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First —order ODEs
Consider the differential equation
Y™ (t)=f (t, y(t)), with initial condition
Y(to)=Yo, where the function f is defined on a rectangular of the form
R={(t, Y)ERXR": | t-to | <a, | y-yo| <b}

Peano's existence theorem states that if f is continuous then the differential equation has at
least one solution inarneigh bourhood of the initial condition

"Uniqueness of a solution"

Assume that the mapping f satisfies the caratheodopy
Conditions on R and there is a lebesgue — integreble funetion
K:[to-a,to+a]—[0,°],such that

| f(t,ya)-flty2) | <K(©) | yaya]

V(t,y1)€ R,(t,y2)ER.

Then,there exists a uniue

Solution

Y (t)=y(t,to,y2) to the initial value problem

(ty(1),y(to)=Yo
y(H)=F

"closed from" 4&lae 3 ) pa & adde J gaall 2084l Sy ¥ Jall 3ga s o) JSAL paall e 1adaadl
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Existence and Uniqueness Theorems for First-Order ODE'S

The general first-order ODE is For a real number x and a positive value 6, the set
of numbers x satisfying 2-6 << 20 + 6 is called y' = F(x,y) , v(xo) = ¥o
(*) open internal centered at x0

We are interested in the following questions
(i) Under what conditions can we be sure that a solution to (*) exist?
(ii) Under what conditions can we be sure that there is a unique solution to (*)?

Here are the answers
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. Theorem | (Existence). Suppose that F(x, y)is a continues function defined in some region
R{(x,y)ixg—6<x<x0+8y,—€<y<y,+e€} containing the point (x0,y0.).
Then there exiats a munber (possibly smaller than d) so that a solution y=f(a) to () is defined
for -1 << +6, Theorem (Uniqueness). Suppose that both Fr.) and (y) are continuous functions
defined on a re- gion as in Theorem 1. Then there ezists a number 62 (possibly smaller than
ay so that the solution y=f(=) to (*), whose existence was guaranteed by Theorem 2, is the
unique solution to (") for zo-b, <=< 20 +0,

. Example 3. Consider the ODE y(1) = 2 In this case, both the function F(x, y)--+1 and its
partial derivative (2x)/2 * (x, y) = - 1 are defined and contin uous at all points ). The theorem
guarantees that a solution to the ODE exists in some open interval cett tered at 1, and that
this solution is unique in some (pas sibly smaller) interval centered at 1 In fact, an explicit
solution to this equation is (Check this for yourself) This solution exists (and is the unique
solution to the equation) for all real numbers In other words, in this example we may choose
the numbers & sid 6 large as we

Example 4. Consider the ODE

.y(0)=0
Again, both F(x,y)=1+y"™{2} and (y)-2y are des

lined and continuous at all points (2), so by the theorem we can conclude that a
solution exists in some open

interval centered at 0, and is unique in some (possibly
.smaller) interval centered at O

By separating variables and integrating, we derive a
solution to this equation of the form

As an abstract function of z, this is defined for 1=\varphi
However, in order for .....2/3 ,2/-2,/-,2/3-

this function to be considered as a solution to this ODE

we must restrict the domain. (Remember that a solution
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(to a differential equation must be a continuous function
.Specifically, the function

.y=tan(r)

X<+/2>2/1-

.Is a solution to the above ODE

In this example we must choose 6, 6, = 7/2, al

though the initial value & may be chosen a large as we
By separating variables and integrating, we derive so
lutions to this equation of the form

{2}"y(x)=Cx

for any constant C. Notice that all of these solutions
pass through the point (0.0), and that none of them
pass through any point (0.28) with you. So the initial
value problem

.V-2y/z. (0) -0

has infinitely many solutions, but the initial value prob
Jem

ly2 =

,Mo. 10 (0)

has no solutions

For ench (0) with ro0, there is a unique

parabola - C whose graph passes through (za-0)
Choose C=y_{0}/x_{1}*2}. So the initial value problem)
y/2, V(0) Mo0O, has a unigue solution2

defined on some interval centered at the point ro. In
fact, in this case, there exists a solution which is de
fined for all values of ar (6 may be chosen as large as

we plasse), but that there is a unique solution only on
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the interval and <<+dy, where dy 120l

This examples shows that the values and d may be
.different

Example 5. Consider the ODE

y/22 =2/1

.In this example, F(r.) 2y/2 (y) - 2/a

Both of these functions are defined for all a 0, so
Theorem 2 tells us that for each re O there exists a
unique solution defined in an open interval around o
Summary. The initial vaine problemu y(20) = 3/0, kame
amique solution is an open interval containing to

Do solution ify=0and in Z ¢

.(0,0) = infinitely many solutions if (ru)

£ ) oY) da sl g e do¥) A el (e dgabiie V1 4pdialasl) cYalall
et o il o) gean Lela alag) (S Al @Yol

Gl piiall Juad 43y 5k 1

duilaie adaldl Y ales -2

aals 4lalss cYolas -3

(y. X)) Jale i 4dy yha -4

ahdl) adealal Yol -5

o) (e i) SIS ) dales 55 ) 4bas () J355 4plialisi @¥alas -6
(X)Q=(y)f(x)P+xd/yd'(y)f

O Juadl ALE £ 1 gV) 4 o (e dplialdi Y alas
snoitauqE edrao tsrif ItalaPes

Y Aaall pua g Sy 5 S OV

(v x)=y’

JSEl (e

0=(x)h +xd/yd (y)g
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Gl SIS )
O=xd(x)h+yd(y)g

Gl Al 4l gl ) ol pyiia Joadl A8 4lalis alobas Ledl Alobaal) 038 e Uy g
Juad oy JA) Jragllay  yaie e X piie Juad oS4l lll3 g snoitauqEltalaPes
d&%ﬁﬂwmmwpm&mﬂﬁxwwm@Am&ﬂﬁm@yw
e Jeani (4 phall

A=xd(x)hJ+yd (y)g]

Gl e jaly s oY) asisl e Alblaall Y aal s Culh Laddiad 5 (g LT i A G

)
G(y) +H(x) = A

alaliil] alslaall alad) Jall e Uloas 36 ) S5

Jondll AL A lalill Alolaall (5 A) )y gom 2ad 38 ¢ adaadla

EXI g fo(x0)dy + g, fo(x)dx =0  ...........(1)

dy _
I + f(x)h(y) =0 A 7))

((JaSall ) JaeSall Jale 8 pually (1) (8 ol paciall Jacd Sy Cum
1

£(09:(»)
041 B0
ol 1l el el (2) bl ) s Sy L
o
- ——dy+ f(x)dx =0
h(y)
Leas

f dy+ff(x)dx—0
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Ex/
dy
e Y= 0
e ey 4l (2) alalee (<G e slasall adalaall Jall
by i—y—xdx=00a)#ﬂ5\&aéusﬁay
integrate
Iny— x?z =InA

2 2
y _x X/
In==— =A,6'?
A~ 2 Y=L
axuy) Sliate adilh (o 5 jle s 5 olanall aplialal) ddalaall aladl Jad) 5o 134 4
Gl yiall Jiad 48y yha adll

Cah Ay ,dy ssiad Gl agaallycayh A dX e X e ggsiad Al agaad) J3ei(1
JSl Al e Jiass Al

gy)dy = f(x)dx .....(1)
Jady = [ f(x)dx  @odsl alic oS (1) ablaall ik JalSi (2
Y, y aaladdl Ja et o) QS )38 (3

dy/dx=2x+5

sol: dy/dx=2x+5
dy =(2x + 5)dx.

[dy =[(2x + 5)dx

y=x*+5x+c

B T T e e T

Example: dy/dx=x-1/vy;
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solve the ODE

Sol: dy/dx =x-1/y

ydy= (x-1)dx

Iydy =[(x-1)dx
1/2y*= 1/2x% -x +c

yZ =x? -2x +2¢

y =tVx?-2x+cl

when c2=cl

Example: solve the following ODE

dy =sinx cos?y dx ;whan cosy #0 and y #(2n + 1) 1i/2
sol: dy= sinx cos?y dx

dy/cos?y =sinx dx

sec?y dy =sinx dx

[sec?y=] dy sinx dx

tany =-cosx+c

aa) 38l gV da jall g V) A el (e Al V) Aalialatl) Aabaal) radaadla
...“.. “

EX/ solve the ODE
d
2 =2x+5
dx

d
d—Z:2x+5—>dy=(2x+5)dx
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fdy=f(2x+5)dx »y=x245x+c

Solve the OD
EX/2

dy x—1

dx  y
dy x—1

-y - ydy = (x — 1)dx

1

1
fydy=f(x—1)dx —>§y2=§x2—x+c

y2=x?2—-2x+2c »y=FJx?—2x+¢

2c =0

EX/3_SOLVE THE ODE

dy = sinx cos?y dx

s
cosy oandy # (2Zn + 1)5

sol__)(dy = sinx cos? y dy

dy

_)
cos?y

= sinx dx — sec?y dy = sinx dx
2 — ; - _
jsec ydy = jsmx dx — tany = —cosx +c¢
Crtiall (san) 3l W) Aa el g gV AS N (e doalae ) Adealal) Aabaal) -3 AdaaSla

Ex/ solve the following initial value problem (I V P ) where y=0

when x=0 or y(0)=0 Z_Z e
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