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One-dimensional, Steady-State Condition Chapter: Two

Chapter Two

One-dimensional, Steady-State Condition

2.1Introduction
Several different physical shapes may fall in the category of one-dimensional
systems. Cylindrical and spherical systems are one-dimensional when the
temperature in the body is a function only of radial distance and is independent of
azimuth angle of axial distance. In some two-dimensional problems the effect of a
second — space coordinate may be so small as to justify its neglect, and the
multidimensional heat flow problem may be approximated with a one-dimensional
analysis. In these cases, the differential equations are simplified, and we are led to

a much easier solution as a result of this simplification.

2.2General Formulation
Consider a long, hollow cylinder or a thick-walled, closed shell of constant wall
thickness whose cross section is shown in Figure 2.1. This cylinder or shell
contains a fluid at temperature T;, and is surrounded by an ambient at temperature
T,. Let us suppose that T; > T,. The inside and outside heat transfer coefficients are
h; and h,, respectively. We wish to know the temperature distribution of and the

heat transfer through this cylinder or shell.

S = space coordinate

A(s) = conduction heat transfer area

d
s = Qs+das = qs t E(QS)dS

Figure 2.1: a long, hollow cylinder or a thick-walled, closed shell of constant wall thickness.
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The method of solution employed here is convenient for one-dimensional problems
in which q = const. at every cross section.
Assumptions

v’ Steady-State Condition

v One-dimensional problem (length >> thickness)

v" Uniform thermal conductivity (k)

v Convection heat transfer coefficients (h; and h,) are uniform over the whole

area.
Gs = qs+as = qs + %(qs)ds (2-1)
qs = —kA; = (2-2)
“(cka, ) =0 @

From assumption, k = ¢

sS4 g)=o0 (2-4)

The boundary conditions from Figure 2.1,

Boundary condition (1) k dz(:l) = hi[Ts1y) — Ti]
Boundary condition (2) —k d?;l(sm = ho[Ts) — Tol

By integrating Eq. (2.4) twice, we can get
ar das ds ds
As5=C - dT=C—- - deszA—S - T=CfA—S+D

Substituting the solution of Eq. (2.4) into both boundary conditions,

o= e[S +D =T (2:5)

As1 Asg

—ao= hlC [P+ D =T, (2:6)
Asz As

Thus, after finding C and D from Eqgs (2.5 and 2.6) will be,

T-T, _ Agy S2ds | 1

. = Uo ==, YR (2-7)

Where U, is overall heat transfer coefficient based on A,
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Ti—T,

Therefore, q= TRt R
i o]

(2-8)

It is sometimes convenient to simplify Eq. (2.8) by writing it in terms of the so-
called over-all coefficient of heat transfer U, which is defined according to
q=UA(T; - T,) s

1
—=R;+R+ R \
UA t 0 // i \ ¢
1 1 1 s2ds | / |
Where, R; = : R, = : R=—Ji+ | ( ,._W FAAMA—AAA T,
hiASI hOASZ k s1 AS '.\ it / [ ,l ,
\ N : /
.\ el f
N\ //
<

Since U depends on A, the statement of U is ambiguous until an area is chosen.
Noting that

UA = UiAs; = UpAs, (2-9)
where U; and U, denote the over-all heat transfer coefficients based on the inner

and outer surface areas, respectively, we may write the outside coefficient U, for

example, as
L _ As/Asy | Asps2ds | 1 i
Uy o h; + k fsl Ag + ho (2 10)

For convenience, we shall apply the procedure of the foregoing problem to three
important cases, the Cartesian, Cylindrical, and Spherical geometries. The over-all
heat transfer coefficients based on the outer surface area and the temperature

distributions of these geometries are:

ian: t_r_1,Lt. 1 -
Cartesian: AR + ot ™ (2-11)

PETEPR 1 _ (Ry/Ry) |, Ryy (Ry) , 1 )
Cylindrical: A t In (Rl) + ™ (2-12)

ol 1 _ (Ra/Ry)* | Ry (Ry 1 i
Spherical: A + (R1 1) + ™ (2-13)
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. T-To _ Xp_X i _
Cartesian: T, UO( —t ho) (2-14)
indrical: T-To _ Rapn (B2 4 L -
Cylindrical:  {—2 = U, | 22In (%2) + - (2-15)

ical: T—T _ Ra (Rz _ 1 -
Spherical: e U, [k (r ) + ™ (2-16)
Homework:

Derive the following Equations,
Equation 2.7, Equation 2.8, Equation 2.12, Equation 2.3, Equation 2.15 and
Equation 2.16.

2.3Composite Structures
Assume that the hollow cylinder or the thick-walled, closed shell of Figure 2-1 is
composed of N layers of materials having different thicknesses and thermal
conductivities (Figure 2.2). The contact resistance between the layers is negligible.
We wish to find the heat transfer from the inner fluid to the surrounding ambient,
and the temperature distribution of the structure. Extending the analogy between

the diffusion of heat and electric current to the present case, we readily obtain

—— —

n

Ro by

————
- —

5 8o S Sn § Sp+1d Sy | 8y Spr 41

Figure 2.2: The hollow cylinder or the thick-walled with composite wall of NVlayers.
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— = R+ 3N Ry + R, (2-17)

The explicit form of U based on the outside surface is

1 Asyyy/Asy

1 Speqd
U, n; +As,, Y- 17 f o S"‘_ (2-18)

O

Equation (2.18) reduces to Eqg. (2.10) for N = 1.
To obtain the temperature distribution in the structure we first express q in terms of
the temperature difference (T — T,) and the corresponding resistances (from the

series Ry, Ry+1, Rn+2, ... ,RN). The result is
T-T,

EJ‘Sn+1(_) Zm n+1(_) f5m+1(d

] (2-19)

h0A5N+1

q:

Where T denotes the temperature of the location s (see Figure 2.2). Then
eliminating q between Equation 2.19 and [q = UA (T; — T,)], we find that the

desired temperature distribution in terms of U, is
T—T, As n+1 4 1
= U2 [ D) + Agyy, Tihenis ()
Equation (2.20) reduces to Eq. (2.7) for N = 1.
The Cartesian, cylindrical, and spherical forms of Equations (2.18) and (2.20) are

e (5) + 4 (2-20)

Sm

listed below:

Cartesian: Uio = % = hil + Z?’Fli—: + hio (2-21)
Cylindrical: Ui m’vhﬂ + Rys SN 1[kn (R;:)] + i (2-22)
Spherical: Ui %+ Re1 Zea (—— Rm)] +hio (2-23)
Cartesian: ;‘_:‘; = U, (% +3N n+1(%) + ho) (2-24)
Cylindrical: 7= = U, | 22 In (B2) + Ry Do - InC2) + 1] (2-25)
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1)+i

Rim+1 ho

cap. I—T, RN+1 (RN+1  Rn+a 2 N 1 .1
Spherical: —== U [ ( — )+R i1 — (——
p o N " Rmer N+1 Xm=n+1 P (Rm

(2-26)

In practice, the combination of series- and parallel-connected structures is also
important, especially in Cartesian geometry.

In this section a number of physical and mathematical facts are demonstrated in
terms of examples selected from Cartesian, Cylindrical, and Spherical geometries.

Examples:

Q1: Consider a wall composed of hollow concrete blocks, such as is used in
building construction (Fig. 2.3). Actually, the heat transfer through this type of
wall is not one-dimensional. However, a one-dimensional analysis gives
satisfactory results for practical problems.

Solution:

By employing the electrical analogy, we readily obtain

Figure 2.3: A wall composed of hollow concrete blocks.
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1

— = R+ 3N_.1Ro+ R, = Ri+ Ry + 1/R3+1/Ry+1/Rs

UA

+ R, + R,

Thus we have, per unit width of the wall perpendicular to the cross section shown

in Figure 2.3,
; ___1 R = 1‘2_ | : [
hi(by + ba + b3) ' ko(by + by + bg) ' kiby/Lq + kebs/Ly + kybs/Ly

n Lo e 1
ka(by + ba + b3) * ho(by + b -+ by)

and hence per unit area of the wall

1_ 1 L Ly Ly , 1
U_hi+k2+61k1—|—62k2+] Th
where

€, = (by + b3)/(by -+ bs + b3)

and

€2 = bg/(by + by + b3)

Q2: The fuel element of a pool reactor is composed of fiat plates of thickness 2L,
and cladding material of thickness (L, - L;) bonded to the surfaces of these plates
as shown in Figure 2.4. Uniform (nuclear) internal energy g is assumed to be
generated in the plates only. The heat transfer coefficient is h, the temperature of
the coolant T... We need to know the temperature distribution of the fuel element.

Solution:



One-dimensional, Steady-State Condition Chapter: Two

Plate ' g

—’):"*\—;L——— S s Claddlng

AT(Ly) =To(ly) =T

T

Figure 2.4: The fuel element of a pool reactor.

Q3: A constant-property inviscous liquid having the far upstream temperature T,
and velocity V flows steadily through an infinitely long tube of cross-sectional area
A and periphery P. The wall thickness of the tube is negligible. The downstream
half of the tube is subjected to the constant heat flux g"; the upstream half is
insulated (see Figure 2.5). We wish to know the axial temperature distribution of
the liquid, based on a radially lumped analysis.

Solution: l

—

et Yy 9
T

() Control

volume
‘,/

lill

e (Lo

l

Vv

—————— -

T
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Consider the radially lumped, axially differential control volume shown in Figure

2.5. Let us apply the general laws to this control volume as follows.

L

r = 110
| A 10 ah .
pA VRO | [ A4} (hl T dzx dl.)
|
| l dq
| ( ' )
ook : | 7z T 5 dz )A
—.7 r—‘
: h
S e O —  Control volume

Q4: An electric wire of radius R is uniformly insulated with plastic to produce an
outer radius R, (see Figure 2.6). The electrical resistance and thermal conductivity
of this wire are p, (ohms x length) and k,, respectively. The thermal conductivity
of the insulation is k, the heat transfer coefficient h, and the ambient temperature
T.. We wish to determine the maximum current that this wire can carry without
heating the plastic above its allowable operating temperature Tax.

h, Tew

k /lnsulutmn\

.....

.....

Figure 2.6: An electric wire.
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05: The fuel element of a reactor consists of a sphere of fissionable material with
radius R, surrounded by a spherical shell of cladding with outer radius R, (see
Figure 2.7). The temperature of the coolant is T,, and the heat transfer coefficient
Is h. The nuclear internal energy generated in the sphere can be approximated by a

T

2
parabola as: gy = go[1 — (E) ], where g, is the nuclear energy generation at the

center of the sphere. We wish to know the temperature distribution in the fuel
element.

Solution:

Cladding

Fisiicnible material—— Figure 2.7: A sphere of fissionable material.

Q6: Derive an expression for the temperature distribution and the heat flow
through the walls of the following three geometries for the following four cases
(each of cases (i & ii) should be worked with both cases (iii & iv)):
Case (i): without heat generation, Case (ii): with heat generation (g)
Case (iii): constant thermal conductivity (k).
Case (iv): variable thermal conductivity (k = k(1 + g T)), where (k,) is known
conductivity at a reference temperature (T,) and (f) is the coefficient of thermal
conductivity.
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Geometry (1) In finite plate wall
T, | —
T:'.

i

Mot fiuid
C7..h0
.

N« L1
Cold fluid
T2 hy
Geometry (11 Hollow lona cvlinder
¢ ioi'fil;ia \;,
("'AT“’-I' hl r;
cc'd ﬂu'd / ) PO g

" r

Tn 2

Geometry (I111) Hollow sphere




