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Sequences in Metric Space

Definition: Let S be any set a function f whose domain is the set N and
the range is Sis

Called a sequence in S.
i.e. f:N - S,wherevneN,Ix, €Ss.tf(n) =x,

1 1
1.<§> =7

wlrar@lH
r—kHl
-P| al

1 1
2.<m> 2
3. <4->=4-,4-,4-,...

4, <n-3>=-2,-1,0,1, ..

Definition: Let (X,d) be a metric space and < X,, > be seq. in X, then
< X, > is said to be converges to appoint in X, if Ve > 0,3k €
Ns.td?(X,,x) < €Vn > k. We write X,, - x or lim,_, X, =x,x IS
called A Limit point of < X,, >. If vn > K, does not Converge, them
< X, > is called divergent Sequence.

Not that: K depend on € only.

Ve>0,3keNs.td(X,,x) <eVn>k = X, € B(x,€).

Example: Let < X,, > = < 1 > constant seq. show that lim,,_,. X,, = 1
<1 >convergstolsinceve>0,3kEN
s.tdX,,x)=]1-1|=0<eVn>k

nifn<50

Example: Let < X,, > be a seq. defined by X,, = .show that
3ifn=>50

lim,_, X, =3



Solution:
<X,=>12,3,..,50,3,3,3,..
Ve>0,3k=50s.td(X,x)=|3—-3|=0<¢€

Example: Show that lim,,_, X,, = 2,where< X,, > =< % >

Solution:
Ve>0,tofind Ke Nstd(X,,x) < ¢ Vvn > k?

2n—3 2n—-3-2(n+1)
d(X"'x)z‘n+1_ - n+1
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Ve > 0, by Arch. Property - 3K € N 3
vk>5-2<k

Vn>Ken+1>k+1MMk+1>kk>§

=n+1>k+1>k>§
1 €
m<§,‘v’n>k

Exercise:

1. Let< X,, > =< % >, show that lim,,_, . X,, = 0
5n-4
2-3n
3. Let< X, >=< % >, show that lim,,_, . X,, =

Show that the following sequence are divergent
1.<X,>=<+Vn>
2. <X, >=<(-1D">
3. <X, >3">

>, show that lim,,_, , X,, = —>

2. Let< X, >=< -
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4. <X, >=< >
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Theorem: If < X,, > is convergent sequence in (X,d), then < X,, > has a
unique limit point.

Proof:
Suppose that < X,, > has two limit points x and y with x # y and
d(x,y) =€
SinceX,, > y=Ve>0,3k, e Ns, td(x,y) <§
Let k = max{kq, k;}
Sinced(x,y) <d(x,x,) +d(x,,y) < % +§ =€
= d(x,y) < €,Ve>0. Thistrueonly whend(x,y) =0=>x=y - C!
~ < X, > has a unique limit point.

Definition: A seq. < X,, > is called bounded the set {X,:n € N} is
bounded i.e. < x,, > isbounded if 3m > 0s.td(x,, x;,) <M ,Vn,vm



