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1. Magnitude of the Energy Gap: 48Ual) 5 gad )sda:

The wavefunctions at the Brillouin zone boundary k=7/, are
V2 cosmx/a and V2 sinmx/a, Normalized over unit length or line. Let us suppose that

the potential energy of an electron in the crystal at point x is

O5SS ko =T/ Osal s Adlaie 3 g3a ie A sall J) sl ()
Jshll das 5 e 8 plaa ( V2 cosmx/a and /2 sinmx/a)
S Lall )

s X adadi ".\MQSJ#\&Q}}QYJ@\&LEQ\U@)MQY\

U(x) = Ucos2nx/a
The first-order energy difference between the two standing wave states is

5 a0 A pall s o L) Al e BB G

1
E, = fo dx U) [[¥(H)I? = ¥ ()]

[ dx U cos(2mx/a) (cos® nx/a — sin? s

1.1 Bloch function. ¢ b 4l

Bloch considered the total potential of crystal (crystal potential) [V (r)] is the

sum of two parts:
o g sane sar [V (N)] (oshd) 2¢all) 5Ll sgall Jlaa) of & b sie) 2l

1- The electrostatic potential [v;(r)] due to the array of atomic cores. For a
perfect lattice (i.e., one with no phonons), this contribution to V/(r) should

have the translational periodicity of the lattice.
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Al e Jpandl 45531 5 5ill (e i 55 e @l [V (1) ] S8l s SISV agall ))-]
AEEY) 4 ) sall daalusall V(1) @il 3¢l 0 o amg ¢ (0535 G5 Baa 5) Aallia
2- The potential [V,(")] due to all other outer
electrons. Bloch assumed that the charge density from this source would
have the same long-term average value in every unit cell of the crystal and
would thus also be periodic. Such an assumption certainly satisfies the
requirements of electrical neutrality and crudely takes account of electron-
electron repulsion.
Al iy S ges G @@ [, ()] 3¢ll-2
o dagdll Jas gia (il Led O 5Ss daall 138 (e Bl ABES ) & ol (a8 5 A Y
) Y 13 e ol Ay 5 50 ¢ s Uil 555510 (g 5am 5 Al S 3 sl sl
O ASI- s I A Gl 833l Al Sl sbal) clillaiey 2l &y

V(r) =Vi(r) + Ve(r)
From Schrodinger equation in 3-dimension for one electron
G i asl g g STV abag) SO 3 jSin g o0 Alalea (e

[;—frfvz +UM|w=Ew

Where u(r) = —eV(r) has the periodicity of the lattice
A Al &y 5o elliad U(r) =—eV(r) O Cua

It is calculated that the wave function which satisfies this equation subject to

each potential must be of the form:

e 058 O G g IS dealal) s Aalaall 03] daidlin 55 ) A gl AV} G ol
Al Jsal

Wi (r) = Up(r) elhr
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Where v, (r) is a function (independent on the time and it is depending on the

value of the wave vector k) also, it has the complete periodicity of the lattice.
it (Kl g el e adiady A La y, () Al oda o) s
ASill JalSl (5 gall agad) Gllici g K da gall 4nia o
Up(r) = Up(r +T)
Where T is translation vector.
ASplll 4y ) 53 i Al 5 A0l JEEY) il a T o Cas

l'IJk(T' + T)
= U (r

+7) ik (r+T)
= Uy(r + T)e* ekt

Y (r+T)=W,(r) etk
This is the equation of Block function.

(Block function) # sk dlla a Alalaall o2a

1.2 Bloch theorem: &b Ay ks

States that the eigen function of the wave equation for a periodic potential are
of the form of the product of a plane wave e** times a function v, (r) with the

periodicity of the crystal lattice.

A gl gl JS5 A (550 dgall A sall Alslaal A AN (o e & ol B it s

A shll A0l 4y ) 535 U (r) A (8 s et P74 Sl



University of Anbar 2020-2019 Dr. Qayes A. Abbas
College of Science Solid state physics
Department of Physics 2 dla

1.3 Kronig-Penney model. (i - &S Jaasa

A periodic potential for which the wave equation can be solved in terms of

elementary functions is the square-well array of Figure 1. The wave equation is

Ao gana & LY JIoall 2 50n Cum (e A pall Al Ja LA (e (S Gl Ayl 2 52l )
Do A sall Alalag ()5S0 T JKEN 3 pae LS Ay ) A

h? a2y
T om ez T UX)P =¥  .vvvnennn... (1)

2m

where U(X) is the potential energy and « is the energy eigenvalue.
48all 4)Al) Aqal) e Ol 2eall ‘*\AUQGQ UX) o &us
In the region 0 < x < a in which U = 0, the eigenfunction is a linear
combination,
Lo ) e A3l ANl (S35 U = 0 o 5 s L1l (i X < @ > 0 Gl ) ) 3
§sbon Al Ja (S8
Y =Aetk* 4 Be~thx Ll (2)

of plane waves traveling to the right and to the left, with energy

A el ol AL B fsdl) Bl Bl S5

In the region -b < x < 0 within the barrier the solution is of the form
9 Aabaall Jall (5588 agall Sala Jab h < x < 0- @laill o) jall Al L)

Y=Ce?+De”®* ... 4)
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Figure (1) Square-well periodic potential as introduced by Kronig and
Penney.
o 5 90S I8 e a8l LS g a pe- il (5 ) sall agall Jiay 1 JSA

we want the complete solution to have the Bloch form
@Lajudjmgﬂ Jal& Jall a yi s
Wi (1) = U (r)expn)

Thus, the solution in the region n < x < a + b must be related to the solution (4)

in the region -b < r <0 by the Bloch theorem:

- ol G (4) el 8 Jall ae 38D e oS gl aaa<x <a+ b el dall e il
gsbahibu b <x<0-

Ya<x<a+b)=W(-b<x<0)ek@td) . (6)

The constants A, B, C, D are chosen so that v and d¥/dx
are continuous at x =0 andx=a.
av/dx sy ol sl A B, C, D <l 8l o)

.xza*gx:()e:\ﬂ\dic'é‘)mojﬁ
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These are the usual quantum mechanical boundary conditions in problems that
involve square potential wells. At x = 0,
U X=0 Ladie ao pall agall i et el dualiie V) oS0 @lilSia 3 goa dag il o8 028

A+B=C+D . (7)

ik(A=B)=Q(C—=D) i (8)

with Q from (4). At x = a, with the use of (6) for w(a) under the barrier in
terms of w(-b),

Aeika + Be—ika — (Ce—Qb + DeQb) eik(a+b)

ik(Ae™® — Be~ka) = Q(Ce™ — De?)

elk@n) . (10)

The four equations (7, 8,9, and10) have a solution only if the determinant of the

coefficients of A, B, C, D vanishes, yielding

A, B, C, D <l sill a (e Jadly Jill ol W =5 10,9 ,8,7 @¥aledll (e

1,2
« ] sinh Qb sinka + cosh Qb coska = cosk(a + b)
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when we pass to the limit »=0 and U,= in such a way that
Q%ba/2 = P, a finite quantity. In this limit ¢ »

kand Qb « 1. Then equation (11) reduces to:
OsSe lLae g = <l b=0 sl Japad e
Qb <1 5Q»k 2aall 138 3 Jugiia LpaS Q%ba/2 = P
AUl pally (55 Cagun 11 A8 Alalaal) ()l Sl

(P/ka)sinka + coska = coska ............ (12)

The ranges of K for which this equation has solutions are plotted in Fig below:

i) JSEIL Aa gua yo (3585 J sl LeSSMal 5 Alalaall o3¢ K e )
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Figure 2 Plot of the function (P/ka) sin ka + cos ka, for P = 3r/2.

P =3m/2 (58 i (P/ka) sinka + cos ka A sy (w2 JSE

The allowed values of the energy are given by those ranges of ka = (2me/#2)"*a

for which the function lies between +1.

c+1 Omle a8 AN g = (ng/hZ)l/za all o o Sy AUl ds el agdll

For other values of the energy there are no traveling wave or Bloch-like solutions

to the wave equation, so that forbidden gaps in the energy spectrum are formed.
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Figure 3 Plot of energy vs. wavenumber for the Kronig-Penney potential, with
P = 3m/2. Notice the energy gaps at ka = =, 27, 3m, ... .....

p=3n/2LAA.'~.cﬁ_@jﬁa@@ﬂ\aﬂd\ﬁﬁuieu)@3d&ﬁ\

ka = 1,270, 37, o oo (1S 33 5 50 A8l (1l g2 () Aaadla
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