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Proposition:
Ifd+S cRandsup(S) =M, thenVp <M IxeSstp<x<M
lLe..ifsup(S) =Mthenve>0,3xeSstM—-e<x<M
proof:
Suppose that sup(S) = MthenVx€eS, x<M
TP Vxes,p<x?
Letx <p,Vx€S
— p is upper bounded for S, but by hypothesis p < M = sup(S)
.......... C!
S IAXESOIPp<x< M.

Theorem: The set N of natural numbers is unbounded above in R
Proof:

Suppose N is bounded above.

By completeness axiom

N has a supreme M

Let sup(N) =M

From proposition abovean e NstM —1 <n < M.

ThenM —-1<n-M<n+1,

Butn+1€eN

Andn+1>M = sup(N) - C!

Therefore, N is unbounded above

Theorem: Archimedan property
If x € R** thenfor any y € R, thereexistsn e Ns.tn >y

Detention: let F a field, F is called Archimedean filed, if for any x €
F,Ain e Nstn > x
I.e.: N is abounded above in F
Example:
1. R is Archimedean field



2. Q is Archimedean field
3. s={a+bV2: a,b € Q}is Archimedean field

Theorem: Denseness property
Between any two distinct reals, there exists infinitely many
rationales and irrationals
Detention: (irrational numbers Q’ )
Let Q’ be a complement of Q in the real number R.
i.e.. Q' = R — Q, we called is set of irrational numbers
remark: R=Q U Q'
Theorem: prove that v/2 is irrational number
I.e.: There are no rational numbers whose square is 2
ie:Ax€eEQdx?=2
proof:
suppose V2 is rational number i.e. V2 = %
So2 = '::—:,then m? = 2n?
Case 1:
m and n are odd.
Since m is odd —» m? is odd
Since n is odd — n? is odd
But 2n? is even » m? = 2n? - C!
Case 2:
m is even and n is odd, then m = 2p
and m? = 4p?,- 4p? = 2n? - 2p? = n? - C!
Case 3:
m is odd and n is even, then, since m is odd
— m? is odd, and 2n? is even » m? = 2n? - C!
«~ /2 isirrational number
Theorem: Q is not Complete field

Theorem: for every real x > 0 and every integer n > 0 there is one and
only one positive real y such that y" = x
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ie.Vx>0,vyneN,3!,ye R s.ty ="x

Theorem: if % and g are rationales and g # 0 then % + \/Eg is irrational

number
Proof: Suppose % + V2 s Is rational

Thenthereisr,sEZ,Sq&Os.t%+ \Eg:g
SovZE =1, 7= E(mm) ¢

s n q\ sn
N2
So2= (M) — | with theorem: Zx€Q3xZ=2
psn

Theorem: Between any two distinct rationales there is an irrational
number.

Example:
1. Provex? >0,vx €R
2. Leta,bbetowrealsta<b+evVe>0thena<bh
Proof (2):

Supposea > b. Thena+a > b+ a
2 b+a

2 2

a>2% 1)

Takee=a7_1’>0 (Since>b,thena—b>0—>a%b>0)

a<b+e—-ac< b+a;b=2b+za_b=a;rb<a
From (1) ....ccooeeueeen. C!
a<b
Example 1.3:

1. Q isorder field (A1 = Aq4)

2. C s field but not order
since;ifx=1-x=V1-x2=-1<0- (!
since: (x2 > 0,Vx € R)



