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Physics 571 Lecture #10

1 Three and Four Level Laser Schemes

As we saw in the previous lecture, the rate equations for level transitions in a two-level system are

% ~> Ny = A21 N2 — Bizp(v)Ny + Ba1p(v)Ne, (1)
Anz  —» Na = —An Nz + Biap(v)Ni — Baip(v) N2

We will consider N; and N, to be the number of atoms per volume in each of the two states. The
energy per volume in the light field with frequency v is p(v). These equgtét?%%jhow us how the
€]

number of atoms in each state will increase or decrease, depending on the ligl

and the current

wmber of atoms in cach state. Notice that N; + Ny = 0, so N + Ny is constant. We'll call this

n
constant Ny, the total number of atoms per volume in the system. . .Aaﬁ 5 et
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Figure 1: Two-level system.
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r ~ In our last lecture, weshowed that because the rate of stimulated absorptign and emission are
b W Dccause | 2 "’g?

\\l'/“j identical, we cannot achieve a population inversion (i.e. N, > Nl) merely

y supplying a lot of

L’ photons at the transition frequency. We will need a different Manner of increasing N, if we want
to make a laser amplifier. The simplest way of doing this is called a three-level ’sclileme. Figure 2
Z s 2

shows such a scheme, which involves a third energy level.
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Figure 2: Three-level scheme to achieve population inversion.
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. g As depicted in Fig. 2, some external ‘pump’ pfomotes electrons to an excited state (level 3),
“whereupon the electrons quickly decay to level 2. For simplicity, we ?} consider the decay rate I'za
to be infinitely fast. We have changed letters from Ass to 'z to efipiiasize that these transitions
can take place in ‘i_tger.ways besides the spontaneous emission of a photon. For example, the
. transition codld be assisted by collisions or vibrations. The pump could be, for example, an input

e ’/",/)/ flux of photons with energy hvs;. The rate equations for the three-level scheme are
‘v,
|l

Ny = —=PNy + 91 Np + Baip(v) (N2 — N1), (3 level) 2
The only difference from Eq.( 1)is the introduction of the pump rate P. We do_ not include /£~

We now consider the téady state solution to Eq. 2. This means that N; = Ny = 0. The
solution is
. 7 PNy —TgNy— Boip(v)(N2 = Ni) =0, (3 level, steady state). (3)
el 2 e
We can simplify this a little by assuming a small signal séenario where the light p(v) is very weak,
meaning we can nalect the term involving it in the previous equation. In that case, we have

PNy —T'21 N, (4)
and the solution is P
Ny = I‘_Nl' (3 level, steady state, small signal) (5)
21
We would like to express N, in terms of the total number of atoms per volume, so we N1+ Ns = Np
in Eq. 5 to get
P
Ny = ——N;
2 T 21 + P i (6)
JP
| N; = Nr, 7
‘| L Toy + P £ ( )
P—-Tn :
Ny—N; = N7, (3 level, steady state, small signal) (8)
P+Tgy

where the last equation is called the population inversion. If we want to have laser amplification,
f we need more atoms in the excited state than in the ground state, or Na, >, N1. We see that this
Py rz A (‘) ~u will be the case if P > Ta;. The pumping must be strong enough {0 ovércome the decay rate I'y;

. A/?M o in order to put more than half of the atoms in state 2 and to achieve laser amplification. As a side
' Ny, v ¢ 1 note, the injected power necessary for a given pump rate is given by
h ;

> VA ad Power
€ 14
Finally, we discuss a four-level scheme as depicted in Fig. 3. The appropriate equations are

= hu31 PNy. (3 level, steady state, small signal) (9)

Ny = —PNg+Toy, (10)
Ny = =ToN; + Ty Ny + By p(v) (N = Ny),
Ny = PNy — 'y Np — By p(v)(Ny = Ny).

z J g .~ Ny=PN —T2Ns — Baip(v)(N1 — Na).
N;%&MW — ——
# Sinsp

Ll CL e
an equation for N, since there never builds up any population in state 3, by virtué of the fast 3’:;;. — 3
transition directly into state 2. Notice again that we have N; + N, =0, so N, + N, = const = Ny. 2y~ s
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Figure 3: Four level scheme to achieve population inversion.

As before, we have No 4 N1 + Nz = 0, which imiplies No + Ny + N3 = constant.
Again we will ﬁfr’s—u{e a steady state solution (Ng = N7 = N2 = 0). We will assume small signal
so that terms with p(v) can be neglected. It is left as an exercise to show that (Cw-w )

[yola1
Nog=— 10021 1
0~ Tila1 + TP+ TP T (1)
Ny=5——F——"—N 12
1T Tl + TP+ TP T (12)
'l
O ) | 13
2T Tl + TP +Tg P © =)
The population inversion equation is
. P(Tyo — ') - :
Ny — Ny = TrTy +TooP + r2|P]\T. (4 level, steady state, small signal) . (14)
AP (s

We see that a population inversion (i.e. Nz > Nj) occurs if I';y > T In contrast with
the three-level scheme, the four-level inversion condition does not depend on the pump power P.
Even a very week pump can k?uhiqve a population inversion in a four-level scheme, which is a big
advantage. The only esSential i redient is that electrons need to fall out of level 1 (via I'yg) faster
than they fall into level 1 (via I'y;). This is determined by the material, not external conditions.
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2- Introduction to Laser Physics 1% Edition- K. Shimoda

3- Basics of Laser Physics: For Students of Science and Engineering.
(Graduate Texts in Physics) 2" Edition.



