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Lecture 7/
Cauchy Riemann Equations i (<his Llilaa

Theorem: Suppose that f(z) = u(x,y) + iv(x,y) and that f'(z) exists at a
point z, = x, + iy,. Then the first-order partial derivatives of u and v must
exist at (xq,yy), and they must satisfy the Cauchy-Riemann equations

Uy = 1) and Uy = —Vy

there. Also, f'(z) can be written

f'(z) = u, +iv,
Where these partial derivatives are to be evaluated at (x, y,)-

Example: Use Cauchy-Riemann equations to find f'(z) where f(z) = z?2

Solution:
We know that the function f(z) is differentiable everywhere
f(2) =2* = (x+iy)(x + iy)

= (x? —y%) + 2ixy

u(x,y) = x? — y? and v(x,y) = 2xy
U, = 2x and Uy = 2y
Uy, = =2y and vy, = 2x
Uy = 2X =1 and Uy = =2y = —Vy



f1(2) = uy + ivy
= 2x + 21y
=2(x +iy) = 2z

Theorem: Let the function f(z) = u(x,y) + iv(x,y) be defined at some ¢
neighborhood of a point z, = x, + iy, , and suppose that
a. The first- order partial derivatives of the functions u and v with
respectto x and y exist everywhere in the neighborhood.
b. Those partial derivatives are continuous at (x,,y,) and satisfy the
Cauchy-Riemann equations

Uy =v, and u, = —v, at (X, Yo)-

Then f'(z,) exists and f'(z,) = u, + iv, where the right-hand side

is to be evaluated at (x,, o)

Example: Use Cauchy-Riemann equations to discuss the derivative of the

function f(z) = |z|?

Solution:
F(2) = I2I?
f2) = Vx4 57|
F(2) = x +y?

= f(z2)=x*+y%+i.0

u(x,y) = x? + y? and v(x,y) =0



U, = 2x and vy =10
U, = 2y and v, =0
if Uy =m, = 2x=0 =>x=0

if u,=-v, =2y=0 =y=0

f'(z) does not exist at any nonzero point

f1(2) = uy + ivy
=2x+1i.0
f'(2) = 2x
if z=0 = f'(0)=2(0)=0
f'(0) =0 & ldady z =0 0S8 ladic haid 33 ga 90 f7(2) O

Exercises

1. Use Cauchy-Riemann equations to show that f’(z) does not exist at

any point if

a. f(z) =2z

b. f(z) =z—2Z

c. f(2) =2x + ixy?

d. f(2) = e*e™V
Solution:

a. f(z)=zZ=x-—1iy



ulx,y) =x and v(x,y) =—y
If u,=v,=>1=-1

The Cauchy-Riemann equations are not satisfied anywhere.

f@)=z—Z=x+iy—x+iy
f(z) = 2iy

u(x,y) =0 and v(x,y) =2y
If u,=v,=0=2

The Cauchy-Riemann equations are not satisfied anywhere.

. f(2) = 2x + ixy?

u(x,y) = 2x and v(x,y) = xy?
If u,=v, =2=2xy

= xy =1
If u,=-v, =0=—y?

= vy=0

Substituting y =0 intoxy =1 wehave1l =0

The Cauchy-Riemann equations do not hold anywhere.

. f(2) =e*e™V

f(z) = e*(cos(y) + isin(—y))

f(z) = e*(cosy —isiny)

u(x,y) =e*cosy and v(x,y) = —e*siny
If u,=v, = e*cosy=—e*cosy

<



= e*cosy+e*cosy =0

= 2e*cosy =0

T
= cosy =0 =>y=§+nn, n=20,4=41,..

— X o1 — pXoi
If u, =-v, = —e*siny = e*siny
— —e”*siny —e*siny =0
= —2e*siny =0

= 2e*siny =0

= siny =0=y =nm, n=0,+1,..
T T
" y=z+nn , y=nm, but E+nn¢nn n=20,+1,...

The Cauchy-Riemann equations do not hold anywhere.

2. Use Cauchy-Riemann equations to show that f'(z) and its derivative
f'""(z) exist everywhere and find f''(z) when
a. f(z) =iz+2
b. f(z) = e ¥e VY
c. f(z) =23 H.W
d. f(z) = cosxcoshy —isinxsinhy  HW.

Solution:

a. f(z)=iz+2
f@2)=ilx+iy)+2
f@)=ix—y+2
f@)=2-y)+ix



u(x,y) =2-y and v(x,y) =x
uy=v, =0=0
Uy, = -V = —-1=-1
f'(z) exist everywhere
F'@) = uy + iy
Y ff2)=0+i1=i
Now, show that " (z)
f'@)=uy +iv; =0+1i.1
u; =0 and vy =1
(U =)y =0=0
(u)y =—(y)y =0=0
f'"(z) exist everywhere
f"(2) =)y +i(v),=0+4+i.0=0

b. f(2) = e ¥e™W
f(z) = e7*(cos(y) + isin(—y))

f(z) =e ™ (cosy —isiny) =e *cosy —ie *siny

u(x,y) =e *cosy and v(x,y) = —e *siny
U, =—e *cosy , v,=e *siny
u, =—e*siny , v,=—e *cosy
U, = —e *cosy =v,
and ~ u, =-—eFsiny = —v,

f'(z) exist everywhere



f'(z) = uy +ivy,
o f'(z) = —e¥cosy+ie*siny
Now, show that f"'(z)
f'(z) =ui(x,y) +ivi(x,y)

U, = —e *cosy and v, = e *siny
(w)x =e cosy , (v)y=—e"siny
(w)y =e *siny , (vy)y, =e *cosy

(u)x = e *cosy = (v1)y
~ (ug)y = e Fsiny = —(vy),

f"'(z) exist everywhere

f"(2) = (upy + i(vy)y
=e *cosy + i(—e *siny)
= e *(cosy +ie *sin(—y))
= e = f(2)

Then
f'(2) =f(z) =e*e ™



