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Lecture 6
Continuity 4l i)

A function f is continuous at a point z, if all three of the following

conditions are satisfied:

1. lim f(z) exists

Z-Zg

2. f(zp) exists

3. lim f(2) = f ()

Example: If
|
f(2) =
0 , Z=1
Then show that the function f(z) is not continuous at the point z =i
Solution:

1. lim f(2) =limz? = (i)* = -1
ad

zZ—1 zZ

2. f@i) =0

3. limf(z) =—1#0=f(@0)

Z—1

lim f(z) # f(1)



f(z) isnotcontinuousat z =i

Derivatives <laidal)

Let f be a function whose domain of definition contains a neighborhood

|z — z,| <€ of a point z,. The derivative of f at z, is the limit

f,(ZO) — lim f(Z) _f(ZO)

Z—Zg 7 — ZO

and the function f is said to be differentiable at z, when f'(z,) exists
if Az=2z—-2z,, z# z, then f'(z,) can be write as:

f(2o + Az) — f(20)
Az

fro) = 2o

Example: Suppose that f(z) = z2. At any point z

Solution: Then

f(z+Az) - f(z)

F1e = fim

Az
, - (z+ Az2)? - z2
= [ = Alér—?o Az

 z%2 4+ 2zAz + (Az)? — Z*
= lim
Az—0 Az



- Az(2z + Az)
= lim
Az—0 Az

f'(z) = lim 2z + Az) = 2z
Az—0

f(z) =2z

Example: Letw = f(z) = z. Prove that f has no derivative

Solution:

dw _ ., f@+AD)—f(@)
E_f(z)_Al;r—r}O Az

- (z+Az)—2Z
= lim
Az—0 Az

 Z+Az—Z
= lim
Az—0 Az

= oAz

Now, consider Az = Ax + iAy so

) = 1 Ax — iAy
fi(z) = 2250 Ax + iAy

When Az — 0 on the real axis, then

I Ax—iAy_l_ Ax —0
A;I—%Ax+iAy_A;I—l>10Ax+O




_ Ax —1
T a0 Ax

When Az — 0 on the imaginary axis, then

. Ax—idy . 0—iAy
0250 Ax + iy  A2500 + iAy
—iA —1
= lim y=lim—=—1

Az—0 iAy Az—0 1

f has no derivative because the limit dose not exist

H.W.

1. Consider the real-valued function f(z) = |z|%. Show that f’(z) not exists

when z # 0

2. Prove that ‘;—‘;’ =27+43i if w=z2+3iz

Differentiation Formulas  @@iay) i) g

If f(z) is acomplex function, then the derivative of a function f at a point

z is denoted by either

d
—f@ o f@
Let ¢ be a complex constant, and let f be a function whose derivative

exists at a point z. Then



d

1. —c=

ch 0

2 d =1

' dZZ_

3. L ief@) = of

- cf(2)|l =cf'(2)
d

4, —z"=nz"1 | nezt
dz

5. If the derivative of g exist at a point z, then

d
e f@D)+9@D]=1"(2)+9'(2)

6. If the derivative of g exist at a point z, then

d
L, @D9@] =f(2)g'(2) + g(2)f (2)
7. If the derivative of g exist at a point z, then

4 [f(z) _9I@f' @) - f(2)g' @)
dz |9 (2) 9(@)? ’

g(z) #0

Example: If f(z) = (2z% +i)>, thenfind f'(2)
Solution:

f'(z) =522z%2+1)° 14z +0)



f'(z) =5Q2z% +i)*(4z)
f'(z) =20z(2z% + i)*

H.W.

By using differentiation formulas find f'(z) for each the following

complex functions:
1. f(z)=3z2-2z+4

2. f(z) =01 —4z%)3

3. fz) = —— . £ 0
J@D= 7
(1+ z?)*

4. f(Z) = Z—Z , 2%+ 0

5. Use the definition of derivative to prove that
dw 1 1
—=—— when w=- , z#0
dz z2 A



