Lecture Three Statistics Engineering Dr. Atheer Saleem Almawla

2.4. Geometric Mean

The geometric mean of a set of n observations is the nth root of their product.
If there are n observations, x1, x2, .., xn such that xi > 0 for each i, their

geometric mean GM is given by

The nth root is calculated with the help of logarithms. Taking logarithms of
both the sides,

1
l()g GM = log(_]{l - X, ...._r”).'r

|
= _log('xl " Xo ”“'rn)
n

=—(log x; +1log x, +---+logx,)

n
B Xlog_x
/

1

_ Zlog X
GM = antilog| =—

n

In case of a frequency distribution consisting of n observations x1, X2, .., Xn

with respective frequencies f1, f2, .., fn, the geometric mean is given by
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1
GM = (xlfl .xz./ﬁ x”./}r )N, where N = Zf

Taking logarithms of both the sides,
1
log GM :F(fi log x; + f, log x, +---+ f, log x,))

Zf log x

N

zf log x
GM =antilog| =——
N

Thus, the geometric mean is the antilog of the weighted mean of the different

values of log xi whose weights are their frequencies fi.

In case of a continuous or grouped frequency distribution, x is taken to be
the value corresponding to the midpoints of the class intervals.
Example 1: Calculate the geometric mean of the following data:

10, 110, 120, 50, 52, 80

Solution
. Zlog X
GM =antilog| =——
n

[ logl0+1log110+10g120+log 50 +log 52+ log80)

=antilog
0

o[ 2.3026+4.7005+4.7875+3.9120 +3.9512+4.3820)

=antilog
0

=antilog (4.006)
=54.9267

Example 2: Find the geometric mean of the following data:

X 5 10 15 20 25 30
f 13 18 50 40 10 6
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Solution
5 13 1.6094 20.9227
10 18 2.3026 414465
15 50 2.7081 135.4025
20 40 2.9957 119.8293
25 10 3.2189 32.1888
30 6 3.4012 20.4072
=137 > flog x =370.197

N=Yf=137

_ 2)" log X
GM = antilog
N

370.197 )

= antilog ( 137

=14.912

Example 3 : Find the geometric mean of the following data:

Marks 0-10 10-20 20-30 30-40
No. of Students 5 8 3 4




Lecture Three Statistics Engineering Dr. Atheer Saleem Almawla

Solution
Marks  No. of Students  Midvalue log x
7
0-10 5 5 1.6094 8.047
10-20 8 15 2.7081 21.6648
20-30 3 25 3.2189 9.6567
30-40 4 35 3.5553 14.2212
>f=20 2flog x =53.5807

N=Yf=20

zf log x
GM =antilog | =—
N

53.5897 )

=antilog [
20

=14.5776

2.5. Harmonic Mean:

The harmonic mean of a number of observations, none of which is zero, is the
reciprocal of the arithmetic mean of the reciprocals of the given values.

The harmonic mean of n observations x1, X2, ..., Xxn is given by
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|

l[ 1 1 1 ]
R __|_ +...+_
n\x X X

i n

HM =

n
1 1 I
— 4+ Gt —

XX X

n

For example, the harmonic mean of 2, 4 and 5 is

'%
HM=— " —3.16
[ 1 1 ’
2745

In case of a frequency distribution consisting of n observations x1, X2, ..., Xxn

with respective frequencies f1, f2, ..., fn, the harmonic mean is given by

HM = }f{'+'§?+"'+"{;{‘.
i+i+...+¢
.YI X4 X

i n

3
5]

If X1, X2, ..., Xn are n observations with weights wl, w2, ..., wn respectively,

their weighted harmonic mean is given by

HM = ZH:
()

Example 4 : Calculate the harmonic mean of the following data:
X 20 21 22 23 24 25
f 4 2 7 1 3 1
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Solution

20 - 0.2

21 2 0.095
22 7 0.318
23 1 0.043
24 3 0.125
25 1 0.04

2f=18 Y (iJ: 0.821

X

Example 5

Find the harmonic mean of the following distribution:

GERSLIGAAIE 0-10  10-20 20-30 3040 40-50 50-60 60-70  70-80
Frequency 5 8 11 21 35 30 22 18
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Solution

Class Interval ~ Frequency f Midvalue x

0-10 5 5 |

10-20 8 15 0.533
20-30 I 25 0.44
30-40 21 35 0.6
40-50 35 45 0.778
50-60 30 55 0.545
60-70 22 65 0.338
70-80 18 75 0.24

=150 Z(%]=4.4?4

HM = Zf _ 1Y =33.527

Z[LJ  4.474

X

- Relation between arithmetic Mean, Geometric Mean, and harmonic
Mean
The arithmetic mean (AM), geometric mean (GM), and harmonic mean (HM)
for a given set of observations of a series are related as
AM>GM >HM

For two observations x1 and x2 of a series
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AM =175
.
GM = J_rJ X5
> Ty oy
HM=—" =15
L_'_L Y + X5
\J .\'2

. . A e
AM -HM =[ hnTh )( — 0 ]=-n %, =(GM)’
2 X, +X, B
GM =AM -HM

Example 6
If the AM of two observations is 15 and their GM is 9, find their HM and

the two observations.

Solution
GM =+vAM-HM
9=+/15xHM
HM =54
Let the two observations be x; and x».

ot

AM =15

.\_J +\_::3(] (l)
GM=,x x, =9

.\'] .\'2:81 (2}

Solving Eqgs (1) and (2),

x, =27, x,=3

31



Lecture Three Statistics Engineering Dr. Atheer Saleem Almawla

3. Dispersion Measurements:

For comparing two sets of data, Central Tendency Measurements can be used
. But the use of these methods alone is not sufficient for comparing, the measure
of the central tendency of the two groups may be equal , , but there may be a
significant difference between the two groups the convergence and divergence
of the data from each other . for example, the following two set are

Set one 63 70 78 81 85 67 88

Settwo 73 787778757477
The arithmetic mean of each group is equal to 76 degrees, however, the scores
of the second group are more homogeneous than the scores of the first group.
Therefore, the statistical science takes another indicator to find more the pater
understanding for the data from this indicator dispersion measurements which
include the following: -
3.1. Standard Deviation:
Standard deviation is the positive square root of the arithmetic mean of the
squares of the deviations of the given values from their arithmetic mean. It is
denoted by the Greek letter s. Let X be a random variable which takes on values,

viz., X1, X2, ..., xn. The standard deviation of these n observations is given by

oo \/2(-*‘—1‘)“
n
D x

where x = 1s the arithmetic mean of these observations.

S

In case of a frequency distribution consisting of n observations x1, X2, ..., Xn

with

Or
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respective frequencies f1, 2, ..., fn, the standard deviation is given by

RS
N

Or

)

3.2. Variance :-

The variance is the square of the standard deviation and is denoted by 2.
The method for calculating variance is same as that given for the standard

deviation.

Example 7

Calculate the standard deviation of the weights of ten persons.

Weight (in kg) 45 49 55 50 41 4 60 58 53 55

Solution:
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49 2 4
55 4 16
50 -1 1
41 ~10 100
44 7 49
60 9 81
58 7 49
53 2 4
55 4 16

Y(x—X) =356

Example 8

Calculate the standard deviation of the following data:

10 11 12 13 14 15 16 17 18

2 7 10 12 15 11 10 6 3

Solution
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N=Y f=176
E:Zﬁ?J%4:M
N

76

11 7 -3 9 63
12 10 -2 -+ 40
13 12 -1 1 12
14 15 0 0 0
15 11 1 1 11
16 10 2 -+ 40
17 6 3 9 54
18 3 4 16 48

Y f(x—x)% =300

G_\/zf(x—x)“
N

_ [p00
76
=1.987
3.3 Coefficient of VVariation

The standard deviation is an absolute measure of dispersion. The coefficient of

variation is a relative measure of dispersion and is denoted by CV.

cv =2 %100

X
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Example 9
The arithmetic mean of the runs scored by three batsmen Ahmed, Suha, and Ali
in the series are 50, 48, and 12 respectively. The standard deviations of their
runs are 15, 12, and 2 respectively. Who is the more consistent of the three?
Solution
Let X 1, X 2, X 2 be the arithmetic means and and a, , 65, o5 be the standard
deviations of the runs scored by Ahmed, Suha, and Ali .
x, =50.x,=48.x; =12,0,=15.0,=12,0, =2
v, = 2L x100

X

15
)xl()()

=30%

"

CV, = x 100

X

= E>< 100
48

=25%

O3
CV, = —-x100
.?('3

= i>< 100

=16.67%

Since the coefficient of variation of Ali is least, he is the most consistent.

Example 10
The number of matches played, and goals scored by two teams A and B in
World Cup Football 2002 were as follows. Find which team may be considered

more consistent.
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Matches played by Team A 27 9 8 5 +
Matches played by Team B 17 9 6 5 3

No. of goals scored in a match 0 | 2 3 4

Solution

For Team A,
N,=274+9+8+5+4=353

S fe, = QTX0)+(Ox D +(8%2)+(5x3)+ (4 x4) = 56

Y 3 =QTX07)+(9X7)+(8x27)+(5x 37 )+ (4 x47) =150

> ( > g T

o, =
A N, N,
_ @_(&]
53 \53
=131
X,
X, = sz 1220 e
A
O,
CV, =—2x100
X4
1.31

=——x100
1.06

=123.58%
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For Team B.
Ny =17+9+6+5+3=40

N fry =(17x0)+ (Ox D+ (6%2)+(5x3)+(3x4) = 48
Y fip =(TX07)+(9x17)+(6x27)+(5x37)+(3x4°) =126

Op= \/ 2 fp _ 2 fig

Ny Ny

40 40
=1.31

_ :Z.ﬁrgﬁsflz

Xp o

N, 40

-

CV, = ZE %100
‘XB

3
= u>< 100
1.2

=109.17%

Since CVB < CVA, Team B is more consistent in performance.
3.4. skewness:

Skewness is a measure that refers to the extent of symmetry or asymmetry in a
distribution. A distribution is said to be symmetrical when its mean, median,
and mode are equal, and the frequencies are symmetrically distributed about
the mean. A symmetrical distribution when plotted on a graph will give a

perfectly bell-shaped curve which is known as a normal curve (Fig. 3.1).

Mean AN Mode

Median
Fig. 3.1
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A distribution is said to be asymmetrical or skewed when the mean, median,
and mode are not equal, i.e., the mean median, and mode do not coincide. If the
curve has a longer tail towards the left, it is said to be a negatively skewed
distribution (Fig. 3.2a). If the curve has a longer tail towards the right, it is said

to be positively skewed (Fig. 3.2b).

Left tail Right tail ~ Left tail Right tail
Mean 1 Mode Mode T Mean
Median Median
(a) Negatively skewed distribution (b) Positively skewed distribution
Fig. 3.2

3.4.1 Measures of skewness
A measure of skewness gives the extent and direction of skewness of a
distribution. These measures can be absolute or relative. The absolute measures
are also known as measures of skewness.
Absolute skewness = Mean — Mode
If the value of the mean is greater than the mode, the skewness will be positive
and if the value of the mean is less than the mode, the skewness will be negative.
The relative measures of skewness is called the coefficient of skewness.
3.4.2 Karl Pearson’s Coefficient of Skewness
Karl Pearson’s coefficient of skewness denoted by Sk, is given by
Mean — Mode
£ Standard Deviation
Mean — Mode
- (o]
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When the mode is ill-defined and the distribution is moderately skewed, the
averages have the following relationship:
Mode = 3 Median — 2 Mean
_ Mean — (3 Median — 2 Mean)
N Standard Deviation
B 3(Mean — Median)
~ Standard Deviation
~ 3(Mean — Median)
N o

S,

The coefficient of skewness usually lies between —1 and 1.
For a positively skewed distribution, Sk > 0.
For a negatively skewed distribution, Sk < 0.

For a symmetrical distribution, Sk = 0.

Example 11

Calculate Karl Pearson’s coefficient of skewness for the following data:

X 0 1 2 3 -+ 6 7
y 12 17 29 19 8 - 1 0

N

40
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Solution
Let a =4 be the assumed mean.
d=x—-a=x-4

2 29 -2 + -38 116
3 19 -1 1 -19 19
+ 8 0 0 0 0
5 4 1 1 4
6 1 2 4
7 0 3 9 0 0
YF=90 Yid=-170 Yfd* =488
N=Y =90
__ 2
XxX=a+
N
(—170]
=4+
90
=2.11
R
O =
N N
- 488_(—170)2
90 \ 90
=1.36

Since the maximum frequency is 29, the mode is 2.

B Mean — Mode

(0]
S 2.11-2
136
=0.08

LS‘A
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Example 12
Calculate Karl Pearson’s coefficient of skewness from the following

data:

Wages (%) 10-15  15-20 20-25 25-30 30-35 3540 4045 45-50
No. of Workers 8 16 30 45 62 32 15 6
Solution
Let @ = 32.5 be the assumed mean and /1 = 5 be the width of the class interval.
= X—a _ x—325
h 5
“:)Ir(;;ei: f Midvalue x d= -
[0-15 8 12.5 4 16 -32 128
15-20 16 17.5 -3 9 48 144
20-25 30 22.5 -2 4 60 120
25-30 45 27.5 -1 1 —45 45
30-35 62 32.5 0 0 0 0
35-40 32 37.5 | 1 32 32
40-45 15 425 2 4 30 60
45-50 6 47.5 3 18 54
Yf=214 Sfd=-105 Yfd* =583
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o2 (22

s 583_[—1(]5)2
Vaig | 214

= 7.88

Since the maximum frequency is 32, the mode lies in the interval 30-35.

Here, [ =30, h=35. 1, =062, 1, =45, =32

m

Mode =1+h( f __-f' ]
j.lfm _.’{I _.!2

.
3045|027
2(62)—45-32 |

=31.81

] Mean — Mode
[ If‘ -

)
©30.05-31.81
788

=-0.223

3.5. Range:
It is the simpler Dispersion Measurements, it ca be calculated as the ( Range
= Maximum value — Minimum value) . but in continuous frequency distribution
can be calculated as (Range = midvalue of last interval — midvalue of first
interval ).
Example 13: calculate the Range of the following data?

1- 48 621 54 518 529 518 508 4.63 5.03
Range = 6.21 — 4.63 = 1.58
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2- continuous frequency distribution

Area 15-20 20-25 25-30 30-35 35-40 40-45

No. 3 9 15 18 12 3

The Range =425-175=25

Homework two :

Two workers on the same job show the following results over a long

period of time. Which one is more consistent ?

Worker A Worker B

Mean time (in minutes) 30 25

Standard deviation (in minutes) 6 4

Find Karl Pearson’s coefficient of skewness for the following data:

Marks 0-10 10-20 20-30 30-40 4050 5060 60-70
No. of students 10 12 18 25 16 14 8

|Ans.: 0.013]
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Calculate the geometric and harmonic means of the following series of
monthly expenditure of a batch of students:

125 130 75 10 45 0.5 0.4 500 1505
[Ans.: % 22.98, % 2.06]

Calculate the geometric mean of the following distribution:

Class intervals 5-15 15-25 25-35 3545 45-55
Frequency 10 22 25 20 8
[Ans.: 26.65]

Calculate the standard deviation from the following data:

Heights in cm 150 155 160 165 170 175 180

No. of students 15 24 32 33 24 16 6

[Ans.: 8.038 cm|

Find the standard deviation of the following data:

Size of items 10 11 12 13 14 15 16

Frequency 2 7 11 15 10 4 1
[Ans.:1.342]



