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Geometric Series

Zﬁ:ﬂlrn_l =a+ar+ar?+ard + -
where a > 0, r is called the base of Series. the sequence of partial, Sum is

sn=a+ar+ar’*+ard+ -+ ar*!
(1) if [r| = 1
~Sp,=a+al+a+--+a=n-a
(Sp) = (ng) diverg = Y=_, ar™ 1 diverge.

Qif|r| >1
S,=a+ar+ar*+ -+ ar*!
rS,=ar+ar’>+ar®+--+ar"
-8, —1r$, =a—ar"
S.(1—-7r)=a(1-1")

. _a(1-r")
- Sn - (1-r)
Whenn - «© = limn—>oosn = lim agi::))
a(1-0) a
T 1-r  1-r

» Y ar"'=_— Converge

Q) if|r| >1
a(l—r")
Sn -
1-r
whenn — o; 1™ = Fo = §,, > ©
=~ Sn diverge.
~ Y ar™ 1 diverge.



divenge if|r| > 1

Yp—gar™t =
Ganverge if|r|<1
0 _ a
=Ynar" Tt - —
Example:
o _ 5 (5\% , (5\3 Geometric
Let anl a, = 1+ 2 + (E) + (E) + .- series.
1 5554
= = — = |—| = —
a ,V > 7| 2| =32
S Yroq an divenge'
o0 9 27
2y=1Qn=1 =1—7 + e al -- Geometric Series.
Sar=as () () (3
- 4 4 4
n=1
1 3
= = -
a V=7
_ ‘ 3] 3 <1
rI=1-zl=2
z a, is Converger and
n=1
_ 15 _ 1 _ 4
Z ar” -r ,,3 77

1+7 1

Theorem: If };_, an Convergent, them lim,,_,,a,, =

(thatis, ve> 0,3k € N, s. t|la,, — 0|(€, y )k

0



Proof: Suppose S,, = a1 +a, + -+ a,
Y.—1 an canvergent, then (S,,) Convergent

= (§,,) canshy sequence.

~VE€> 0,3k € N,sit|S,,, —s,| <E,vynm > k
letm=n+1

S0 |Sm _Sn| < €- |Sn+1 _Sn| — |an+1| <€,V>k
- |la,| <e€e,vyn>k,So|a,—0| < €,Vvn > k.

then lim,,_,,a, =0

Example: (a,) = <1—11> - 0

. 1 ,.
and lim,,_, a, =0bul };_;a, = Y,,-1 - diveroe

Wwoﬂ.ﬁ“\iﬁﬂh@o\wdﬂd\h

Corollary:
If lim,,_, , a,, # 0 diverge.

proof:
Suppose that };,_; a, Convergent.

then, lim,,_, , a,, = 0, by theorem, — C!

Example: Y2 a, =Y (Wm—-+Vn—-1)

y*_, a, Diverge, but lim,,_, , a, = 0

. o 1 w M2
Exercises : (1) X3 7= (2) Yn=1 3nn+5 (3) Zn=1 2:(n+5)

Theorem: If ¥;_; and }},;—; bn are Convergant Series and k € R, then
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(1) X1 (@an + b,,) convergentand Y, (@an+ b,) = Y, —-1an + Ym=1bn
(2) ¥ ka, convergent and Yr_; ka, = kY qpsa,

proof: (1)

let (s,,) be a sequence of partial sums of

Zﬁzlan and

(t,,) bea seq of partipl sam of }.;,_1 b,

Yo.—1 anconvergent,so3s e Rst),-1 =s

and (Sn) — S = Lim,,_,, S, = S.

also, ¥;,—1 b, Canergent, then 3t = R,s.t Y, _;b, =tand (t,) >t —
Lim,_ t, =t

Lim,_ (s, +t,) = S +t, but (s, + t,) is the seq of partial sum of
Yn=1(@n+by) > Yo ja,,. by =310 Yn-1by = s+t

(2) Suppose that (s,,) be a seq of partial sums of }.;_; a, but>-_; a,
Convergent = I3s € Rst),_;a, = sand (S,) =S, lim,,_,,s, = S.

lim, , ks,=k,lim,_ . s, =kS - (kS,) -k,
then Y25, ka, = kS = kY5,
then Yn-1ka, = kY1 ap



