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Example
(-1)n+1 1 1 1
1-< >_1;_E)§) Z)
(_1)n+1 1 .
|xn|—| — =;§1=<xn>|sbounded
and M =
_q4\yn+1
2. <54 S _g 216
2’ 3
<xn25+%§5+1=6 = < x, > is bounded
and M =6

<n—1>, ifnisodd
3. <n+(—1)">={

<n+1>, ifniseven

In—1|=>0
4. |y ={

In+1| > 2

Theorem: Every convergent sequence is bounded.
Proof:
Let < x,, > be a convergent sequence in (X,d) and x,, — x, to
prove < x, > is bounded
Sincex,, > x =Ve>0,3keNs.td(x,,x) <eVn>k
Thate =1 = d(x,,,x) <1,vn € k.
Let r = max{1,d(xq,x), d(xy,x),...,d(x,,x) }
= dx,x)<Tr
. < X, > Isbounded and M = 2r
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Remark: The convers of above theorem is not true.

Example: < (-1)">= -1,1,-1,1,..
x,| =|(-1)" =1 =< x, >isboundedand M = 1
< (—1)™ > is divergent?

Remake 3.2: If < x;, > unbounded, then < x,, > is divergent.
Proof:
Suppose that < x,, > converged and unbounded sequence.
Since < x, > Convergent - < x,, > bounded by theorem (In
metric space, every conv. Seq. is bounded) - C! ,So < x,, >
unbounded is < x,, > is divergent

Examples:
> <x,>=<+Vn—-1>=0,V1,v2,V3,... unbounded = < x,, >
divergent

> <x,>=<n*-n>=0,2,6,11,.. unbounded = < x,, >
divergent
Definitions: Let < x,, > be a real sequence. Then it is called
e Non -decreasing. If x,,1 = x,,,Vn
e Non -increasing. If x,,.1 < x,,,Vn.
e Not monotone. If it does not increasing and decreasing.

Examples:

1
# < xpy >=<=>
1 1

xnz\/_ﬁ X+l = 7=
va,n+1>n = Vn+1> Vn-
=~ < X > IS non — increasing

1
ms__)xn+1sxn
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<xp>=<—>
n+1

X = n X __ n+1
LT L T
X x. — n+1 n _ (n+tl))-n(n+2) n?+2n+1-n%-2n .
n+l nT nt2 n+l | (tD@m+2) 0 (m+D@m+2)
1
— >0
(n+1)(n+2)

N Xpp1 —Xn > 0 - x4 > x,,VN, < x,, > non — decreasing
< x, > =< (—1)" > not monotone

—1)n
<x,>=<

sin(n)

*

*

> not monotone.

*

< x, > =< (—5)" > not monotone.
Theorem: Every monotone bounded real seg. is convergent

(—1)"> >0
n

< x, > Convergent seq. but not monotone.

Example: < x, > = (

1
n+2
Theorem: Let (X, d) be a metric spaceand S € X :
i. If<x,>seq.inSandx, > xthenxeSorxes’
ii. If x € Sorx € S’, then there exists a sequence < x,, >inSstx, - x

Example: Show that x,, = ﬁ + + -+ ﬁ IS convergent.

Definition: The sequence < x,, > is a sub sequence of < x,, >, if <m >
IS increasing sequence in N.



