative of %13 is x2, and an

integral of x2 is % x3. Note that we have used the article an. Since the derivative of a constant is

zero, F(x) is arbitrary to the extent of an arbitrary constant. The integral we have defined is known
as an indefinite integral which is usually denoted by the symbaol f . Thus, we write

/_f{.t] dr = Fix) + C,

where C is any arbitrary constant.

Example 79: Evaluate the following indifinite integral J'x“ +3Xx—9 dx

Solution

The indefinite integral is

_[x4+3x—9 dx=§x5+%x2—9x+c

PROPERTIES OF INDEFINITE INTEGRALS

1. A constant factor can be taken outside the integral sign:

/a,f(:r:} dr = a,/ f(x)dz (a = const).

2. Integral of the sum or difference of functions (additivity):

/[f(I)iQ(ZC)] dr = /_f(:t:}d:c i]g(:z:) dr.
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_. cf(x)dx = cj‘f{x] dx

[ kdx=kx + C

. a+1

n — + —
‘xdx p—— C (n#—1)
.e‘d.:vc:ef-i-C
.sinxdx=—cos.x+€

sec’xdx=tanx + C

secxtanxdx =secx + C

dx =tan 'x + C

xX+1

sinhxdx =coshx + C

| 17 + g(oldx = [ fydx + [ g(x) dx

r 1

[ prdx =

—dx=In|x|+C
x

X

+ C

Inb

cosxdx =sinx + C

csc’xdx = —cotx + C

cscxcotxdx = —cscx + C

1
V1 —x?

coshxdx =sinhx+ C

dx =sin"'x + C

Example 80: Evaluate each of the following integrals

(@) [5£ =10r° + 44t

(b) 2% 2

(c) 3\/—+—+

6\/_

J X

@ [av

(e) .(w+3w)( —Ww )dw
(4x" —2x* 11557

® 3 dx
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Solution:
(@) j’ﬁﬂ ~10r + 4dt
ISr’—lOr“ +4dr=5(%}r“—10[L]r‘5 +4t+c

5 -
= +27 +4t+c

(b) Ixs +x 2dx

Ixs +x78 dx=lx9 —lxq +c
9 7

(C) J3J_ +x—+de
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(e) J.(w+%/1-_v)(4— wz)dw

1 7

w+w)(4=w?)dw= [4w—w + 4w? —widw
J(w3hw) (4w ) b= |

1 4 10
2w ——w' +3w3 ——w3 t+¢
4 10

4x"0 —2x* +15x2
M J 2 dx

dx

3 dx = 3 7 =3
X J x X X

J 4x" —2x* +15x7 [ 4510 B 2xt 15x2

'

= | 4x’ —2x+£dx
o/ X

:%xs -x° +15111‘x‘+c

Furtehr examples:

EXAMPLE 1 Find the general indefinite integral
f (10x* — 2 sec’x) dx
SOLUTION Using our convention and Table 1, we have

X — secx)dx = X dx — sectxdx
10x* — 2sec™x)d. 10 ‘d 2 xd
IS
=1{]?—2tanx+C

=2x° — 2tanx + C

You should check this answer by differentiating it.
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cos 6

sin’0

SOLUTION This indefinite integral isn’t immediately apparent in Table 1, so we use
trigonometric identities to rewrite the function before integrating:

cos @ cos @
j. 51“26 dﬂ_J.( )( Slﬂe)dﬂ

=Jcscﬂcot9dﬂ=—cscﬁ+C [ |

EXAMPLE 2 Evaluate | — - db.

1
sin @

Substitution Rule for Indefinite Integrals

Because of the Fundamental Theorem, it’s important to be able to find antiderivatives.
But our antidifferentiation formulas don’t tell us how to evaluate integrals such as

|I| I 2xv/1 + x2 dx

| To find this integral we use the problem-solving strategy of introducing something extra.

E The Substitution Rule If 4 = g(x) is a differentiable function whose range is
an interval f and f is continuous on /, then

[ g dx = [ £) du

EXAMPLE 1 Find f x3cos(x® + 2) dx.

SOLUTION We make the substitution # = x* + 2 because its differential is
du = 4x* dx, which, apart from the constant factor 4, occurs in the integral. Thus, using

x*dx = } du and the Substitution Rule, we have
Ifcos(x“ + 2)dx = j cos u - 5 du = }P‘I.cos u du
=lsinu+C
=lsin(x* +2)+ C

Notice that at the final stage we had to return to the original variable x.
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EXAMPLE 2 Evaluate j J2x + 1dx.

SOLUTION 1 Letu = 2x + 1. Then du = 2 dx, so dx = § du. Thus the Substitution
Rule gives

2x+ldx=|Vu -Sdu=2%)u""du
[V [V - jau=1

1 ulﬂ.

2 32

+C=3u¥+C
=i+ 12 +C

SOLUTION 2 Another possible substitution is 4 = 4/2x + 1. Then

dx
du = —— S0 dx=+2x+ 1 du = udu
J2x + 1

(Or observe that u®> = 2x + 1, so 2udu = 2 dx.) Therefore

‘I.\fltTld.r:j.u*udu:j.uzdu

I{j

=?+c=ﬁh+nm+c I

EXAMPLE 3 Find | Ny
SOLUTION Letu = 1 — 4x”. Then du = —8xdx, so xdx = —% du and

fﬁ‘ﬁ - _éj%d“ = —%I " du

= 32u)+C=-t/T—8T+C

EXAMPLE 4 Calculate j e dx.
SOLUTION If we let u = 5x, thendu = Sdx, sodx = %du. Therefore

jes’dx=%je"du=%e"+ﬁ'=jles‘+ﬁ'
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NOTE With some experience, you might be able to evaluate integrals like those in
Examples 1-4 without going to the trouble of making an explicit substitution. By recog-
nizing the pattern in Equation 3, where the integrand on the left side is the product of the
derivative of an outer funciion and the denvative of the inner function, we could work

Example 1 as follows:
jf‘ cos(x* + D dx = j. cos(x* + 2) - x*dx = ;'[J. cos(x* + 2) - (4x%) dx
:ill cos(x? + 2) - d;ix(x‘i + 2)dx =;'{5in{x“ +2)+C
Similarly, the solution to Example 4 could be written like this:
Iehdr =1!—Jf Se¥dx=1 %(Es‘}dx =1e¥+ C

The following example, however, 1s more complicated and so an explicit substitution is

advisable.

EXAMPLE 5 Find J' JT ¥ 22 x5dx.

SOLUTION An appropriate substitution becomes more obvious if we factor x” as x* - x.
Letu = 1 + x°. Then du =2xdr,soxdx=%du.hlsux1 =u—1,s0x*=(u— 1%

Ia.,*'l + x? xsdx=J.<.j'l + x?xt.xdx
=IJ;T{H— 1) - %du=%j~.fu_[uz—2u+])du
=~!5J‘(u5'ﬂ — 26 4+ ') du

=G —2- 257 + 2 4 C

A+ 20+ + i+ P+ C m

EXAMPLE 6 Calculate j tan xdx.

SOLUTION First we write tangent in terms of sine and cosine:

Itanxdx=j sin x dx

COs X
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This suggests that we should substitute # = cos x, since then du = —sin x dx and so
sin x dx = —du:

J.tanxt‘bc:j sin x dx = —J‘%du

COs X

=—In|u|+C=—-Inl|cosx| + C [ |

Since —In|cos x| = In(|cos x|~") = In(1/|cos x|) = In|sec x|, the result of Exam-
ple 6 can also be written as

(5] Itanxdx=ln|secx|+£'
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