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Example: find a sub Seq. of the following seq.
1. <x,>=<+n>
Solution:
<+n>= V1,V2,+3,..
Let < m > = < 2n > increasing Seq. in N, the Sequence is
< Xm>=<+V2n>=+2,v40,..

Let <m >=<n+ 3 > increasing seq in N, the sub seq is

<m>=<+Vn+3>= V4,V5,6, ...

Theorem: Let < x,, > be a convergent Seq and lim,,_, ., X,, = x then the
sub seq < X,,,,, > also conv. To x, wheren — o
Proof:
Sincex,, > x,Ve > 0,3k e Ns.td(x,,x) <eVn >k
Choosenr > k,thenvm>r-nm>nr > k
= d(Xpm, X) < €,Ynm > k
=< Xpm > — X.

Definition: Let (X, d) be a metrices space and < x,, > be aseq. in X we
say that

< x, > isaprinciple. (Caushy) seq. if Ve > 0,3k € Ns.t d(x,, x,) <
evn,m > k.

Example: prove that < % > is Caushy seq in R?

Solution: Ve > 0,tofind k € Ns.td(x,, x,,) < €, VYn,m >
k,vnm > k.
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Letm >n > dCoy,xn) = [; =2 < |2 + |2 <5 +5=3
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Since € > 0 (by Arch. Prop) - 3k € N s.t
2
ke > 2 - L <€

vn > k,d(x, x,,) = |x, — X <%< evnm>k > < X, >is
Caushy seq.

Theorem: I metric space (X, d), every Convergent seq. is Caushy.

Remark: The Converse of the above theorem. Is not true by the
following example.

Example: Let X = IR positive numbers d(x,y) = |x — y|,Vx,y €
R*",vn > k.

<x,>=< % > is Caushy seq.
But--— 0 ¢ R*

1 .
o< - > IS not Conv

Theorem: In metric Space (x, d) every Caushy seq. is bounded.

Example 3.11: Let < x,, > = (—1)" be a seq.
< x, > is bounded seq, but not Caushy Seq
Sinced(—1,1)) =1<€eVe>0

1 1
|f€—5—>2<5—>cl

Theorem: For any real number r, 3 rational Caushy Seq < x,, > Conv to
T



Definition: Let(X,d) be a metric space we say that X is Compete. If
every Cauchy Seq. In X coverage to a point in X.
l.e.. Xiscomplete. If v< X,, > Cauchy Seq. - Ix € Xs.t X,, - X.

Theorem: Cantor’s theorem for Nested sets.

Proof:

Let (X,d) be a Complete matric Space and < E,, > be a seq of
closed bounded Subset of X such that E{ D E, D --E,, D E,.1 Vn
and the Sequence of Positive numbers < daim E,, > — 0, then
N E,, = Singleton point

Remark: The condition of closed sets of Cantor’s theorem is necessary.

Example: Let E,, = (O %) be the open intervals, E,,,; € E,, , and

daim(E,) = 1—11 - 0,Vn E,, is bounded and not closed. Prove
thatnE, =0
Proof:

Coroll
that

Suppose NE, @0 - Ar e E, s.t
1
r e (0,;),‘9’”
Sincer > 0, by Arch.pvop ,3k € N s.t
kr>1--<7-Cl
2>NE, =0

ary: Let < +n > be aseq of closed intervals, I,, = [a,,, b,] such

1. I, > Iy
2. lim,,_, |I,,| = 0, then n I,, =singleton Point



Theorem: R™ is Complete metric Space, n > 1
I.e.: (Every Cauchy sequence in R™ is Convergent)

Theorem: Let< X,, >,<Y,, >and < Z,, > real Sequences.tvn,X, <
Y,<Z,and
lim,,. X, =1lim,,, ,Z, =athenlim,_,,.Y,=a

Theorem: let < X,, > be a real sequence such that < X,, > Converge to 0
and

X, =0,p > 0then < X? > converges to 0
Proof:
P P

P _ P
<X,>=x1,X3,X3,...
Since<X,,>>0-Ve>0,3keNs.t
|1 Xp—ol = | Xl < € ,vn >k and

1\ P
X Xy o X = (X[ X ] e [ Xy = X [P < (ep) wn > k
<xP>-0.



