Bernoulli Equation Ao Uilaa

d
has the form d—z + Py = Quy"

Which is Non-Linear first order ODE , such equation can be reduce to
linear ODE.

1. Divide Bernoulli equation by y™.
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3. Substitute in (1)
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Which is reduce to linear.
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4. v=y
Example [1]:- Z—z +y = y2(cos x — sinx) .

Sol:-

%+y= (cos x — sin x)y? (n=2)xy2



d
y 2 e y~! = (cosx — sinx)

dx
dv dy dy dv
Let = -1 = — = — _2—: _2—=__
=Y dx Y dx Y dx dx
—ﬂ+v=cosx—sinx = & _ = sinx — cosx Linear Eq..
dx dx

p =efpdx = ef_dx =e_x
pv = ij(x) dx = Je"‘(sinx — cosx)dx

=]e‘xsinx dx—fe‘xcosx dx
—_— —_—
I 11

m.uze‘x = du = —e ¥dx

dv =sinxdx = v = —cosx

judvzu.v—jvdu

je‘x sinx dx = —e™* cosx—je‘x cosx dx ...(1)

Let u=e™* = du=—-ee*dx

dv =cosxdx = v = sinx

fe‘x cosx dx = e‘xsinx+fe‘x sin x dx (1) & s
fe‘x sinxdx = —e *cosx —e™* sinx—fe‘xsinx dx
2[6"‘ sinxdx = —e *cosx —e *sinx.

1
f e *sinx dx = 3 [-e ¥ cosx — e ¥ sinx]



[II].Let u=e™* = du = —e *dx
du =cosxdx = v =sinx

fudv=v.u—[vdu

je‘x cosxdx =e™* sinx+Je‘x sinx dx ...(2)

L (2) o (1) vasei

je‘xcosx dx=e‘xsinx—e‘xcosx—Je"‘cosx dx

Zje"‘ cosxdx =e *sinx —e *cosx

1
j e *cosxdx = 3 [e™*sinx — e ™*cosx].
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Note : Bernoulli of second kind .

dx

dy + P(y)x - Q(y)x" (3)

1. Divided by x™.
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2. v=x"1—=
dy

3. Substitute in (4)
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4. Which is reduced to linear of second kind .

5 v = x—n+1
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Let w=y'" = E=(1—n)y na
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Example |1]:- Find the general solution of the following ODE .
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d
y oy = e L (9)
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Let w=y~? —_—= 3=
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1 dw

—aa o wEE e «(=2)
dw 2 . .
Tx + 2wx = 2e™ ,which is reduced to linear Eq. ..

2 2 2 2
[.F.el2xdx — ox* — ) o =JZe xX“ e*dx +c

x2

e
Sw.e¥ =2x+c = y—2=2x+c = ex2=y2(2x+c)
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Example |2]:- find the general solution of the following ODE .

dx_l_x 1
— T — =X COosYy.
dy 'y Y

D e deand xlo Al Gy

D@l g wooe (F) Aalaal) & i g

§E+;:C05y * 2
dw+<2> )
—+(=|w=2cosy
dy \y

2
I.F.= el = g2iny — olny® =y2 = w.y? =f2y2cosy dy +c

w.y% = y?siny + 2ycosy — 2siny + ¢

= x?y% =y?siny + 2ycosy — 2siny +c¢
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Example [3]:- Find the general solution of the following ODE .
dy + 2xy dx = xe ™ y3 dx

Sol:- we can put the ODE as following :

dy —x2_3 . . .
- + 2xy = xe ¥ y3, which is Bernoulli Eq.

d
y~3 % + 2xy~?% = xe~

dz dy 1dz dy
L t - —2 =>—=—2 _3—=} —_——_——_— = -3
cesy dx < dx 2adx 7 dx
1 dz 42 2 dz 4 A
- = 5 = - — — - —
> x Xz = xe I Xz xe

_ 2
I(x) — efP(x)dx —e 2X

2

1
jl(x)q(x)dx = je—ZXZ(_er‘xz)dx = —ZIxe‘?’x dx =§e‘3x

Solution of the linear ODE as following

I(x)Z = jl(x)q(x)dx +c

—2x2

1 a2
e ™ z="ze X" + ¢

Put z =y~ 2 ,thenwe get :

Cox2 1 _3,2
ezxy2=§e 3x% 4



Example [4|:- Find the general solution of the following ODE .

d 1
el

Sol :- the above eq. is Bernoulli Eq., multiply by y~2.

y‘ZZ—z = [1 + %]y‘l = —2e*
Let z=y 1= % = —y‘zj—z = _% = y—ZZ_Z
—%—[14-1]2:—26" * (—1)
dx X
dz 1 o dz
Ix + [1 + ;] z = 2e* ,whichis linear Eq. Tx + Pz = qy

1
Py = 1+; = fP(x)dx=x+Lnx Q) = 2€*

I(x) — efP(x)dx — ex+Lnx — xex

1
fl(x)q(x)dx = fxex(Zex)dx =2 f xe? dx = xe?* — Eer
The solution if Eq. as following

I(x)Z = jl(x)q(x)dx +c

1
xeXz = e?* (x—§> +c

put x =y~1 then we get

1
xe*¥y™l =e?* (x — E) +c



Example [5]:- Find the general solution of the following ODE .
dy 1

1
y2 =5(x — 2).

1 dz 1 _1dy dz 1dy

Let =V2 = — = — 2 — = 2—= 2 —
et z=y Ix 2)’ dx dx y dx
2d2+ ! =5(x—2)
dx x—ZZ_ x
dz+ 1 _5(x—2) hich is Li £
- 2(x—2)Z_ > ,which is Linear Eq.
dz
o T PwZ = 4w
1 1 5(x —2)
P(x)zmzjp(x)dxzfm(x_z)'q(x):T

1 1

= efp(x) dx — efiLn(x—Z) =(x—2)2
1 (5(x—2)
jl(x) d(x) dx = | (x — 2)2 T dx
5 3 5
= Ej(x —2)2dx = (x — 2)2 ,The solution of Eq.as following
1 5

I(x)z=j1(x)q(x)dx+c = (x—2)2z=x-2)2+c

1 1 5
Put z=1y 2 ,thenwe get: (x —2)2 \/; =(x—-2)2+c¢

y=(x-2)*+

c
(x—2)



H.W :- Find the general solution of the following ODE .
1. y' + 3x%y = y’x e~
2. 3dy —ydx = 3e*/3 y3,
3.y +xy =xy?.
4. y' +%y= x*ify.
5. %+ 3x2y = y2 x e* dx.
6. 2ydx—xdy+ x3ycosy dy=0.
7. Qxy* —y)dx+2xdy =0.
8. 2+ yHdx— (xy+2y+y3dy=0.
9. y(1+ y*)dz = 2(1 — 2xy*)dy .

10. 2 _ 6y = 10 sin 2x.

dx

dx X x*
11, ———= ——

dy 6y 3y?

2 2=y () = ()



