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Analytic Functions 4sdail) J) sal)

I. Functions of a Complex Variable t8sa i J)gal)
lhae § 4z S Sadacld & § e dd el f oAl 3aieal) dlael) de gaae § oS

w=f(z) J& f(2) M 3any z e faadw el coyw i

(domain of f) f Glhic § 4c senall oausd

Jelz=x+iyve fANISE 2w =1u+iv ) e
w=fz)=>u+iv=[f(x+iy)

Y, x Crosddl e adiay gy Gadal) cpanell e JS

Example: f(z) = z?
Solution:

w=f(z) = (x +iy)?
w=f(z) = (x +iy)(x+iy)
w=f(z) = (x* —y*) +i(xy + yx)
w=f(z) = (x* —y?) + 2ixy
u(x,y) = x? — y? and ~ v(x,y) = 2xy
S Y, x oia e Ridal) sl ez 5 AV e il (Ka f ol i 18
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f(2) =~ ulxy) +iv(x,y)

1. Limits  (cblgd o) cibial

lim f(z) = wy if and only if

Z-Z

ve> 0,36 > 0 suchthat |f(z) —wy| <€ whenever 0 < |z —2zy| <&

Example: Show that Ll_r)r%z = %
Solution:

iz [
f(Z)=7, W0=E, Zg =1

ve> 0, wemust find 6§ >0 suchthat

iz i
=3 <€ whenever 0< |z—1| < 6
iz i iz—1
f (@) —wol = |5 = 7| = |
_liz=1)|
2]
_ lillz—1]
2
_|z-1]
- 2



z-1]
2
= |z—-1|<2€

<€

Take 6§ = 2 € So we have

iz 1
ve>0,3§ >0: |——=

>3 <€ whenever 0< |z—1| <2 €

z%2—1
=2

Example: Show that lim
z-1 7z —1

Solution:

z%2—1

f2) =——

ve> 0, wemust find 6§ >0 suchthat
7% —1

z—1

) W0=2, ZO=1

— 2

<€ whenever 0 < |z—1| <6

72 —1
z—1

(z—l)(z+1)_2‘

1f(2) = wol =

_2‘

z—1

=lz+1-2|=]|z-1]
= |z—-1| <e
Take § =€ So we have
Z2

ve> 0,36 > 0: — 2

<€ whenever 0 < |z—1| < § =€

z—1



H.W.
Find the domain for each of the following complex functions:
1. f(z2)=z*+7—|z|

1
2 f(Z)ZZZ+9
3 f@ =T
* f(z)=22+1

5. [ = arg ()
Z
Z +

6. f@)=——
1
1—|z]|?

7. f(2) =

Theorems on limits
Theorem 1: Suppose that
f(@2) = ulx,y) +iv(x,y), z=x+1y, zg=xg+iyy W= Uy + iV

Then
lim f(z) = wy if and only if

Z-Zg

lim ulx,y)=u and lim vix,y) =v
(x,9)>(x0.Y0) (y) = (,3)~(X0.0) (xy) = vo



Theorem 2: Suppose that

lim f(z) = wy and lim F(z) = W,

Z—Zg ZDZ

Then

a. lim[f(2) + F2)] =wy + W,

Z-Z

b. lim[f(2)F(z)] = wo W,

Z—Zg

c lim f(2) _ Wy
o |F(2)| W

, Wy £ 0

Theorem 3: If z, and w, are points in the z and w planes, respectively,
then

=0

1
a. le_)rgl0 f(z) = if and only if le_)rglo 10

b. lim f(z) =w, if and only if lim f (—) Wy

Z—00 z-0
1
c. limf(z)=o00 if and only if lim——=0
Z—00 z-0
f (—)
H.W.

Find the limit [By using the theorems on limits]

1. lim (z% — 5z + 10)

z-1+i



o 2z+3)(z-1)
2. lim
z--2i (z2 —2z+4)

; . (z3 +8)
- A ¥ 422 1 16)
z—2e 3
Z
4, If f(z) = 7 Show that limof (z) notexist
Z—>—

- (iz+3)
= 0
1 (z + 1)

_ @z+0)
oo (Z+1)

’ (2z°-1)
oo (ZZ+1)



